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Preface

In contrast with traditional ship design that often assumes a closed system in isolation from
external influences and without extra-system effects, this course aims to encourage students as
future engineers to identify and understand the impacts their design decisions have as a whole
on the technical and economic performance of the industrial product as well as on the shipping
market where their ships will operate.

The State-of-the-Art

Ship design was probably one of the first substantial technological areas to benefit from a scientific
approach as well as from the application of mathematics to the modelling and problem solving.
The history of the study of meteorology and mechanics of materials, the theory of elasticity, hy-
drostatics and dynamics, the study of heat engines, all form part of the rich heritage of humanity’s
quest for knowledge, which has been, and still is, applied to the design and manufacturing of ships.

Designing is an activity in which a clear view of the functional requirements and an equally clear
view of the constraints on feasible solutions are both essential. The economic imperatives of pay-
load, speed, and size are challenged by the problems of a sometimes hostile working environment
and complex demands due to the required economics of operation, safety, etc. This notion of re-
quirements frequently conflicting to some degree with each other applies to the design of a great
deal of industrial products. Those not actively involved in design take all this for granted and
expect increasingly sophisticated products with lasting life and reliability than their predecessors,
at a reasonable price. It would be difficult to achieve all this even in a vacuum but the designers
have to operate in the real world of competition, which sets high standards and demands in the
shortest possible time from the conceptual idea to product development.

Modern strategies and tactics should see as their goals not only to simplify production, but also to
make all kinds of processes more effective and economical. The main objective, the optimization
of the relationship between costs and benefits, should be reached through rational organization
and introduction of scientific knowledge into the design process, so increasing net efficiency.

Since industry has exploited modern computer-aided techniques (surface modelling, solid mod-
elling, automatic mesh generation, direct interfaces between models and their analysis, numer-
ically controlled production facilities), great benefits have accrued. If design practices are well
founded and competently managed, better products are delivered to the customers, more quickly
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than before. The synergy between new technology, advanced design tools and short lead–times is
achivable provided a rational design strategy is exploited. It creates a reward, which is consider-
ably larger than the sum of the individual benefits of small changes in design practices or islands
of automation in the design office.

The Way Ahead

There is much to be done: a deeper understanding of all facets of the design problem and how they
interact is still needed. In many places the impressive potential of computer science, scientific
knowledge and successful practices are still a long way from being applied as parts of a compre-
hensive and rational design methodology. There are too many companies where drawing boards,
computers, and models are still used in a time–consuming sequential mode. The requirements
and wishes of the customer are frequently translated into specifications in departments separated
from the design headquarters; and no central database is generally accessible. To improve out–
of–time way of designing the following is required: robust and user’s friendly computer codes;
proper understanding of all the processes involved in design, sound information managing and
retrieval; efficient linking of design procedures to a global database; and updated decision–making
support systems. The latter need development to encourage sound decision-making early in the
design process, which can support unavoidable engineering changes with minor costs.

Designing ships requires a broad spectrum of specialisations and skills. Beyond naval architects,
they include mechanical, electrical, nautical, aeronautical, and production engineers, computer-
systems experts, mathematicians, physicists, and market analysts. The research topics extend
from hydrodynamics to quality assurance, from efficient materials selection to optimization in
the face of many conflicting requirements. The result has to be the long–term emergence of
an overall theory of design. The more immediate outcomes are deeper understanding of design
process, specific decision–making procedures, faster and more reliable computer–based design
tools, and improved interfaces with existing methods and techniques. As these are addressed,
one can begin to perceive areas that are common to a variety of engineering application and thus
there is the beginning of a general approach to design.

The Course Themes

The overall objective of this course is to provide students with the opportunity to deepen under-
standing of ship design by developing the concept design of a modern vessel based on the paradigm
of decision-based design. Students will be introduced to techniques for integrating science–based
knowledge in structuring a rational design process. They will be provided with the tools needed
to incorporate simultaneously technical–specific issues and engineering economics into ship de-
sign. Their mathematical and statistical knowledge from traditional engineering curricula will
be supplemented to have a link to advanced techniques that are needed to develop technical and
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economic modelling of ship properties. By the end of the course, students should have inter-
nalized the meaning of multicriterial approach from different perspectives, having explored how
these various perspectives impact their own selection of the ‘best possible’ design. The course
also enables students to identify, formulate, and negotiate robust solutions, and to gain a deeper
understanding of issues typically associated with decision-based engineering. By developing and
exercising students in structuring and solving problems, the course empowers future designers to
become agents of innovation.

The tutor will use cognitive mapping to keep the course individually responsive to each stu-
dent. The learning essay is an instrument to help develop and assess critical thinking skills. The
course introduces students to straegy and tactics for developing solutions through multicriterial
decision–making techniques. Because the ability to manage imprecision and uncertainty is critical
in design process, robustness techniques are provided to consider design always coupled with risk.

The course initially provides fundamentals of design theory and practice that are further explored
with respect to ship design in the remainder of the course. In order to prepare students for
the design project, the second part of the course focuses on concept ship design in the context
of multicriterial decision-making. Decision–based design is the paradigm of naval architecture
design used throughout the course, and is rooted in the belief that the principal role of an engi-
neer, when designing an industrial product, is to make decisions. Main emphasis is devoted to
a structured, multiattribute approach to making robust decisions since the early phases of ship
design. This approach examines potential solutions in conceptual form in order to select a subset
of feasible alternatives for development into non-dominated solutions, which are most likely to
succeed. The selection of the ‘best possible’ design ties the issues of fundamentals in economics,
design, and decision-making explored in the first part of the course to specific design problems
by incorporating shipowner requirements as decision criteria.

Having been introduced to the set of multiattribute decision-making (MADM) solution techniques,
at this point the students will submit a revised project outline after reflecting on their initially
proposed outline and receiving feedback from the tutor.

Last but not least, the course integrates the tutor’s experience in decision-based and robust
design, industry–academic interfaces, professionalism, and alternative paradigms in ship design
learning.





Chapter 1

Design: Science or Art?

The subject of this tutorial is design science, which is presented as a new branch of science aim-
ing to rationalize the design process. Designing has been formally acknowledged as a separate
activity since the beginning of the industrial revolution, at first in production and manufacturing.
Today the purpose for design science is to develop a coherent and comprehensive knowledge about
engineering design.

The term ‘design science’ is to be understood as a system, which should contain and organize
the complete knowledge about and for designing, e.g. it is the scientifically and logically related
knowledge about engineering design. Design science must therefore explain the causal connections
and laws related to ‘designing of technical systems’. The knowledge system must be fixed in the
forms of its terminology, taxonomy, relationships (including inputs, throughputs and outputs),
theories and hypotheses, so that it can serve as basis for consciously guided design activity.

Both the terms design and designing will be used, even though the comprehensive term designing
is thought to designate the entirety of all design activities. The advantage of the word designing
lies in its general intelligibility. In addition, this word is widely used worldwide, as it is understood
in the defined context in Germanic, Romance and Slavish languages.

1.1 Contents of Design Science

The object of the design science is represented by the technical product to be designed, and the
design process itself. The reasons why design science is today so necessary can be found especially
in the new situation of the marketplace:

• its need increases constantly with time, not only with respect to quality and quantity, but
also because of demands on shortened time from ordering to delivery of technical products;

• the pressure of competition rises tremendously, and will continue to grow in future in connec-
tion with the political developments (e.g., reduction of trade barriers, internationalization);
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• emerging also from legislation; for example, rules with respect to quality assurance, safety,
and environment.

Technical products must be able to perform the desired task with a demanded group of proper-
ties, denoted with the term of affordability; namely, performance, operability, life–cycle, safety,
reliability, maintainability, and so on. The time scale of planning, manufacturing, and delivering
must be suitable. Products must conform to laws, regulations, standards, and codes. Cash flow
and financing must be considered.

These requirements force industrial companies, and especially the designers, to utilize new meth-
ods and procedures in order to remain competitive. The computer is a useful tool towards this
aim, but it is only one tool among many. The main question of designing is to find which orga-
nization, skill, knowledge–basis are needed and adequate so that the product and/or process is
suitable for the intended purpose.

Design science should explain the complete structure of the design process and related theories.
Its contents and boundaries should comprehend the engineering sciences, making explicit the
connections of the individual knowledge elements.

Besides design science terms may be found like ‘design philosophy’, ‘design theory’, ‘scientific
design’, ‘design instructions’ or ‘design studies’. These names are not suitable to indicate the
total knowledge of designing as they were chosen to designate only a part of the design knowl-
edge. Design science needs not only systematic descriptions (declarative knowledge, descriptive
statements belonging to theory); it also needs methodology, instructions for the practical activ-
ity (procedural or prescriptive knowledge), and/or (deterministic and stochastic) algorithms and
techniques.

Historically the way towards design science did not lead straight to an entirety, but first to differ-
ent separated activities. The state–of–the–art in these activities have turned out very differently,
but in their final effect they have all aimed to improvement of engineering practice; nevertheless,
no comprehensive design science has emerged. There are three classes of activities by which im-
provement in design science can be reached:

1. practice: rationalization in engineering practice, i.e. in a company (a design team) or in a
project;

2. science: answering to scientific questions via research projects;

3. education: improvement of design teaching in the universities.

Developments have always taken place simultaneously in two directions: from practice towards
abstraction, and from theory towards application, without bringing these directions to a useful
convergence.

The term designing will be accepted with difficulty in a company where the design department
is responsible only for the last phases of the design process, that is, the functional and detail
phases. The collective term also creates difficulty in the ‘industrial design’, where the designers
are mainly concerned about the appearance and ergonomics of a solution, but almost not about
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its inner functions. Many authors have tried to define the terms design and designing. Some
examples follow:

• Engineering design is the process of applying various techniques and scientific principles for
the purpose of defining a device, a process, or a system in sufficient detail to permit its
physical realization (Taylor, 1959).

• Engineering design is a purposeful activity directed toward the goal of fulfilling human
needs, particularly those which can be met by the technology factors of our culture, and
toward decision making in the face of uncertainty, with high penalty for error (Asimov,
1962).

• Designing means to find a technically perfect, economically favorable and aesthetically sat-
isfactory solution for a given task (Kesselring, 1964).

• A goal-directed problem-solving activity (Archer, 1964).
• A creative activity, bringing into being something new and useful that has not existed pre-

viously (Reswick, 1965).
• The imaginative jump from present facts to future possibilities (Page, 1966).
• Design is the activity involved with actually constructing the system; i.e., given a specifi-

cation of the system, it is mapped into its physical realization; the design task, however,
extends throughout a system life cycle, from the initial commitment to build a new system
to its final full scale production (Katz, 1984).

• Design is the creation of a synthesized solution in the form of products that satisfy perceived
needs through mapping between the functional requirements in the functional domain and
the design parameters of the physical domain, through proper selection of the design pa-
rameters that satisfy the functional requirements (Suh, 1989).

• Design means to create something that has never been (Datz, 1991).
• Designing is the chain of events that begins with the sponsor’s wish and moves through the

actions of designers, manufacturers, distributors and consumers to the ultimate effects of a
newly designed thing upon the world (Jones, 1992).

The nature of designing is reflected in many other statements, which at best capture only part of
the truth. Designing is still considered a predominantly creative activity, founded on knowledge
and experience, devoted to determine the functional and structural construction, and to create
documents and drawings that are ready for manufacturing.

To start, the following are key reasons that motivate necessity for a new methodological approach
to design of technical systems:

• design is the activity that integrates the existing bodies of knowledge, to achieve a given
outcome;

• design is a highly interactive process in which the designer has to continuously and simul-
taneously balance multiple factors that influence the design outcome;

• because of the incompleteness and imprecision of knowledge at the different design stages,
it is traditional to re-examine them at subsequent points in time when more knowledge is
developed, thus implying iterative design methods;
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• design is a decision–making activity requiring an open-minded approach over a very con-
strained problem.

Therefore, it is compulsory to look for innovative approaches to design, eliminating whichever
iterative methodology to save design time and effort.

One should recognize, as a premise, that the task of design science itself cannot be limited only to
the delivery of technical-scientific tools (statistical databases, numerical codes, etc.) for improv-
ing the most important technical properties. Design science should also offer complete knowledge
about the design process, i.e. information about models, procedures and methods with which all
properties of the technical system can be established and realized in optimal quality, and also
how they can be implemented to make the design process economic and quick. The following
partial goals of design science can be derived from the above:

• optimizing technical properties of the industrial product to be designed;

• reducing the design lead–time and costs of the design process; control of the responsibilities
and downstream commitments;

• increasing attractiveness of design work for talented engineers also by decreasing the pro-
portion of routine work;

• decreasing the risks for the company and design team;

• shortening the complete education (maturity time to competence) of designers;

• creating the knowledge–base for computer application in designing by collecting and storing
all available information (including experience) into relational databases;

• making the design process scientifically transparent.

Engineering designing is executed in two well characterized, but not strictly separated phases of
laying out and detailing. Despite the reference to those two phases, the largest advantages from
design science are foreseen in the most important design stages, that is, in establishing and for-
mulating the design specifications and in the concept design where innovations might and should
be generated. It is during these design phases that the most important innovative, creative and
holistic thoughts can bring the greatest benefits for the product to be designed.

It must also be clear that many psychological barriers are present, which work against acceptance
of the newer research and design methods in engineering practice. Modification of the knowl-
edge and provision of instructions and education is only one of the necessary requirements for
acceptance; others must also be fulfilled.

1.2 Design and Technical Knowledge

Since designing is a process of transformation of information, an inclusive and huge amount of
information and technical knowledge is needed, in varying depths of understanding and theoreti-
cal underpinning. Some of it must be known in concepts and in analytical depth, other parts can
exist merely as awareness. The information consists in:
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• knowledge of procedures, methods and techniques, which can improve and facilitate the
design work;

• basic knowledge at different extent for various design phases, taken from individual engi-
neering sciences like hydrodynamics, strength, materials, and manufacturing technology, as
well as mathematics, physics, and so forth;

• knowledge of mathematical models and modelling techniques;

• knowledge of the product with regard to functions, operation mode, maintenance, etc., and
related guideline (heuristic) values and constraints;

• knowledge of typical components, semi-finished parts, purchased sub–systems from manu-
facturers and suppliers;

• knowledge of organization management and engineering economics;

• knowledge of the working tools, which can support the design tasks, including libraries,
handbooks, computer packages;

• knowledge of standards, regulations, patents.

There is no single source to obtain all this information available in the current literature. The
most inclusive answer available in some engineering handbook generally presents only a fraction of
the required knowledge. Even in ship design area the best handbooks recently published by Wat-
son (1998) and Schneekluth & Bertram (2000), practically omit discussion over the design process.

Another problem is that only a part of this knowledge exists in written form. In general, experi-
ence internalized by individual designers is not available to scientific community. In teaching and
subsequent practice, only some of the enumerated elements are transmitted to designers, without
organizing them into a knowledge system. Only in the last decades the construction of such a
knowledge system is becoming visible.

The technical knowledge in its highest form, that is, in the theory of design, is a process knowl-
edge. Survey of the literature shows how little of this knowledge is contained even in specialized
publications about designing. Even successful designers are not conscious enough about why they
develop designs the way they do. They probably learned it by following a mentor early in their
careers. On the other hand, academicians that teach ship design generally do not document the
different approaches and even do not try to provide their students capability to understand which
strategy is better at different design stages..
Fortunately, there has been considerable research into design in all disciplines over the past few
decades. Outcomes have been translated into computer codes and procedures, and validated in
connection with design knowledge. For instance, hydrodynamic and strength numerical codes
have been developed into reliable tools as part of the basic/preliminary design process. Vi-
sual/graphical representations within the framework of technical drawings have also reached a
high technical level, especially as wire-frame, surface and solid-based modelling on computer
packages.

It is perhaps astonishing to see how much the historical evolution in designing has crystallized
in a situation, which still influences the common idea of designing. Some technical experts and
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scientists, even in the universities, have considered designing simply a more or less sophisticated
computation activity. This can include analysis on the basis of knowledge from engineering sci-
ence, but also more complex operations such as computational fluid dynamics, finite element
methods, structural optimization and reliability, statistical processing and decision theory appli-
cations. For others, especially for outsiders, the task of technical drawing characterizes designing.

The central core of design work, that is the prior thinking out of the technical products and pro-
cess, has been removed from consideration merely as ‘getting an idea’ or an inspiration. In this
respect, most engineers believe that these ideas, as well as other decisions, could be obtained just
with a portion of ‘intuition’ and ‘creativity’, without fully understanding of their implications.
More often, designing is still held to be an ‘art form’ rather than involving a scientific activity.

Only with the movement towards rationalizing and streamlining design in the 1950’s and 60’s the
activity of designers was explained to be cognitive and technical–scientific. This was rediscovered
in the late 80’s in the USA, with practically no reference to previous European and Soviet Union
research work. Designing therefore needed technical knowledge, and a new task was to find, ex-
plore and process this knowledge to a theory. The discipline known under the terms ‘methodical
or systematic designing’, or even ‘structured procedures’, has provided considerable preparatory
work during the last forty years.

Nevertheless, practitioner engineers do not consider designing as a science yet. It appears almost
as if designers are generally satisfied with the quality of their projects. The impression is that
engineers and workers can eliminate or compensate for all errors and neglect from designing dur-
ing the subsequent development and production of the product. In practice, designers mostly do
not find the time and motivation to locate within their activity the research about designing, to
understand it and to combine it into their own work.

It is, however, useful to discuss some classical concepts commonly related to definition of de-
signing; these are the ideas of creativity, intuition, innovation, etc. It should be immediately
emphasized that these ideas do not appear alternative to systematic, structured designing. In
any discussion about design methods and design science, one may neither forget, nor overestimate
whichever partial aspect and technical area. On the other hand, creativity cannot compensate
for defects in methodology, science and technical knowledge, which can also lead to innovations
and even inventions.

1.2.1 Design and Intuition

For many designers the term intuition is still a keyword. An appraisal of the results of intuitive
thinking shows that one can often achieve brilliant ideas quickly. But, on the other hand, intu-
ition shows itself to be extremely unreliable, both in timing and in practical applicability of the
idea. In any case, an intuitive idea must be examined (logically, systematically, analytically) for
the possibility of its realization. In other terms, if the idea is applicable, it must be quantified.
Frequently new ideas must be rejected since analyses of definitive results of solutions, which have
emerged from intuition, show that almost nothing has remained of the original idea after many
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necessary improvements and corrections.

Nevertheless, engineers think intuitively and are generally inclined to behave so (Hubka & Eder,
1992). For advancing good results from intuition, the following advices can be recommended:

• perceptions could be of importance to the specialist and the expert should always be ac-
quainted with essentially categorizing ideas;

• systematic demonstrative work should be accomplished by a series of conscious attempts to
find solutions well ahead of any deadline, so that a suitable time span is still available.

Leadership personnel use intuition mainly in situations where the task involves judgment on
persons, or the problem must be treated quickly, or the design has to progress on the basis of
partial information, and if new solutions for organizational concepts, for marketing strategies or
for technical innovations are to be found. Rich experiences are a prerequisite for each intuition.
Lack of experience, and thus a small basis for comparison, can only lead to a risky guessing game.

1.2.2 Design and Feeling

If one observes experienced designers at work, it is impressive to see how often they make appro-
priate quantitative decisions initially without any calculation. The subsequent computation, in
orders of magnitude and with refined processes, often confirms the correctness of the estimate.
This ability is called feeling for design, and it is often regarded as a talent. It is obvious that
this feeling is based on experience and conceptual knowledge, rather than on the idea that the
designer was ’born with’ something innate.

In contrast to a relatively abstract idea as result of an intuition, the products of feeling for design
are quantified statements, usually even depending on several quantities. Incidentally, designers
can exploit only that knowledge that they have stored and internalized into their mental maps.
Talent certainly influences successful designing in several aspects, especially in reference to effi-
ciency and effectiveness, but a more important factor is the working method.

The dependencies are not always quantitatively available, be it in the form of an exact or ap-
proximate derived formula, or of a quantified experience value (heuristic ‘rule of thumb’). Often
only qualitative statements are possible: larger or smaller, sharper or blunter.

Similarly a feeling for the right hull form of the designed ship develops through experience. Rules,
which are presented as formulae, heuristic advice or guidelines, or were gained intuitively through
experience, begin subconsciously to influence the thinking processes after frequent, repeated use.
In this way, the developed ‘feeling for design’ delivers quick decisions. These decisions are of
limited validity, the experience must remain within a conventional range, and can break down
if this range is exceeded. Mostly such decisions are supported through checking in ‘orders of
magnitude’ calculations, and possibly confirmed through refined computations. Changes are
introduced if the feeling is not confirmed by calculations. The danger exists that a designer is not
aware of exceeding the conventional range limits, and underestimates checking of his/her ‘design
feeling’.
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1.2.3 Design and Creativity

The combination of the two qualities of intuition and feeling can bring to the idea that designers
should be creative. The word ‘creative’ means capable of creation, inventiveness, and imagination,
in addition to habitual skill and knowledge. Of course, science–based design methodology may
offer the appropriate methods to support creativity.

Creativity does not ‘just occur’. Recent researches in psychology have shown that creativity, gen-
erating novel ideas, occurs as a result of a natural tension between intellectual and intuitive mental
modes. The intellectual mode (systematic, methodical, analytical) can recognize that a problem
exists and can analyze its nature. The intuitive mode (erratic, inconstant, non-calculable) can
yield a sense of dissatisfaction, which stirs up and motivates the interaction with the intellectual
mode to attempt to solve a problem finding a new solution. The oscillatory interplay between
intuitive and systematic thinking modes can result in creative proposals for solutions. Creativity
occurs as a direct result from using a systematic approach to searching for solutions. Creativity
depends not only on mental ability, but predominantly on experience and technical knowledge as
a result of a systematic approach to design.

Neither a rigid systematic approach to designing, nor a fully intuitive mode of working are ade-
quate by themselves to make it likely that good products may result. A flexible combination of
systematic work and freedom of action, adapted to the specific design problem, and performed
by well–educated designers using efficient tools in a suitable technical–scientific environment, is
likely to increase the chances of getting successful designs.

A design team effective and creative in problem solving must show simultaneously:

• knowledge of products and physical principles, including adequate knowledge derived from
experiences, heuristics and feelings;

• knowledge of processes, especially knowledge about design and problem solving processes;
• open-minded attitude, e.g. a willingness to accept ideas and suggestions to combine with

other knowledge;
• ability to communicate the generated proposals in useful and attractive forms.

1.2.4 Design, Innovation and Invention

The word innovation (today a much abused term used as a slogan) not only contains the implied
positive objective, i.e. to create the new and original (analogous to creativity). It also contains
the danger to elevate search for the new to the supreme goal of the design activity. The goal of
designing must always and only be to achieve the ‘best possible’ solution in the given conditions.
It is therefore more effective to look for creative rather than innovative designers, although even
‘creativity’ has become a fashion word.

If a new idea, not deducible from the current state–of–the–art, is devised for improving an in-
dustrial product, this is called an invention. Inventions are normally patentable, to protect them
against copying through granting a patent to the inventors.
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The combination of inventing with designing has a varied character. Designers should examine
solutions with regard to the possibility of patent applications as inventions. It has to be empha-
sized that invention should not be a primary target for designers. Higher on the scale of striving
for competition should be the combination of an optimal solution containing an invention.

1.2.5 Design and Heuristics

As an adjective, the word heuristic refers to an instruction or guideline, which is not necessarily
based on science. In this sense, an heuristic is simply a ‘rule of thumb’, derived by experience,
which could lead to an acceptable result with good probability.

Using this interpretation, Koen (1985) has proposed a hypothesis that in engineering all theories
and instructions are to be regarded as heuristics because of three main reasons: (i) even the most
strictly explored science serves in engineering only to formulate heuristics for the realization of
technical systems, as directive to their design and manufacturing; (ii) in formulating the engineer-
ing sciences, many secondary effects are consciously neglected; (iii) the form in which the results
are usually expressed in engineering science is not directly suitable for the explorative ways of
designing. Koen has even stated that the application of these heuristics is the only approach
useful to engineers. The interpretation by Koen is useful, on one hand for enhancing the humility
of engineers, on the other hand as weapon against the conceived opinion of some advocates of the
pure and applied sciences. As a directive or prescription about how one can accomplish designing
more effectively and efficiently, the proposition about heuristics by Koen is not really useful.

Today a stricter interpretation prevails. Rules, instructions, programs and other design tools are
provided under the generic term heuristics. They collect, analyze, organize and apply proven
design methods necessary to accomplish research, design and development.

Heuristics was defined by Klaus (1965) as the ‘science of the methods and rules of discovery
and invention’. The heuristic method is a particular form of the trial–and–error method . It
differs from the deductive method among other things in that it works with conjectures, working
hypotheses, provisional models, etc. Heuristics tries to derive general laws for discovering and
inventing, which are not dependent on the respective concrete task. In so far, it is an empirical
science. The heuristic methods can be simulated on computers. The best-known proponent of
modern heuristics is Polya (1980), who is regarded as the re-discoverer of heuristics.

Interaction between heuristics and design methodology provides systematic heuristics. Muller
(1980) has discussed the following assumptions as a result of his observations on design methods
of experienced designers, system analysis and heuristic methods:

• innovative design is a problem–solving activity;

• each design activity can be divided in a finite number of sub-tasks, which can be solved
simultaneously or sequentially;

• each sub-task needs a different method, which must be tailored correspondingly;

• each design team has its own and peculiar experience.
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1.2.6 Design and Education

If one wants to rationalize the engineering design process through an innovative approach, two
axioms must be established:

• design is a rational activity, which can be decomposed into smaller design phases;

• the design process can be conceived and structured in a very general form, even though it
depends on the product to be designed.

It is therefore mandatory to completely refuse some diffuse and wrong opinions, namely:

• design is an art and only especially talented persons can execute it;

• design is not a generalizable activity, but is always bound to the particular product to be
designed.

The two aforementioned axioms do not imply that ‘the design process must be followed linearly’
nor ’exactly’, neither do they imply that ‘no intuitive steps are allowed’. On the contrary, all
design methods must be adjusted for the products to be designed, and for the designers’ skills
and their environments.

Design education is closely related with the first axiom. Contrary to earlier insights an important
thesis can now be formulated: design is teachable, provided a theory (design science) and right ed-
ucational methods are made available. Engineering design community is still discussing whether
design should be taught primarily by establishing a foundation of theory or by engaging students
in loosely supervised practice. For the broader activity of product design and development, both
approaches must be refused when taken to their extremes. Theory without practice is ineffective
because there are many nuances, exceptions and subtleties to be learned in practical settings and
because some necessary tasks simply lack any theoretical basis. Practice without theory can too
easily result in frustration and fails to exploit the knowledge that successful product development
professionals and researchers have accumulated over time.

Today there are still strong defenders of both extremes. However, it is likely that over time the
theoretical approach will prevail. This will be aided by computer applications in design that
require process classification and principles. One reason that the theory of design has developed
so slowly is that most engineers did not and yet do not receive formal education in design. That
this is so is validated from the fact that design theory and practice are insufficient or even lacking
from current curricula and need to be an integral part of all future engineering undergraduate
education.

The evolution of an engineer to a successful designer should be guided. Therefore, it must be
one of the goals of the design science to propose suitable models and didactic instruments, which
consider all elements (teaching, theory, practice, etc.) and integrate them into a total system.

The main task remains, however, to process the ‘design science’ generally and particularly for stu-
dents, and to develop the necessary didactic principles, tools, procedures and teaching materials.
The assignment of this task to design science could be disputed. The task is so special that it can
be solved only by cooperation between theorists and design specialists. This cooperative work



1.3. DESIGN AND SCIENCE 11

requires specialized organizations combining engineering and education elements. Sorrowfully,
there is nothing similar in Italy as, for instance, the American Society for Engineering Education
(ASEE), the Internationale Gesellschaft fr Ingenieurpedagogik (IGIP), and Société Europenne
pour la Formation des Ingénieurs (SEFI).

Although formulated design process knowledge was missing, designers were educated for decades.
Designing is also a skill, i.e. it needs both knowledge and abilities, reachable through working,
exercises, and training. But how quickly one attains abilities depends also on the available knowl-
edge. If no or only little relevant and organized knowledge is presented, the learning time will
be long: hence, education and training are inseparable. Not each industrial company puts good
instructors in charge of a new generation of designers, and the best designers are not always good
instructors. But that is also decisive, for only that knowledge presented in advance, including
the newest, objective and organized knowledge, brings positive results. The time to maturity and
capability of design engineers is the problematic parameter. It is generally numbered at about
ten post–graduate years. Such a long time span is still needed on average to gain and internalize
the knowledge lacking from their own experiences and own study.

In any case, it is necessary to educate students in application of commercial packages. In ship de-
sign computer–based packages are available for design synthesis (ASSET, SDS), analysis (FEM,
CFD), surface modelling (Rhinoceros), CAD (AutoCad, Fastship, MacSurf, TRIBON, NAPA,
FORAN) and CAE (TRIBON, CALMA). Sorrowfully, some people claim that computers elimi-
nated the need for a design process. Nevertheless, in spite of the speed of computations, the need
for an efficient and rational design process is mandatory.

In short, education and learning goals with design science should be acquisition of:

• knowledge: technical system theory, specialized knowledge about design activities, theory
of design processes, theory of decision making;

• ability: methodical procedures, mathematical design modelling, transfer of know-how into
databases, application of statistical and numerical codes;

• skill: sketching, drawing by hand, drawing by computer (CAGD), computing via CAD–
CAM tools.

1.3 Design and Science

Introduction of design science into the design process does not mean neither immediate successes,
nor double–digit percentages of savings. It is undisputable that design science is a decisive step
in the direction of progress and will bring a long-term improvement both in the procedures of the
design process and in the quality of the industrial products. But, as for any science or theory, one
cannot expect that it can be directly applied to the real problems of design engineers. On one
hand, improvements must be derived from science and adapted to the practice, and on the other
hand where improvements originate from the practice, they must be inserted and absorbed into
the science. Only afterwards, technical knowledge presented in a new order, totality and form,
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may become a striking and productive tool for designers.

Extensive knowledge exists which can be denoted as traditional design knowledge, even though
designers know also that for designing they need only certain parts of the existing knowledge,
such as from strength of materials, manufacturing technology, and other areas.

Design science does not want to be a competitive discipline, but wants to deliver a framework
discipline, which allows and encourages inclusion, transfer or reference to relevant knowledge
from other areas. The contents of design science consist on that knowledge selected and revised
from the existing global knowledge, combined with necessary ‘completions’. The new integrated
knowledge system must form a logical and organized entirety, in which the individual elements
mutually and synergistically fertilize each other and their effects. It will fulfill the objective of
delivering relevant information for designing in suitable form.

1.3.1 Knowledge and Science

As in all areas of human activities, also in science and technology, knowledge is power. Therefore
relevant knowledge and experiences from the individual areas have to be collected and organized,
and thereby abstracted to general rules, models and laws. New knowledge often causes a change
in the recognized divisions, structures and elements. The misleading title ‘ship theory’ as science,
which deals with phenomena and forms of floating objects, appeared as a collective term around
the year 1800 with Russell and other scientists. Ship theory collected the then existing areas of
statics and structures. Nevertheless, the transition from the singular statements to generalized
statements characterized the development of the ‘ship theory’. The overall structure of knowledge
was then simplified and made clearer.

In order to arrive at a more rational and effective design process, it is compulsory to develop de-
sign research through gathering and interpreting data, development of decision–making support
systems, etc. All this knowledge suitably structured should add to the scope and understanding
of design. Three forms of design research can be envisaged Eder (1994):

• research into design, by various kinds of protocols, decision–making techniques, etc.;
• research for design, to create computer–aided tools, design methods, experimental designs,

databases, modelling techniques;
• research through design, e.g., abstraction from observations during designing, synthesis from

intermediate and final solutions;

Design science has many relationships to other branches of science. Design science is not au-
tonomous in its development, and has to adapt and include knowledge from other disciplines.
Important knowledge areas are systematic heuristics as part of technology, mathematics, com-
puter science, and management.

The search for general laws in engineering sciences, but also in the engineering design field, has
always considered mathematics as its most important tool. The increasing demands made on
decision-making and representations have always led to more intensive exploitation of the clas-
sical as well as new methods of mathematics, such as statistics, probabilistic theory, fuzzy sets,
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cluster analysis, metamodelling methodologies, decision-making theory, optimization, computer
algorithm developments, artificial intelligence, and others.

The design process must be organized and directed in its progress. Management methods are
often discussed in relation to engineering design management and leadership. The methods of
systems engineering (SE), concurrent engineering (CE), quality function deployment (QFD) and
total quality management (TQM), product development strategies (PDS), etc., are also counted
among the boundary region between management and design. Team work and team building
(Shuster, 1990) are important areas for current management techniques, including control of con-
flict, mutual support, interchanging and stimulating ideas, and so on.

1.3.2 Engineering and Science

The engineering sciences are committed to organize the technical knowledge as expediently as
possible, and strive for a complete and suitable form. A simplistic and misleading statement
that ’engineering is applied science’ is frequently heard in this context. Although most engineers
confusedly quote technology as the object of engineering sciences, the latter comprehends three
basic elements, e.g. products, processes; and materials, which can be explored independently of
each other; but they form an inseparable unit.

The class of engineering sciences perhaps overcomes the average understanding of this term,
which normally limits itself to applied mathematics, mechanics, fluid dynamics, electronics and
similar areas. This concerns knowledge that makes possible the treatment of the technical prod-
ucts and processes in all of their life phases so that design work is facilitated.

The importance of engineering sciences and the proportion of technical disciplines increase contin-
uously with the rising number of scientific specialties. Hence, persons active in engineering must
be equipped with methods, techniques and tools, which make their work possible and easier. In
the course of the technical work, phenomena and object properties must be evaluated, modelled,
simulated, even experimentally, etc.

A list of knowledge issues for research and development in engineering design consists of

• case–based reasoning - adapting the lessons learned from a previous design problem into a
computerized knowledge–base for establishing new guidelines for future projects;

• collaborative design - allowing several designers to interact with a design database to modify
design issues that are their responsibility;

• decision-making support systems - mainly multicriterial decision-making systems to help in
design evaluation process;

• information delivery systems for design - not just information storage and retrieval, but
also interpreting and presenting it in design-suitable forms;

• knowledge-based design tools - capturing knowledge, especially unstructured experiences and
data for databases, artificial intelligence, etc.;

• modelling - response surface methodology, neural networks, kriging, etc.;
• optimization techniques;
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• simulation - computational investigations of the behavior of technical systems, e.g., com-
putational fluid dynamics, finite element methods, etc.;

• virtual reality - visually walking through an environment that has only been built as a com-
puter model.

The general theory of technical systems (Hubka, 1984) should act as the fundamental discipline
that determines the problems and their interrelated structures. All hierarchically lower product
theories, which concretize their contents, can be derived from and/or should be related back to
the general theory.

The technical process sciences mediate technical knowledge about individual processes and types
of processes. The basis for this knowledge is offered by the modelling of the transformation
systems, from which all other problem ranges can be derived.

1.3.3 Development of Design Knowledge

The need for improvement efforts concerning designing has been caused by different features:
(i) an unusual pressure towards better performance and very demanding targets in a high–tech
industry; (ii) availability of fast and powerful computers together with development of numerical
codes; (iii) shortage of skilled people in some areas; (iv) time pressure.

Only rarely did all these conditions occur simultaneously; and so the solutions were found at
different times. Up to the mid sixties one could only find some isolated groups or individual
experts who proposed certain solutions for improvement of design work. The next period, until
today and especially in the seventies, can be labelled as the prime time for the development of
design science. Increasing numbers of research contracts and the founding of ‘Institutes for De-
sign Technology’ enlarged capacity to attack the design problems scientifically. In addition, the
expanded exchange of opinions through international conferences has increased quality.

Factors mainly affecting the development of design knowledge are the degree of industrial de-
velopment, the levels of education, the extent of research, the culture, the size in the individual
countries. The corresponding picture is quite complicated, namely.

• The level of industrialization plays a large role, because first a need for rationalizing the
design process must be recognized, so that solutions can be looked for. It is surprising how
sparsely and under which unfavorable circumstances the research projects for design knowl-
edge began to work and how weak the interest in the existing knowledge was (especially
in the USA). A possible explanation to this could be that where the economic power is
strong, a persistent inertia exists, which decreases research efforts for the purpose of design
improvement.

• University graduate engineers are more open for design knowledge than graduates of the
lower engineering schools or industrially trained designers. It may be that university en-
gineers are less represented in the embodiment and detailed design process, and they es-
pecially process the more abstract conceptual, analytic, and numerical tasks in which the
newer researches in design knowledge could be useful. In comparison, the graduates of the
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engineering technical colleges and trained designers dedicate themselves predominantly to
the more concrete tasks, where results from the older existing engineering sciences appear
more important.

• The cultural traditions also play a decisive role: understanding about goals and means for
design knowledge in the countries of the European continent is different from that in the
UK or the USA.

• The size and financial power of a country appears not to play a relevant role. The results
in Germany or in the Scandinavian countries towards design science is incomparable in this
respect with those in the USA, Russia and even Italy. In comparison, the output of results
from USA computer science as a whole far outweigh any others.

To obtain a more precise picture of the situation, one would have to observe the state-of-the-art
and/or the development in research, in engineering design practice, and in design education. In
rough terms the present state of design knowledge can be described as follows:

• Much knowledge has been accumulated, mainly as ‘islands of knowledge’, because too little
synthesis was pursued. Relationships between single elements of design knowledge have
been inadequately explored.

• Some individual areas were and are not evenly explored, which is, of course, a disadvantage,
since the interrelationships do not emerge in the knowledge system.

• Most frequently successful care has been taken of the design methodology, because in the
beginning it was a white spot on the map of design knowledge.

Some part problems crystallized either into partial tasks or even into principles for design method-
ology; for example:

• task to obtain a rational formulation of design strategy and design procedures, the results
of which can then be demanded by management;

• task to obtain the finest possible structuring of the design process with clear separation of
individual activities, especially the ones requiring high level of specialization (CFD, FEM,
DoE, etc.);

• principle of generating as many feasible designs as possible and their best selection in the
concept design phase.

1.4 Areas of Design Science

To establish the technical knowledge, the structure of ‘design science’ is categorized and ordered
from partial areas, which should answer to specific questions. The relationships among these
areas and with regard to exogenous factors are also explored, where this is likely to enhance
understanding of the system.
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1.4.1 Theory of Technical Systems

A partial area of ‘design science’ is the theory of technical systems (TTS) which describes, ex-
plains and justifies the technical system to be designed from all viewpoints important for design-
ing. These descriptive statements primarily affect the transformation process and the effects of
technical systems on the performance of an industrial product, on different ways of modelling its
characteristics, and on the structure of the building components.

Table 1.1 summarizes the partial areas of the theory of technical systems, with their thematic
questions. At the same time, some of those engineering sciences are mentioned which deal with
detailed investigations of some relevant properties.

Areas Technical Technical Properties
of Process Product of Technical

TTS Systems Systems Systems

Goals: Task: Classes:
Reply to - modelling - operation mode - relationships among
specific - technology - prototyping properties
question - environment - parts - design characteristics

- organization - design - evaluation of properties

- Physics - Cybernetics - Mechanics
- Electrical - System Technology - Strength (of materials)

Items Engineering - Building Technology - Industrial Design
of - Processing - Instrumentation - Ergonomics

analysis Technology Engineering - Aesthetics
- Process - Branch Knowledge - Hydromechanics

Knowledge about TS families - Vibrations
...

...
...

Table 1.1: Areas of the theory of technical systems

The theory of technical systems globally comprehends the knowledge areas available, which con-
sider substantially the individual families of technical systems. The existing knowledge systems
about objects of designing (i.e. the process and technical system) only deal with some specialties,
and in any case they cover only partially the information needs of the designer. Each technical
system is expected to deliver the desired effects in a given environment, with a sufficient lack
of sensitivity to secondary inputs (noises). Thus, the theory of technical systems is an area of
‘design science’ aimed to provide required knowledge in suitable form for designing.

Blanchard and Fabricky (1978) identify three basic elements in a technical system:

• components, which are the operating parts of a technical system; each system component
may assume a variety of values as set by some evaluations subject to constraints;

• attributes, which are the properties characterizing the components of a technical system;

• relationships, which are the links between components and attributes.
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Theory of Properties

One of the most important parts of the theory of technical systems is the theory of properties.

Properties of a technical system are all those features which allow substantial evaluation of the
technical–economic characteristics since the initial design. As a consequence, initial design can be
seen as a search for feasible design properties. The actual properties of a feasible design manifest
themselves as measurable quantities (attributes) or qualities assessable only in the life span of
the technical system. Designers must establish and evaluate these properties, as fulfillment of
requirements and constarints, accurately and reliably since the very early design stages.

The total value of a design is composed of values of multiple attributes to enable an overall,
consistent judgment (for example, utility value, required freight rate). The value of each prop-
erty (size, dynamic behavior, cost, etc.) represents its quantitative or only qualitative measure
for all feasible designs. The value scale forms a sequence of continuous or discrete total values.
Continuous scales can be absolute, with a defined zero point, or relative, with an arbitrary zero
point or none. Discrete scales can be selected values from a continuous scale (ranking), or merely
belonging to a set (Pareto–set).

A complete and general list of all properties necessary to describe requirements for a complex
technical system forecasts some hundreds of attributes. Such a large number generally represents
an impractical check list that is not useful for designing. The way out lies in inquiring about a
complete and general set of classes of properties. These classes can then be concretized for in-
dividual domains, and sub-classes down to individual properties defined for a particular branch.
Four collective classes of properties can be distinguished to provide a complete coverage of the
requirements:

1. design–related classes, the so–called internal properties;
2. classes that refer to economic properties, safety and ergonomic properties, aesthetic prop-

erties, law and rules compliance properties;
3. classes that directly cover the manufacturing properties;
4. classes related to the purpose of a technical system during its life–cycle time.

The boundaries between these classes are not well defined; each property can affect one or several
classes. Typical relationships between one property and other properties represent the sum of
knowledge needed to be able to design for that property.

Quality of Technical Systems

Whichever technical system has to be evaluated from the viewpoint of its quality, which can be
heavily influenced since early design phases (quality assurance).

The German standard DIN 55350 understands quality as an entirety of a technical product prop-
erties, which refers to its ability to fulfill given requirements. This definition implies a total
judgment (total value, value vector) about a set of attributes that have to describe how suitable
the technical system is to fulfill all partial requirements and the total target. This total value is
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composed of the individual values of all relevant properties by a weighed combination of them,
where a synergistic influence of one property on another should be taken into account.

According to groups of properties used to determine quality, different kinds of quality can be
categorized, such as structural quality, manufacturing quality, reliability quality. There are espe-
cially three partial areas within the development of an industrial product, which govern its quality:

• Quality of design, which mostly affects the quality of technical systems. It can be assured
through a rational, scientific and systematic design process, which uses theoretical, evalu-
ation, experimental tests and validation at suitable milestones during the design work and
after its conclusion, based on the compiled documents (‘design audit’): this quality abso-
lutely demands an objective set of technical knowledge (‘design science’).

• Quality of manufacturing , which is measured on the produced components of the technical
system. It is known as quality of conformity to the manufacturing specifications, i.e. to
the detail drawings. After production of the components, measurement of this quality aims
at rejecting the unfit components (or sub–systems) with the help of statistical processes
(‘quality control’). Before production or delivery, certain management processes and norms
may attempt to ensure the production of an adequate quality of the products, via a ‘statis-
tical process control’.

• Quality of application, which can be evaluated only when the technical system is employed.
This includes also the secondary processes such as maintenance, repair, refitting, upgrading,
etc.

Knowledge systems have been developed for each of these three partial areas. The relevant
standards for recognition and verification of quality assurance schemes are ISO 9000, ISO 9001,
and ISO 9002.

Models of Technical Systems

In engineering practice, at basic, preliminary, and functional design phases a set of drawing of the
future technical system (component or assembly) is executed, which must contain all information
necessary for its manufacturing. The practitioners are not conscious that they are really dealing
with a model , which specifies the exact content of a representation.

The model of a technical system is a complete or partial picture of the reality or its concept.
The degree of similarity between model and original can extend from analogy in only one prop-
erty up to complete similarity. Design practice uses many kinds of representations (isometric
or perspective projection, graphic representation) and models (communication models for data
transmission, experimental models, mathematical models, etc.). For designing, models serve very
different purposes such as:

• prediction of the properties of a technical system;

• optimization of a structural solution;

• managing manufacturing planning.
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Cybernetics tries to accurately specify the term ‘model’ and distinguishes two fundamental classes
of model, both needed in design:

• Behavior models, which model the properties of a technical system via numerical simulation
of functioning, computation of dynamic responses, analyses of experiments; they are more
useful from basic to preliminary design phases. They should serve all purposes necessary for
design. They should support methodical and systematic procedure, as well as application
of computer packages. Meaningful and simple models (metamodels) of technical systems
should guarantee lack of ambiguity of interpretation.

• Structure models, which model the structure of a technical system in detail and assembly
drawings; they are mostly used in embodiment design.

The model represents either a single attribute (e.g., model of lightship weight) or all single prop-
erties belonging to a class (e.g., model of seakeeping behavior). If the model of a certain system
is acknowledged as representing other single cases of a certain class, it is called a ‘model case’.

An important set of models is the class of ideal models, which aims to create a typical pattern
figure, a meaningful original which can be seen as utopia. The idealization results in an ideal
design (zenith), in which all essential functional properties of the technical system are included at
the highest value. It may serve as reference scale for evaluating, ranking and selecting competitive
alternatives.

1.4.2 Theory of Design Processes

The relevance of the design process has to be emphasized wherever, as it happens in many coun-
tries, and in Italy too, the top–management still does not recognize the broad importance and
scope of designing for the success of products and their company. The consequence is found in
many aspects, including salaries relatively low offered to designers.

The theory of design processes (TDP) has set itself the goal to explore the design process as much
generally as possible, and to organize, store and reference the complete process knowledge for and
about designing. This means that, in contrast to the present condition of empiricism, the rela-
tionships among the individual knowledge elements should be explicitly recognized and explained.

The contents of the ‘theory of design processes’ can be outlined by the following themes:

• task and structure of the design process;

• computer–aided tools in the design process;

• procedures for solving the design tasks;

• factors affecting the efficiency and effectiveness of the design process;

• subjective decision–making preferences in the selection activity.

The design process has to be well documented so that the following advantages can be achieved:

• everyone may understand the design rationale, thus reducing the possibility of proceeding
with imprecise and uncertain decisions;
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• structured design processes are largely self–documenting; in the process of design develop-
ment, a record of the decisions undertaken is created for future reference and for educating
young designers.

Documented design processes usually have been developed over time by trial–and–error and the
so–called optimal solution is reached by an evolutionary approach. Some developers of such pro-
cesses for design of technical systems have presented their processes in technical books and papers.
There are exceptions to this approach when multicriterial decision-making is applied to find the
‘best possible’ solution.

In many industrial activities such as shipbuilding, designers are under increasing pressure to
produce ‘right first time’ designs in a very short time. Therefore, the aim is to develop an under-
standing of the evaluation activity and then to develop skill in the application of the right method
at the right time during the product development process. Therefore, the design process is char-
acterized by a group of frequently occurring decision–making operations, which are collectively
called problem solving . At concept design phase, this group consists of structuring the design
problem, generating alternative solutions, evaluating and selecting among candidate designs, and
communicating to the next more detailed level by delivering top–level specifications. Searching
for solutions can involve knowledge–based information, from internal or outside sources, advisory
systems, information databases, optimization of sub–systems, and artificial intelligence (AI) ap-
plications.

Due to the complexity of technical systems, it is compulsory for designers to use decomposition
to enable evaluation of individual properties, subdividing the design process into a set of design
activities that permit evaluation prior to a recombination of the properties to form an overall
evaluation of the design. It is normal to obtain the basis of decomposition and identification of
design characteristics from the ‘product design specification’. Most of available evaluation meth-
ods rely on this idea of decomposition.

It is important to note that companies and industries, at varying levels of maturity, will have
very different views of what their design strategy is and therefore which evaluation methods and
approaches they will use to support their strategy. For example, a company may be prepared
to adopt a high–risk strategy to introduce a conceptually novel product. However, when one
considers the many millions of euros, and the many hundreds of people, required to design,
develop, test and manufacture a new complex technical system, it is clear that the consequences
of failure is great. Much money and many jobs can be lost, local economies could suffer and the
reputation of the company may suffer irreparable damage. To reduce risk levels, several evaluation
methods have developed over the years to accommodate the needs of the many different design
strategies employed by companies and decision makers throughout the world.

Characterization and Evaluation in the Design Process

In general, the design process is still recursive - problem solving calling problem solving for a
sub–problem, or a design process calling a second design process for a less complex subsystem,
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going downwards in a hierarchy of complexity - and also iterative - exploring forward into more
advanced design stages, backwards for review, expansion, completion and correction.

The design process is to some extent idiosyncratic, depending on the experience background of
the design team and the type of job submitted. It may concern a novel product , with little or
nothing taken over from a previous product; then risk tends to be relatively large, especially if
untried principles are used. The product may be more or less an adaptation of an existing one
to new requirements, that is, a kind of redesign. It can be a renewal of a previous product,
using modified principles, performance values, new sub–systems, etc. Designing can result in an
alteration or updating of existing products. Many design projects relate to variants, by scaling
up or down with appropriate adaptation of size relationships.

Redesign may involve some conceptualizing, but is more likely to consist of routine tasks within
embodiment design phase. It can be performed abstracting from a previous product, searching
for possible and preferable variations, and going back into the embodiment and detail drawings.

The degree of novelty and complexity of a new project accounts for the level of demands from
a design team. A typical arrangement from a management view consists of identifying criteria,
conceptualizing, evaluating with accuracy, embodiment, and detailing. Identifying the criteria
leads to design specifications. Concept design uses knowledge–based metamodels to evaluate
properties (performances and economics) of the product to be designed. Accurate evaluation in
basic design and preliminary design requires precise definition of the product geometry, usage of
numerical codes, experimental analysis, etc. Embodiment develops the functional design up to
final improvement of the product. The final stage of detailing produces the complete manufactur-
ing information; typically detail drawings, parts lists, and instructions for assembly, adjustment,
maintenance, etc.

The decision process may be applied for improvement and optimization of a candidate design,
but its main purpose is selection. Decision-making theory has been developed for that purpose, to
make decisions more rational, providing that the criteria and attribute functions can be simplified
and formulated in mathematical and/or symbolic terms. Evaluation needs previous identification
of criteria and targets about acceptable performance related to the properties. Some evaluation
criteria will be absolutely objective, containing numbers or mathematic relationships, but others
will be heavily dependent on design team’s subjective preferences. Evaluation criteria should
appear in the design specifications, but only a limited selection of these criteria is applicable at
any design stage. Selection includes comparison of candidate alternatives to an ideal design to
establish their potential quality.

The design process must be managed, made accountable, and made more reliable and predictable
in timing and quality of outcomes trying to shorten the time to economic break–even and profit.
That requires:

• generating and evaluating alternative solutions to select the ‘preferred design’ among feasi-
ble alternatives;

• improving the preferred solution before basic design, embodiment and manufacturing through
sensitivity analyses, so that as many of the potential faults can be avoided;
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• scientific knowledge–base about similar products that have been designed, about available
principles of operation, but also about failures that have occurred, and their causes;

• the best possible knowledge about the design process - preferably embodied, learned and
internalized by the designers;

• auditing the design work with respect to all properties and accepted design specifications
by validating the models, verifying I/O data and checking manufacturing information.

Furthermore, rationalizing the design process also implies that the product and its manufactur-
ing process should be designed concurrently. For a novel product, concurrency usually needs
to wait until at least the concept design phase is substantially completed. During embodiment
and detailing of the product, concurrent engineering of the manufacturing process can proceed
at best. It is necessary, however, to ‘freeze’ the design development of the product before the
manufacturing process is completed - otherwise, an expensive redesign situation can occur. Run-
ning redesign is an iterative chain that occurs when a change in the product or its manufacturing
process necessitates a change.

Goals of the Engineering Design Design
Design Process Design Information Methodology

Domain and Methods

Quality of the
technical system decisive decisive moderate
to be designed

Design time decisive decisive decisive

Design efficiency decisive decisive moderate

Reduction of
risk for the decisive decisive decisive
designers

Ratio of
skilled to low moderate decisive

routine work

Maturation
time for moderate decisive decisive
designers

Design costs decisive decisive decisive

Team work decisive moderate decisive

Table 1.2: Relevance of areas on goals of the design process

It is evident that relationship between goals and partial areas of the design process is at maximum
as regards design time, design costs and reduction of risk for the designers. Of course, evaluations
may be modified in this judgement matrix according individual experiences. As basis for the
characterization and evaluation of the design process, the main question concerns the results of
designing, i.e. the quality of the designed technical system. A possible list of the partial areas of
the design process and the corresponding effect on different goals is shown in Table 1.2.
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Transformation Technologies in the Design Process

The question is to be answered on how to realize a transformation in the design process and
which are the classes of the transformation technologies. As the main result of designing, the
optimal quality of the proposed industrial product should be reached with respect to the given
requirements, but within a shortest possible design duration, lowest possible design cost, and
considering the organizational constraints of the company. The technology of the design process
should be ascertained, which should make possible not only the transformation of the information
(from rough specifications to a representation and modelling of the industrial product ready for
manufacturing), but at the same time also its optimization. A company must find the laws of this
transformation, as well as the influences of individual elements. To guarantee that the process
progresses in an effective way, all the technical and organizational elements as well as their mutual
relationships must be standardized.

An analysis of present design processes shows at least three typical classes of transformation
technologies:

• traditional , which is still predominantly used in engineering design practice (mostly heuris-
tically);

• methodical , if the process is guided by systematic and rational methods;

• mixed , if both intuitive and methodical classes of procedures are used simultaneously.

Supporting the transformation of information in the design process by technical means (e.g. hard-
ware and sotware) is a different aspect of the problem. The tasks of the individual designers are
obviously different within these types of design process and technologies. Many parameters of the
design process are influenced by the design technology; in particular, quality of the design and
product, time to completion of the design work, and especially the transparency of the design
process. This latter factor can permit or hinder such procedures as team cooperation, design
audits, product liability litigation.

Therefore, the adopted methodologies for designing should drive the design process purposefully.
Among the available procedural models, three classes can be envisaged according to the type of
guidelines:

• strictly algorithmic instructions, i.e. rigidly regulated procedures;

• heuristic instructions, i.e. relatively flexible procedures;

• relatively vague instructions, with no clear references, i.e. fairly free procedures, guided
only by some relevant principles.

To make the area of methodology clearer, one should distinguish between design strategy , which
should determine the general direction of the design process, and design tactics, which treats the
methods and working principles of the individual design steps.

In the context of the systematic instructions for procedure, the question must emerge whether
the whole design process is algorithmically solvable. Franke (1985) denies this on the grounds
that ‘algorithm’ should only be interpreted in its strictest sense of machine instructions. Even
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so, procedural models of designing have emerged and continue to emerge, as ‘flexible algorithms’,
not only in design strategy but also in design tactics.

Designers and Leadership

What are engineering designers? They are educated engineers open to new ideas to think ahead,
capable to transform a concept about an industrial product into a technical system to be manu-
factured. Stating this concept in process terms, the designers, as members of a team, transform
information from requirements and constraints (including expected targets) into the description
and representation of a product, which is capable of fulfilling given demands, including require-
ments from the life–cycle.

Designers are operators of the ‘design process’; they include all staff members who cooperate
in and contribute to the transformation in the design process. The inclusive term designer cov-
ers therefore not only development engineers and layout engineers but also decision makers and
draftsmen.

The design process, viewed as execution of the transformation, demands from the designers a
large quantity of different activities which support designing, but cannot be allocated directly to
the real design process. They range from design planning to supplying information, from interac-
tion with production planning to experimental analyses (e.g. hydrodynamic and structural labs).

Besides the design team directly active in the transformation process, the complete design sys-
tem contains also several further staff members who fulfill the general functions necessary for
the progress of the design process: providing information (including standardization), managing
(leadership), administrative processing, archiving, etc. This group of employees is understand-
ably not included in the collective term ‘designers’.

The historical individuality of designers meant, but sometimes still means, that the predominant
share of designing were accomplished by designers themselves. That is why the great relevance
of designing for an industrial company has to rest with the designers. This necessity is, however,
in evident contrast to the reality, where the designers are generally held in low respect. Even so,
a positive view on the part of the designers, both socially and technically, is indispensable.

Design work is surely a particular kind of human activity, which is often be described with
attributes such as creative, artistic, etc. The leadership strategy in the design process must con-
sequently be different from that for human being systems and will hardly be found in a manual
for management. Leading designers up to the top position must always be branch experts, who
understand the work and are ready to take part in discussion at the drawing board itself, for
otherwise they can hardly find the necessary recognition from their staff members.

All activities of the design leaders, such as determining tasks and assignments, planning, deter-
mining working methods, demanding effective and complete documentation (e.g. of decisions),
work for coordination, organization and others, must be conducted and influenced by conscious
leadership tactics. Continuing education of the staff members should not be forgotten, in branch
knowledge, in design process knowledge and in career prospects.
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That is why the ‘design science’ has the task to support the design managers with related knowl-
edge and to make available for design processes the particular theories of specialization, organi-
zation and planning, in order to solve often conflicting problems, typical of the design process of
complex industrial products; among the others:

• creative–innovative tasks which can be very complex;

• long transition times for several design phases, which are often difficult to control;

• design work often carried out and released under time pressure;

• responsible work, coupled with risks (liability);

• simultaneous processing of several tasks which are respectively in different states of design
maturity;

• shortening of qualified members in some design areas;

• management of even capable staff members who are often individualists and not suitable
to group job;

• psychological barriers up to refusal of new methods and techniques/technologies;

• space for personality development, career prospects and chances for promotion (for exam-
ple, ascent without compelled transfer into company management).
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Chapter 2

Theory of Design

Current trends indicate that, in general, the complexity of technical systems is increasing with
the introduction of new technologies so far that traditional engineering design methods are no
longer suited to yield competitive products. In today environment, there is an ever–increasing
need to develop and produce technical systems that fulfill a number of customer requirements,
are robust in nature, reliable and of high quality, supportable and cost effective.

A very competitive market for complex technical systems permanently compels to improve design
methods. A rational paradigm for design is needed to increase both the efficiency and effective-
ness of the design process. Efficiency is intended as a measure of the quickness in generating
reliable information, which can be used by designers in decision–making process. Effectiveness
denotes a measure of quality of decisions (accuracy, comprehensiveness) that are made by design-
ers.

Although many industries and industrial products are very advanced, there is still room for
improvements and one of the major areas of competitiveness will be faster and more effective de-
velopment of technical systems. Shorter life–time for the products, flexibility and faster changes
in reply to customer requirements are some reasons for this. It is, therefore, more important than
ever to manage changes, reduce costs, and reduce lead time to fulfill the requirements of product
development.

In general, most of the properties of an industrial product are designed into it in the engineering
design phase. Although it is well known that the early design phases are of utmost importance
for the rest of the life–time of the product, even recently the focus was on single improvements,
such as automated manufacturing, etc. The improvements were isolated and sub–optimised in-
dependently and treated in a sequential manner.

The demand for innovation in product development may be summarized in innovation in the
design process. There are some basic fundamentals which must be understood and applied to
pave the way for process innovation:

29
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• design is the primary driver of cost, quality, and time:
– concept design drives 70% or more of total life cycle cost;
– too much is spent too late;
– more focus is needed on the concept and basic design phases;

• recognize the need to leverage the power of design earlier, broader and deeper:
– design improvements are marginal if they only address single components and proper-

ties, and not the life–cycle processes;
– it is a mistake to focus only on reduction of labor and material costs;
– the major cost battleground is overhead, which must be attacked aggressively;

• multidisciplinary teams are the key to drive the overall design process:
– only multidisciplinary teams can manage the multiple properties of a complex techni-

cal system;
– customers have to participate in decision–making from the earliest design stages.

The paradigm from the perspective of decision–based design (DBD) is advocated, since design
should be viewed as a decision–making process that involves maximizing the value of an industrial
product for both the producer and the customer. Decision–based design is founded on the axiom
that the principal role of designers is to make decisions. It has encompassed systems engineering
paradigm and embodied the ideas of concurrent engineering design for the product life–cycle.
Nowadays, it aims to embrace the very initial design stage (concept design) via multicriterial
decision–making approaches.

As the design process progresses and decisions accumulate, freedom to make changes is reduced.
At the same time, the knowledge about the product under design increases. This increase in
knowledge is characterized by a transformation of soft (vague) information into hard (more pre-
cise) information. Soft information refers to the heuristic and uncertain information that stems
from approximate predictions of product behavior also based on designer’s subjective judgment
and experience, whereas hard information is generally based on much more accurate and science–
based evaluations. Given this nature of design information, what a rational design approach has
to facilitate is to know more about the design properties early on, that is, faster increase in ratio
of hard–to–soft information. This relative improvement in the quality of information is expected
to lead to equivalent or better designs that are completed in less time and at less cost than those
developed using a traditional sequential process.

The general application of DBD is particularly suitable in the early stages of the design process,
although the tools developed and employed can be useful even in further design phases. The
motivation to foster this paradigm in the early design phases is that it offers the greatest poten-
tial to affect the design process, product performance and total cost. The initial stages of design
dramatically affect the final outcomes. Indeed, possibilities for influencing total life–time product
cost are very high in the real beginning of the design process and decrease during the following
design stages, process development and manufacturing. Hence, to solve the conflicting issues of
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economic viability, technical and economic design properties of an industrial product are to be
considered simultaneously since concept design.

Independent of the paradigms or methods used to plan, establish goals and model technical sys-
tems, designers are and will continue to be involved in two primary activities, namely, performing
simulations and making decisions - two activities that are central to increasing the efficiency and
effectiveness of designers themselves and the processes they use.

Before discussing the multicriterial decision–making approach as well as supporting mathematical
tools more suitable to the purpose, evolution of design paradigms is llustrated.

2.1 Systems Engineering

Systems engineering1 is a discipline concerning the engineering processes and techniques aimed
to transform a set of operational requirements into a defined system configuration through the
top–down iterative process of requirements analysis, functional analysis, synthesis, design opti-
mization, manufacturing, trials and validation. Therefore, it has overlaps and interfaces with
both design and project management.

The technical literature on the subject has extended in last decades, even though it traces its
origin back to the end of the Second World War, while the earlier books go back to the 1960’s.
Systems engineering has received its impetus from the defense industries in a number of countries.
The US Navy has defined systems engineering as ‘the application of science and art to integrate
the interdependent aspects of a ship design to form an optimum whole which meets operational
requirements within technical and programmatic constraints’.

Systems engineering has developed because of two reasons. The first is that engineers have be-
come so specialized (taylorism) that someone needed to take the responsibility for the overall
technical system. As to ships the naval architects have always had this responsibility and still
maintain it in a lot of shipbuilding countries, even if in the United States they allowed this re-
sponsibility to be taken away from them since many decades. The second reason is that some
industrial products (aircraft, ships, cars, and so forth) have become so complex that a rational
way to manage the design has become essential.

In recent years some proponents of systems engineering have pushed for its use almost as if it is
a design approach. Nevertheless, while the overall design has always considered both the design
of individual components, often referred to as usbsystems, and the integration of them, systems
engineering does not comprehend the design process. In other terms, while design is a decision-
making process characterized by selection of the design variables and parameters as well as of the
preferred product, systems engineering is only the organization and management of the design
process . Systems engineering cannot be considered intrinsecally as an engineering discipline in
the same way as civil engineering, ship engineering, mechanical engineering, and other design
specialty areas.

1The term ‘system’ stems from the Greek word ‘systema’, which means ’organized whole’.
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2.1.1 Synergy with Information Technology

In the ‘information age’, systems engineering and computer technology operate in an industrial
world requiring synergistic activities. Systems engineering may allow designers to find some solu-
tions to design problems relying on databases and decision–making support systems available on
computers. When adapting the information technology (IT) in an industrial company to princi-
ples of systems engineering, information may be provided in a synergistic way to designers almost
instantly in quantity and quality yet not considered possible.

Designers are still involved primarily with the unstructured or partially structured parts of prob-
lems, that is, with establishing system goals, partitioning the technical system in terms of its
functional sub–systems and planning the design process itself. Nevertheless, project managers
and designers as well are discovering that the simple and dichotomous subdivision that separates,
say, mechanical engineering, electrical engineering and naval architecture is more a historical tra-
dition than a technical necessity. It may be a traditional and convenient means for structuring
administrative entities and budgets, but it is dramatically unefficient for organizing design teams.

Combination of systems engineering and information technology permits to plan and control the
manufacturing process as a whole. A corollary effect of the advent of systems engineering is the
blurring of the lines that have separated the traditional disciplines in both academic institutions
and industry.

On the other hand, in the decades since computers became the universal tool of engineers and
scientists, dramatic changes have been observed in the computers themselves and the way of using
them, which paved the way to new related fields of research in science and technology. Designers
are on the eve of being able to use computers not just as fast and accurate devices, but as partners
in the design process.

2.1.2 Critique of Systems Engineering

An area of potential confusion in discussing systems engineering is its scope as a discipline in
relation to activities such as project management, systems management, design management, en-
gineering design, etc. Many engineering design texts (Erichsen, 1989; Sage, 1992) present many
overlaps among design, design management and systems engineering, even though they empha-
size the creative challenges and techniques of the design synthesis task at the initial design phases.

Differentiation between designing and project management is ambiguous. Again there are signif-
icant overlaps, and many of the techniques of systems engineering are also claimed in project
management literature. Arnold et al. (1998) state that systems engineering provides the creative
heart of project management by defining the technical and work deliverables, i.e. the require-
ments, the design development and all the tasks necessary to build and test the industrial product.
Under this view project management becomes the set of activities associated with implement-
ing and controlling the ‘product and process blueprint’, which systems engineering has provided.
Thus contract management, scheduling techniques, cost control, quality assurance, etc., are ac-
tivities which have no meaning without the foundation of systems engineering. An alternative,
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but related, view is not to see project management and systems engineering as separate disci-
plines, but is to see project management simply as the larger canvas which must include systems
engineering. This implies that systems engineering activities must be project managed just as
much as full-scale product development needs to be.

The idea that systems engineering may cope with the overall design of complex products has
been criticized by many experts. This paradigm is no more than a generalized model of, and a
framework for thinking about the engineering process, which needs tailoring to be applicable to a
particular product and project (Van Griethuysen, 2000). It is self–evident that many industrial
products have always been designed and produced using some kind of systems engineering. It
is also true that much of naval architecture and marine engineering concerned with design man-
agement is undoubtedly an example of systems engineering. Thus, it is not so much a question
of whether systems engineering can cope with unstructured design of industrial products, for in
principle it undoubtedly can, but more a question of whether in its current ’born–again’ form it
has anything to offer beyond current understanding of the engineering management.

Although existing systems engineering texts - often with a bias towards software/computer sys-
tems - appear not to offer anything new for the overall system design process of industrial prod-
ucts, there are techniques and insights to be learnt in the area of process/information systems.
As engineering products become more influenced by software systems, these methods need to be
added to the design management ‘toolkit’.

However, the relevance of systems engineering should be advocated with due caution because of
the following reasons:

• The current language of systems engineering has to some extent been abused by engineering
communities working in particular industrial sectors. What is presented as ‘general’ is in
fact often ‘partial’, especially with respect to ’systems design’. It would undoubtedly be
helpful to its wider acceptance, if systems engineering publications and courses used more
significant examples from a wider product base, and paid due attention to the physical
aspects of the design of complex products.

• Systems engineering can be harmful if procedures are applied across products in an inappro-
priate or disproportionate manner; see, for example, the over elaboration of requirements
in computer databases under the banner of ‘requirements engineering’, without progressive
design modelling to establish feasibility in terms of cost and operability.

• Whilst the concept of systems engineering, as a set of knowledge, methods and techniques
which can be applied to different product areas, is a valuable one, the further step of defining
systems engineering as an independent branch, or even an overall design paradigm, is highly
questionable.

2.2 Design Models

Since Wallace and Hales (1987) documented in explicit detail an actual design process in industry,
nothing similar was published in open literature. Analysis of designers’ behavior along the design
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process highlights diffuse situations with poor training and cognitive limitations. Comments by
Stauffer et al. (1987) are still valid as regards the way designers really do perform design. In
general, designers

• develop the functional aspects of the design in stages throughout the design process rather
than during an initial functional development phase called for by many design theories;

• use functional relationships that sometimes remain qualitative, while they should be quan-
titative since the real beginning of the design process;

• make decisions based on heuristic reasoning instead of rational decision making during all
design phases;

• use their individual knowledge to influence the generation and evaluation of different solu-
tions; in other terms, they did not use domain–independent procedures;

• select the final design in a pure deterministic way without due consideration of imprecision
and external noise.

On the contrary, Andreasen (1987) has highlighted positive changes in designers’ attitude be-
cause they have started to rely on the basic methods of design science. His optimism appears to
be justified in the light of the success reported by those using the approach called ‘concurrent
engineering’.

Nowadays two major streams of development in design are evident; namely, the pursuit of a ra-
tional theory of design and the development and application of computer–based tools in design.
There are many model types for the design process developed from practitioner designers and
researchers; but substantially two basic approaches and a third one derived from them can be
envisaged, intended to increase the efficiency and effectiveness of the designers and the design
processes they use; namely

• descriptive models

• prescriptive models

• hybrid models

The ‘descriptive approach’ describes the situation where the design process is modelled from ob-
servation of the professional practice of designers. It cannot help to judge whether the resulting
model is the best way to address design problems.

The ‘prescriptive approach’ aims to derive a rational model for designing based on knowledge-
base; it tends to suggest the best approach. In other terms, if design problems are tackled using
this model, the design team will get better outcomes or achieve them in a more efficient manner.

The ‘hybrid models’ are combination of desciptive and prescriptive models. They are intended to
be more flexible than the prescriptive models, since they follow a rational approach while fixing
the sequence of main design phases.



2.2. DESIGN MODELS 35

2.2.1 Descriptive Models

The descriptive models of design rely on decomposition, evaluation and iteration; they closely
resemble the traditional approach to design. Moreover, because of the relevant influence of
subjective preferences of designers on the process, models are usually offered as no more than
guidelines. Their validation is difficult as most engineers often do not have the requisite skills or
long–term interest for process validation.

Descriptive models exemplify the way design is performed sequentially by a design team and not
what should be done to arrive at the ‘best possible’ solution in accordance with decision–making
techniques. Five activities can be identified that may be basic to descriptive models of design:

• Problem analysis: a problem statement is developed.

• Concept design: statement of the problem is used to generate a broad set of alternatives up
to identification of the basis design.

• Basic/preliminary design: the basis design is improved by means of high-tech tools and
knowlege–base

• Functional design: the final design is refined from the point of view of its functionality.

• Detail design: all the details of the final design are specified, and the manufacturing draw-
ings and documentation are produced.

2.2.2 Prescriptive Models

In contrast to descriptive models, prescriptive models embrace a DBD approach that has its foun-
dation on a general design methodology, which includes three basic processes (Jones, 1963):

• Analysis: defining all the requirements for an engineering product and reducing these to a
complete set of logically–related performance specifications; to this end, technical systems
are decomposed or partitioned into sub–systems to determine their separate and overall
size, proportions, properties, relationships, etc.

• Synthesis: finding possible solutions for each individual performance specification and in-
tegrating sub–systems to arrive at alternative design solutions with feasible properties.

• Evaluation: assessing the degree to which a solution best fulfills the stated requirements.

Prescriptive models of the design process have been developed by Hubka (1982) and Pahl and
Beitz (1984). The latter model has been further developed by the Verein Deutscher Ingenieure
in Guideline VDI 2221 ‘Systematic Approach to the Design of Technical Systems and Products’.
Commentaries on the development, implementation, and application of related guidelines have
been made by Beitz (1987) and Cross (1989). These models are in harmony with systems engi-
neering, although they vary in form.

De Boer (1989) deems that a basic three-step pattern (diverging, systemizing and converging)
can generally be recognized in each phase and sub–phase of a prescriptive model. The first step
in design or general problem–solving is usually divergent in nature: the design team is called
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on to generate a large number of candidate alternatives. These alternatives are then analyzed
and synthesized into forms that may represent acceptable solutions to the problem. Finally, the
refined solutions are further analyzed, synthesized, and evaluated leading in general to a set of
satisficing designs. As the number of acceptable solutions is decreased, the selection activity is
characterized by convergence. This pattern is that one more corresponding to the logic of the
concept design.

2.2.3 Hybrid Models

The is no doubt that design of complex technical products will continue to require the individual
expertise, perception, and judgement of the members of the design teams. However, the designers
have to be organized and tasked as a network of experts based upon their technical speciality or
particular role. Further information technology and computer-aided support to decision making
should be disseminated across design sub–teams to facilitate their critical communication and ne-
gotiation about the design process. This strategy results in hybrid models for the design process
as a combination of prescriptive and descriptive models, supported by cross–functional design
sub–teams.

Although it is considered a means of achieving efficient and effective concept design (Parsons
et al., 1999), the hybrid model approach is more suitable to basic, preliminary and embodiment
design phases, when the naval architects, strength and vibration experts, and marine engineers
in dedicated teams can be assigned specific tasks within a design network. A list of the design
role and responsibility of each sub–team is mandatory. The job leaders must be each tasked to
act altruistically. When it is felt so, it is responsibility of each job leader to decide when and how
to make modelling of a sub–task more complex and to carry out more accurate computations and
evaluations.

Nevertheless, conflicts arise when design sub–teams disagree on the relation and importance of
the single characteristics of their own functional parts with respect to the features of the entire
technical system. There is no disciplined way yet to trade–off conflicting characteristics against
one another. As a result, the state of current practice is that trade–offs are resolved in ways that
do not optimize for the best overall system and manufacturability. Therefore, hybrid models are
also aimed to address three key problems in design management:

• Planning . Design tasks cannot be sequenced in rigid detail, as it happens in the design
spiral approach, since there is generally no static, generalized way to progress through the
design analysis and decision–making; parallelism is a key concept in design planning; project
management has to be flexible and adaptable to specific customer requirements and exter-
nal environment.

• Coupling . Designers are used to think individually, even though they are tightly coupled
with each other. Decisions that one designer makes affect previous decisions made by other
designers. This constant need for re–evaluation as a result of changes in the design inter-
faces can lead to lengthly cycles of iteration and change.
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• Ranking . Designers have non-common language and preferences; mathematical tools are
therefore necessary for comparing the importance of different attributes.

This fosters a decision–based design approach allowing the design to proceed concurrently and
defers detailed specifications until trade–offs are more fully understood.

2.3 Design Evaluation Methods

Designers have at their disposal a range of design evaluation methods and tools that have been
developed to enhance their individual and group evaluation activity in the design process. A
limited selection of them is illustrated hereinaft:

• Controlled Convergence Method

• Weighed Attributes/Objectives Method

• Systematic Method

• Probabilistic Method

Each of the above methods employ the use of decomposition to enable design evaluation, and
assumes the availability of soft and hard information about the design being evaluated. Therefore,
each method fits with a specific design phase, as reported in Table 2.1.

Method Design Phase

Controlled Convergence Concept
Weighed Attributes/Objectives Basic

Systematic Preliminary
Probabilistic Design Concept/Basic

Table 2.1: Evaluation methods

It is also worth noting that, with the exception of the ‘probabilistic design’ option, all these
methods assume deterministic evaluations. This means that there is an assumption of certainty
about specific values of design properties.

These methods require varying degrees of effort in their application. The more detailed approaches
are best applied within sub–teams with an increasing support from computer–aided packages. The
increasing complexity of technical systems requires the application of rigorous, team–based and
objective evaluation that demands a clear knowledge of the strengths of each support technique
and how and when it can be effectively applied within the design process.
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Controlled Convergence Method

The controlled convergence method was developed by Pugh (1980) and reflects the fact that the
attention of the designer tends to be initially convergent, generating lots of ideas, and then con-
vergent upon one selected solution to the design problem. It is a non–numeric and iterative tool
for concept selection, which has joint goals of both narrowing and improving the choice of feasible
concepts. This evaluation method therefore seeks to identify specific strengths and weaknesses
of alternative design concepts. The method encourages a cyclic process of expanding number of
concept designs and elimination of unfeasible alternatives before tending to the ‘best solution’.

With reference to Table 2.2, this method uses a simple matrix to compare feasible concept designs
against a set of pre–defined criteria. The most critical aspect of the matrix is the list of evaluation
attributes against which the alternative designs are evaluated. Attributes should be driven by a
clear understanding of customer requirements and normative rules. The list of attributes is the
vertical axis of the matrix, whereas the concept designs form the horizontal axis.

To compare concept designs, one of them is shown as a ‘datum concept’ (‘◦’). It does not
matter which one, but it can help if it is a technical system that already exists. Each concept is
compared with the datum for each attribute. If the concept is better than datum in a property,
the corresponding attribute is marked as ‘+’; if it is worse, it is marked as ‘-’. Finally, if it is
similar to or the same as the datum, it is marked as ‘s’. For each design, the total number of ‘+’,
‘-’, and ‘s’ scores are added up taking the ‘-’ total away from the ‘+’ total. Each concept will
now have a net score, and it is possible to rank them in preferential order.

Design Design Design Design Design Design
Attributes 1 2 3 4 5 6

Stability ◦ + + - - s
Power ◦ - + + = -

Endurance ◦ + + - + +
Payload ◦ + - + - +

Seakeeping ◦ s + - s -
Manoeuvring ◦ - s s + +

Vibration ◦ s + s - +
Acquisition Cost ◦ - - + - +
Operating Cost ◦ + + - + s

Net Score ◦ 1 4 -1 -2 3

Rank 4 3 1 5 6 2

Table 2.2: Evaluation in controlled convergence method

It is possible that when discussing the merits of each concept design, there is a basically good
concept, which suffers from one poor feature. In this case, a minor modification could improve
the overall solution.

In the next step, the design team should repeat the cycle, taking one of the stronger candidates
as the new datum. If possible, the design team should increase the level of detail or specificity in
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the evaluation attributes and add some quantifiable values. This step is especially important if
new designs have arisen from the first round.

Weighed Attributes/Objectives Method

The weighed attributes method is a very straightforward evaluation method: it applies weight fac-
tors (usually so that their sum equals unity) according to the relative importance given to each
attribute/objective. It employs comparison between design attributes and design alternatives.
This method has been applied mainly, though not exclusively, during the concept design phase
when an appropriate amount of information is available. It differs from the ‘controlled conver-
gence method’ in that cardinal scales (ranks) are used to evaluate the degree of match between the
design outcomes and specifications. Weight factors are also applied to each attribute/objective
to reflect the relative scale of importance of each design characteristic to the overall quality of
the design. When multiplied by the corresponding weight factor a weighed score results for each
attribute/objective. The sum of the weighed scores yields a total weighed score providing the
means of comparing the overall performance of each design. A scale of 1 through 10, or alterna-
tively of 0 through 1, is generally used to rate each design against the design attributes.

It could come out that even the best ranked design concept still possesses relative weaknesses in
some important design characteristics. While keeping that design for further development and
analyses, it is important to remind that these weaknesses are to be eliminated in further phases
of the design process.

Systematic Method

The systematic method is a particular evaluation method developed by Pahl and Beitz (1984).
It is very similar to the ’weighed objectives method’ although it has been generally used at
basic/preliminary design phase when much more hard information is available. This is reflected
in a growing number of more detailed design characteristics that may be used as a measure for
the design outcomes of engineering product sub–systems. Since at this point enough information
is gained in the design process via direct computations and experimental analyses to obtain more
accurate values for most, if not all, of the design properties, the systematic method is used for
weighed optimization of specific sub–systems. Once again, when the value of each objective is
multiplied by its weight factor a weighed score results. The sum of these weighed scores provides
the relative ranking of each sub–system variant. Even at this stage in the design process it is
important to look beyond the numbers to ensure that there are no design weaknesses.

Probabilistic Design Method

This method is attributable to Siddall (1983) and is important in that it reflects the uncertainty
of evaluation at the very initial stages of the design process. It is flexible enough to deal with
uncertainty, which is an all–pervading and dominant characteristic of engineering practice. A
probabilistic design can be defined as a design in which the design team codifies uncertainty by
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probability distributions. Evaluating this uncertainty is a design decision.

An important feature of the probabilistic design method is its use of the ‘value probability dis-
tribution’ (corporate utility) of each design as decision criterion when the design characteristics
are random variables.

A simple graph with a utility scale on the y axis and a design characteristic value scale on the
x axis is used to reflect the customer/user view of the importance of achieving particular values
for a design characteristic. In the example shown in Figure 2.1, the value curve (utility curve)
shows that there is a preference for a lower value of power; indeed, as the power increases beyond
15 MW the utility starts to drop significantly. It is worth noting that this technique is in itself
useful in determining target values for the product design specifications when the design is in the
concept phase. Members of the customer staff may be asked to sketch these utility curves for
a range of design properties of the potential product, giving the designers a clear indication of
design targets they should try to achieve.

Figure 2.1: Value and probability density curves for engine power

Returning to the topic of evaluation, once the utility curve is available the design team super-
imposes evaluation of each design attribute value for each design option. In Figure 2.1 this is
illustrated for two competing designs. The probability density curves reflect the uncertainty in
the minds of the designers. In Design 1 there is a greater probability that the power will be 20
MW but there is a very small probability that it could be as low as 10 MW or as high as 32 MW.
A higher average and a wider spread are indicated in Design 2. In this case, Design 1 is clearly
preferred since it would result in higher utility for the customer and there is more confidence in
the design achieving a more acceptable power level. As the design progresses and more specific
information is available, it may become possible for the probability density curve to reduce to
one deterministic value.
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Unfortunately, almost no technique has succeeded in combining multicriterial decision making
approach with probabilistic design method. Bandte (2000) has tried to overcome this deficiency
by generating a multivariate probability distribution that serves in conjunction with a criterion
value range of interest as an applicable objective function for multicriterial optimization and
product selection.

2.4 Concurrent Engineering

Today esigners are compelled more than ever to develop strategies to enable the reduction of
design time without loss of quality. According to Kusiak (1993), an appropriate paradigm of this
more comprehensive perspective is concurrent engineering, or integrated product development,
which simply demands that the activities driving the product development process occur in par-
allel rather than in series. The focus is to make an environment which produces high–quality
products and concurrently reduces product development time.

The concept first gained considerable attention during the 1980’s when the United States auto-
motive industry realized it needed to shorten the time for developing and marketing new models
in competion with the Japanese industry. Concurrent engineering has been widely accepted as
an effective engineering practice for decreasing product development time, improving quality, de-
creasing manufacturing costs. Since it aims to consider all elements of product life cycle from
the outset, concurrent engineering approach increases the complexity of the design process and
makes it more difficult to manage.

2.4.1 Basic principles

Concurrent engineering, like systems engineering, is more a matter of approach and philosophy
than an engineering discipline. It represents a common sense approach to an industrial product
development in which all elements of the product’s life cycle from conception to delivery are in-
tegrated in a single continuous feedback–driven design process. There are several other words for
concurrent engineering; among the others, ‘simultaneous engineering’, ‘unified life cycle engineer-
ing’, ‘producibility engineering’, ‘concurrent design’, ‘co–operative product development’, etc. A
formal definition for concurrent engineering is given by Winner et al. (1988): ”Concurrent engi-
neering is a systematic approach to the integrated design of industrial products and their related
processes, including manufacturing and support. This approach is intended to cause develop-
ers, from the outset, to consider all elements of the product from conception through disposal,
including quality, costs, schedule, and user requirements”. This definition may be regarded as
operational oriented, implementing concurrent engineering on a low level. Shina (1991) states
that ”... concurrent engineering is defined as the earliest possible integeration of the overall com-
pany’s kmowledge, resources, and experiences in design, development, marketing, manufacturing
and sales into creating successful new products, with high quality and low cost, while meeting
customer expectations. The most important result of applying concurrent engineering is the
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shortening of the product concept, design, and the development process from a serial to a parallel
one ”. This definition applies more to an overall design strategy at company level. The different
perspectives of the two definitions complement each other and state that concurrent engineering
must be applied both at the company’s overall product development and design strategy and at
an operational level.

By regarding the different definitions and semanthics in the context of the definitions it is pos-
sible to designate some characteristics of concurrent engineering; the most significant may be:
integration, parallel , product , and process. Implicit in these characteristics, organization, com-
munication, and requirements must be managed. Compared to traditional engineering design in
which analysis of the product plays the central role, the synthesis of the process is the dominant
feature in concurrent engineering.

In concurrent engineering the design problem is approached by defining a multi–disciplinary de-
sign form and focusing on such aspects like functional requirements, production, quality assurance
and economic efficiency of the engineering product. Generally, the term concurrent engineering
is connected to consideration of how the product will be manufactured, but it may be used to
describe the consideration of economy in its overall development.

The basic principles of concurrent engineering require: (i) process orientation; (ii) team approach;
(iii) empowerment; (iv) open communication; (v) customer satisfaction. The primary goal of con-
current engineering is the minimization of costs over the complete life cycle of a product while
maximizing its quality and performance. Concurrent engineering is characterized by a focus on
the customer’s requirements and priorities, a conviction that quality is the result of improving a
process, and a philosophy that improvement of the processes of design, production and support
are never–ending responsibilities of the entire company.

As some analysts state, concurrent engineering has shifted companies from a manufacturing en-
vironment to a design environment. The key to concurrent engineering is to respond to what
the customer wants. The concept of concurrent engineering changed the way designers work,
as it has compelled design engineers to attend more meetings, interact with greater numbers of
people, and gain knowledge from other disciplines and organizations. Throughout all of these
changes, the designers have to be the key actors in the concurrent engineering process and the
design process has to drive the overall manufacturing process.

In general, the reported benefits of the concurrent engineering approach are (Winner et al., 1988):

• improving the quality of designs, which results in dramatic reductions of engineering change
orders (greater than 50%);

• reduction of product development–cycle times by 40–60% with respect to sequential design
processes;

• reduction of manufacturing costs by 30–40% when multidisciplinary design teams integrate
product and process designs.

• reduction of the scrap and rework costs by 75% through product and process design opti-
mization.
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Although concurrent engineering can be implemented in many ways, its basic elements are:

• reliance on multidisciplinary teams to integrate the design, manufacturing and support pro-
cesses of a product;

• use of computer–aided design, engineering and manufacturing methods to support design
integration through shared process models and databases;

• use of a variety of analytical, numerical, and experimental methods to optimize a product’s
design, manufacturing and support processes.

Of course, this is a simple strategy to state on paper; it is quite another to implement it in
practice, especially when one recognizes the increasing complexity of modern products and the
use of geographically distributed and multidisciplinary teams. This situation demands the use
of IT to assist the control of the concurrent processes and to ensure that a common database of
information can be shared by all those involved in the product development process.

2.4.2 Information Flow

Conceptually, it is evident from any perspective that as the design process progresses and decisions
are made, freedom to make changes is reduced and knowledge about the object of design increases.
A product of and a clear motivation for concurrent engineering is to anticipate the knowledge
curve, thereby increasing the ratio of hard–to–soft information that is available in the early
design phases. This relative improvement in the quality of information should lead to designs
that are completed in less time and at less cost than those designed using a traditional sequential
process.

Figure 2.2: A comparison of sequential and concurrent engineering

In concurrent engineering, the early design stages are especially significant because major design
decisions are made then, which generally have far–reaching effects on the engineering product
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being designed. Portions of a sequential and a concurrent engineering process of design are illus-
trated in Figure 2.2. To achieve high–quality designs, the information flow in concurrent engineer-
ing between design engineering, manufacturing, marketing, and others, has to be early transferred,
and decisions are based on both upstream and downstream considerations (bi–directional). On
the contrary, in a sequential approach information flows in one direction only.

2.4.3 Concurrent Engineering Environment

To successfully achieve concurrent engineering a dynamic concurrent engineering environment
must be introduced. It ensures that the different conditions for concurrent engineering are ar-
ranged, systematized and controlled. As these conditions are interconnected, sub–optimizations
must be avoided. The purpose of the concurrent engineering environment is to keep the different
processes and conditions in balance to achieve a successful optimization.

Sources of Change

The main reason to introduce a concurrent engineering environment is to manage change in orga-
nization and product development. Baker & Carter (1992) outline five sources of change, namely:

Technology. Both the technology in a product and the technology to produce it become more
complex. New technology is a source of changes and it is important to have a plan for introducing
new technology and managing changes allowed by the technology.

Tools. The tools to design and produce a technical system change in time with technology. The
sources of change in using advanced tools may be degree of automation in production, integration
of product development processes, and flexibility in the production process.

Tasks. The variation and complexity of the tasks are sources of change. If the tasks are different
from time to time, the task itself become a source of change.

Talent. Each individual worker/technician/engineer may have a special talent for new ideas,
which may be a source of change. In addition, the degree of change is also influenced by the
individual ability to manage external or organizational changes.

Time. The time to product delivery is important to stay in the market. Therefore, it is necessary
to search for improvements which contribute to reduced overall development and manufacturing
time.

The outlined forces are dependent on each other. For example, decisions about technologies
impact the choice of design and development tools. Further, some aspects may be internally
managed by the company while others are influenced by the company’s external interaction.
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Main Activities

To yield the desired changes, the sources of change need to be translated into resources and a
dynamic environment must be established. This is done by four interconnected activities of con-
current engineering, that is, organization, communication network , requirements and integrated
product development . As regards the description of generalized and specialized design methodol-
ogy, these activities may be considered under a philosophical and a methodical aspect.

The philosophical aspect mainly concerns how the organization and the communication network
are built, while the methodical aspect regards requirements and integrated product development.

Organization. People in an industrial company need to be organized in a practical way in propor-
tion to the task and processes of the company. This includes both the organizational boundaries,
such as disciplines and departments, and physical location. There are many kinds of organiza-
tions, but typical for concurrent engineering is the design team. The organization may, therefore,
be divided into managers and product development teams.

The managers must establish the overall strategy and are responsible to provide a concurrent
engineering environment. They must establish the product development teams by giving them
the authority and responsibility to make decisions. In addition, they must provide team training
and support the team with professional and technical needs.

Communication Network. The main purpose of communication neywork is sharing information
and linking people together. It transfers to the actual members involved in the process the overall
information relating to a product. In large projects with many people or different co-operated
companies, establishing one development team may not be possible. In such projects internet
communication technologies are required for effective information exchanges and sharing. How-
ever, the most effective way of communication may be person–to–person.

Requirements. The customer requirements are the overall target of the industrial product and the
requirement. The most important to specify in the early design phase are the required properties
and the constraints of the product. The better the functions and constraints are specified, the
fewer problems will occur late in the development process. The QFD–method described later is
a common method for identifying the requirements and solutions in concurrent engineering.

Integrated Product Development. This activity links all the tasks in the development process
together, including considerations about support, operation and maintenance through the life-
cycle. All tasks are executed in parallel and across disciplines.

Targets

Concurrent engineering may advantage the customer in two ways. According to Blankenburg
(1994), the advantages are either in the process, which means that the customer gets the product
faster and cheaper, or in the product, which means that the customer gets a better product.
Therefore, process and product are the targets of concurrent engineering process.
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Process. The process includes procedures, methods, techniques, etc., to design and produce a
product. Most of the literature and definitions of concurrent engineering focus on processes and
this indicates a belief that improved productivity and quality in the processes also results in im-
proved quality of the products. The main goal is to improve the product development processes
by reducing lead–time and costs and still get products of higher quality than before.

Product. The physical outcome of the product development process is the physical product. In
addition, the outcomes may also consist of other services which secure the product existence and
support over its life-time. This may consist of user-instructions, refitting, etc. The main goal of
the product is to satisfy the price, quality and functionality required by the customers.

Mechanisms

Although a considerable number of studies have been devoted on design decomposition as a means
to reduce the complexity of a large scale design problem, only recently due attention has been
given to the computational framework for dynamic and systematic design integration in a com-
puter network–oriented design environment. On the basis of the integrated product development
model, Blankenburg (1994) introduces three mechanisms of concurrent engineering: integration,
prescience and parallelism. These mechanisms are necessary to accomplish the activities in the
product development process according to the concurrent engineering concepts.

Integration. It is important to secure all available, relevant information and knowledge about
a product during the product design and manufacturing, and insure they are taken into con-
sideration. No single discipline or department alone has information or knowledge necessary to
consider all the elements influencing a product during its life-time. Therefore, the knowledge
and information from different disciplines and departments must be integrated. Regarding the
integrated product development model, a vertical integration between the market, product and
production insure that the information and knowledge from the different departments are taken
into consideration. To consider elements from the different phases of the product development
process, a horizontal integration is necessary. The horizontal integration includes in early design
phases considerations from late phases, such as manufacturing and operation. This may be done
by including people from late phases, for example manufacturing and operation, in modelling
concept design phase. The advantage of integration is that all special information and knowledge
that usually belongs to a special discipline, department or phase is shared and taken into con-
sideration before a decision is made. This insures that decisions are made in co-operation and
across disciplines and organizational boundaries.

Prescience. Prescience aims to search for and identify forthcoming activities of high uncertainty
as wellas to execute parts of these activities searching for information to reduce the uncertainty in
preceding activities. To achieve prescience, the traditional sequential execution of the activities
and the contents and character of the activities should change. Prescience insures short feedback
time and iterations instead of long iterations from late to early activities.
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Parallelism. A way to shorten the time of the product development process is to execute activities
in parallel, e.g. at the same time, independent of the function or the phase to which they belong.
However, the extent and contents of the different activities influence the dependencies and give
some restrictions to parallelism. The restrictions may be divided into three groups:

• resource dependencies, which are restricted by resources available, e.g. quantity and quality
of people, hardware and software);

• precedence dependencies, which are caused by natural limitations;

• information dependencies, which occur when one activity is dependent on the information
output from another activity to be still executed.

Concurrent Engineering Matrix

The targets and mechanisms of concurrent engineering influence each other according to the
arrangement of a two–dimensional matrix as shown in Figure 2.3.

Figure 2.3: The concurrent engineering matrix

The matrix shows that combining integration and prescience increases the quality and mini-
mizes the uncertainty of the product and processes of manufacturing. Further, a combination of
prescience and parallelism reduces the lead–time and controls uncertainty. These combinations
distinguish concurrent engineering from traditional, sequential approach of product development
and design. However, it is not automatic that the mechanisms and targets imply each other.
Rather they comply with each other.

So far, the challenge of a concurrent engineering environment may be summarized as a combina-
tion of mechanisms (integration, prescience, parallelism) which concurrently advance the targets
(product and processes), all supported and arranged by the five forces of change and the four
main activities of concurrent engineering.
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2.5 Decision-Based Design

Any discussion about designing technical systems of tomorrow, using approaches based on sys-
tems thinking and information technology, must include concurrent engineering design for the
life cycle. Further, while the targets of concurrent engineering are clear, there is no generally
accepted model for the design process, able to combine concurrency and design for the life cycle
of an industrial poduct. It is unlikely that one model will emerge as the ultimate model of design
for all industrial products and processes. Therefore, only a paradigm, such as the decision–based
design, can be advocated aiming to make rational, value–based decisions in a realistic design
environment. To make appropriate decisions the decision maker must establish value systems to
rank the expected outcome of design decisions and incorporate uncertainty and risk handling in
the predictions of those outcomes.

Decision–based design is a term coined to emphasize that the principal role of designers is to
make decisions (Mistree et al., 1990). Therefore design methods are to be based on a paradigm
that springs from the perspective of decisions made by designers as opposed to design that is
simply assisted by the use of optimization methods or specific analysis tools. In decision–based
design, decisions serve as markers to identify the progression of a design from conception through
delivering.

2.5.1 Basic Principles

Some basic principles from a decision–based design perspective are as follows:

• design involves a series of decisions some of which may be made sequentially and others
that must be made concurrently;

• design implies hierarchical decision making and interaction among decisions;

• design productivity can be increased through the complementary use of prescriptive models
(analysis, synthesis, and evaluation) and the increased power and capability of computers
in processing numerical information;

• life–cycle considerations that affect design can be modelled in upstream design decisions;

• techniques that support design team’s decision making should be:

– process–based and discipline–independent;
– suitable for solving uncertain, imprecise, and ambiguous problems;
– suitable to facilitate self–learning.

DBD is the decision–making paradigm that translates information into knowledge, provided de-
sign decisions are governed by the following main properties:

• decisions on design are substantially multidimensional and multicriterial;

• decisions involve hard and/or soft information that comes from different sources and disci-
plines;

• decisions are ruled by multiple measures of merit and performance;
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• none of the decisions may yield a singular, unique solution (ideal), since whichever decision
is less than optimal.

2.5.2 Design Types and Structures

Three different types of design, namely, original, adaptive and variant, have been distinguished
according to the amount of originality included (Pahl and Beitz, 1984):

• Original Design: original solution principles are used to design an innovative product; for
example, in shipbuilding an original design occurs only when the well-known and abused
‘basis ship’ design procedure cannot be employed.

• Adaptive Design: an existing design is adapted to different conditions or tasks; thus, the
solution principles remain the same but the technical product will be sufficiently different
to meet the new targets derived from specifications; the ‘basis ship’ approach in ship design
is an example of adaptive design.

• Variant Design: only the size and/or arrangement of parts or sub–systems of an existing
technical product are varied so that the desired tasks and solution principle are not changed;
a good example of variant design is when a ship series is being designed.

The type of design has its influences on the type of tools required and the amount of design
interaction required. As shown in Figure 2.4, a variant design is an integral part of an adaptive
design, which in itself can be viewed as a subset of an original design.

Figure 2.4: Design types

On principle, the major issues facing a design team are generally variable because the amount and
type of design knowledge and information required at the start of the design process is different.
In original design, solution principles are of paramount importance, whereas for adaptive designs
specified tasks assume major importance, and for variant designs size and/or general arrangement
issues are the main focus.

Whether the design process is classified as original, adaptive or variant greatly depends on the
perspective chosen. The application of steam power to shipa which occurred during the industrial
revolution generated original design principles for providing waterborne transportation. Clearly,
this represented a discontinuity in the development of design solutions for naval and commercial
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vessels. Considering only the hull form, it is difficult to argue that any monohull displacement
surface ship represents anything else than adaptive design. However, if the design procedure is
classified based on the functional requirements of the entired product, simultaneous designing in
all three categories is possible.

The efficiency and effectiveness of a design team for the decision–based design can be improved
simultaneously by increasing the speed with which design iterations are accomplished and/or
reducing the number of iterations. To achieve a reduction in the number of iterations, a model of
the design process is needed together with design knowledge. Capability to model processes using
a set of decision entities is one of the main features of decision–based design. Modelling processes
(e.g. design, manufacturing, maintenance) helps a designer to identify the right problem at the
right level and structure each process for ensuring the ‘best possible’ outcome. Without modelling
the design process, it is impossible to provide suitable guidance for improving the efficiency and
effectiveness of a design team. By focusing upon decisions, a means can be provided for creat-
ing models of decision-based processes, supported by a computer–based ‘design guidance system’
(Bras et al., 1990).

The implementation of decision–based design paradigm can take different forms. In industrial
engineering there is an increasing awareness that decisions made by designers could be the key
element in the development of design methods that facilitate design for the life cycle and promote
concurrency in the process (Suh, 1984; Whitney et al., 1988; Hills and Buxton, 1989; Mistree et
al., 1991; Žanić et al., 1992).

Figure 2.5: Heterarchical and hierarchical sets

The starting point for representing a designer’s perception of the real world and design envi-
ronment is a heterarchical set of activities arranged without discernable pattern and with no
activity being dominant. Typically, the heterarchical set associated with a product life–cycle
includes market analysis, design, manufacturing, maintenance of the product and its subsequent
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scrapping. In decision–based design this heterarchical set embodies decisions or sets of decisions
(decision entities) that characterize the designer’s judgment. A hierarchical set of activities, on
the other hand, characterizes the sequence of decision entities involved, and hence, heavily influ-
ence the design product. Knowledge and information entities may link the decision entities in
both heterarchical and hierarchical representations. In a heterarchical structure there are con-
nections between nodes, but the structure is recursive without a permanent uppermost node or
well-identified starting point (Fig. 2.5). A design process starts when the first step is taken to
extract a hierarchy from a heterarchy, that is, when the dominant node is chosen. In practice,
transforming a decision heterarchy to a decision hierarchy requires to identify a correct starting
point, that leads to a plan of action that is both viable and cost–effective.

2.6 Decision Support Systems

To provide support for selection in designing technical systems, decision support systems (DSS)
are very effective. The concept of DSS was introduced, from a theoretical viewpoint, in the late
1960’s. In general, decision support systems can be defined as computer information systems that
provide information from databases and mathematical models, analyze it using decision–making
techniques according to customer specifications, and finally yield the results in a format that
users can readily understand and use. Thus, the basis target of DSS is to provide the necessary
information to the decision maker in order to help him/her get a better understanding of the
decision environment and the design alternatives available.

A typical structure of a decision support system includes three main components: a design model
rooted in knowledge–base systems, a multicriterial approach for implementing decision support
tools, and a shell of user’s friendly interfaces connecting evalution modules and selection pro-
cedures. A decision support system is aimed to carry out whichever different type of design,
namely, original, adaptive and variant. It requires implementation of two design phases, namely,
a metadesign phase and a computer–based design phase. Metadesign is accomplished through
partitioning a design problem into its elemental entities and then devising a plan of action.

The decision support systems provide a means for modelling decisions encountered in the de-
sign process. Multiple attributes and multiple objectives, quantified using analysis–based hard
information and insight–based soft information, can be modelled providing domain–specific math-
ematical models (metamodels). Overall design and manufacturing processes may be modelled via
DSS using entities such as phases, events, tasks, decisions,

Formulation and solution of a decision support system provide a means for allowing different
types of decisions:

• Heuristics: decisions made on the basis of a knowledge–base of facts and rules of thumb.

• Selection: decisions based on multiple attributes, weighed according to preferences, for the
‘best possible’ design among nondominated alternatives ( Kuppuraju et al., 1985; Trincas
et al., 1994).
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• Compromise: improvement of the ‘best possible’ design through further optimization of
sub–systems (Lyon and Mistree, 1985).

• Robustness: managing the risk and uncertainty related to exogeneous design parameters
(Allen et al., 1989; Grubǐsić et al., 1997).

Applications of DSS include the design of ships, aircraft, mechanisms, thermal energy systems, etc.
They have been developed also for hierarchical design, where selection–compromise, compromise–
compromise and selection–selection decisions may be coupled (Bascaran et al., 1989). These
constructs have been used to study interaction between design and manufacturing and between
various events in the concept phase of the design process.

2.6.1 Design Time–Line

A product life–cycle has a beginning and an end with certain specific events occurring at approx-
imately predictable points during this life cycle. Time in development processes of an industrial
product may be modelled using event–based time rather than physical time. As noticed ear-
lier, the principal target of the design process is to convert information that characterizes the
needs and requirements for a technical system into knowledge about the product itself. For an
engineering system, this conversion of information into knowledge is invariably accomplished in
stages. From the standpoint of the information necessary for making decisions in each of the
design phases, what is important is that:

• the types of decisions being made (e.g., selection, compromise, robustness analysis) are the
same in all initial design phases;

• the quantity of hard information with respect to soft information increases as the knowledge
about the product increases.

In the DSS (see Figure 2.6, which provides an example incorporating designing for concept and
designing for manufacturing), the ratio of hard–to–soft information available at any time in the
design process is a key factor in determining the nature of the support that a design team needs
as soon as a solution is searched. It is possible, therefore, to define any of the design processes
in terms of phases (e.g., designing for concept and designing for manufacturing) and identifiable
milestones or events (e.g., economic viability, preliminary synthesis, detailed analysis). Using
the hard–to–soft relationship makes intuitively possible to categorize computer–based tools for
design; for example, tools used to provide support for the decision–making activities form one
category, while analytical, numerical, and statistical codes that facilitate evaluation of engineer-
ing product’s performance form another category.

The simplified time–line for an original design (Fig. 2.6) shows how in designing for concept
phase a net as wide as practicable is distributed in order to generate as many feasible solutions
as possible and then to manufacturing the ‘compromise’ concept, which satisfies the functional
specifications. In designing for manufacturing, the goal is to ensure that the product can be
manufactured cost–effectively. Even if it is not explicitly shown in Figure 2.6, in practice iteration
between events and phases will occur.
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Figure 2.6: A typical design time–line

2.6.2 Designing for an Original Product

One of the many scenarios that could be postulated by a designer to accomplish an original design
from concept through preliminary design for a ro–ro vessel is shown in Table 2.3. Provided the
economic viability of the project has been established, the first task is the generation of a large
number of feasible designs. Techniques that foster an original product include brainstorming
to identify and agree upon selection of attributes and constraints. At this stage technical and
economic information on feasible alternatives should be sufficient to rank candidate designs and
to arrive at selection of the ‘robust solution’.

The key design phase, that is, the concept design, is a three–step process:

• In the first step the available soft information on attributes is used to evaluate the feasible
solutions. An initial selection is accomplished by solving for nondominated designs.

• The amount of hard information is increased windowing the design space, in order to reduce
uncertainty about attribute values of further non–dominated designs.

• Finally the ‘robust design’ is selected for further development. This development results
in a robust product that fulfills the functional requirements, is cost–effective and can be
manufactured.

In basic design the robust solution is improved through sub–optimization of various attributes.
This is achieved by formulating and solving a compromise decision support problem.

In preliminary design the basic design is completely reviewed, subject to a comprehensive and
stringent set of requirements (final specifications), thus ensuring functional feasibility and cost–
effectiveness; this design phase is often called contractual design.
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Designing generally involves costly iterations. Ideally they should be avoided or at least accom-
plished as rapidly as possible. Iteration costs can also be reduced by evaluating the need for
iteration at clearly defined points (phases and events). The events are used to model the design
process by means of a time–line, thus arriving at a metadesign.

2.6.3 Metadesign

The specific activities performed by design teams change as the design process evolves. In the
concept design phase, a mathematical design model of the technical system is needed to evaluate
its required properties. The model is built using representations of sub–systems or clusters of
sub–systems through tuned metamodels. Later on, in basic design stage, within the bounds of
reasonable connectivities and top–level specifications, the design teams can arrange and rearrange
the essential functional components of the product, before the design is frozen and changes in it
can be made only with great difficulty. Therefore, it is necessary to develop methods for dividing
technical system design into subproblems, solving them and then synthesizing the solutions into
a metadesign for the entire technical system.

For metadesign to represent dynamic partitioning and planning the connotation placed on the
term ‘meta’ can have three meanings:

• after : meta–‘x’ occurs after ‘x’; thus ‘x’ is a prerequisite of meta–‘x’;

• change: meta–‘x’ indicates that ‘x’ changes and is a general name of that change;

• above: meta–‘x’ is superior to ‘x’ in the sense that it is more highly organized, of a higher
quality or viewed from an enlarged perspective.

This third meaning is the most feasible for design purposes. This notion of higher has also been
employed in terms like metaknowledge, metadomain, metamodelling, etc.

In a metadesign, the design problem may be divided into subproblems either by decomposing or
partitioning and planning , which are not synonyms, in the early stages of project. In the con-
text of further design phases, and particularly in the context of the ‘decision support systems’,
the differences in the meanings of these terms are essential to distinguish between two modes of
approach to designing.

Decomposing is the process of dividing the system into its smallest, self–contained elements.
especially appropriate when design synthesis is based on the principle of repeated analysis on
components. In adaptive and variant design, decomposition is important and the reversibility of
the decomposition process, that is synthesis, is exploited. On the contrary, in designing original
products, which initially are vaguely specified, using decomposition is precluded. Partitioning
and planning are then required since sub–systems cannot be defined a priori.

Partitioning is the process of dividing the functions, processes, and structures, that comprise
the technical system, into sub–systems, sub–sub–systems, etc. In partitioning a design team is
guided by knowledge of the technical system, by considerations of the requirements the system
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Event: Conceptual Design

Ideation

Generate many feasible concepts
(two/three decks, single/twin–screw, diesel/diesel–electric)

Decision via Initial Selection DSP

Generate and select the ‘best possible design’ among

non-dominated solutions, subject to multiple constraints

Engineering

Functional feasibility of the ‘preferred’ concepts
given basic requirements

Decision via Selection DSP

Select the ‘robust design’ for manufacturing development
(establish the cost–effectiveness and manufacturability)

(develop top–level specifications)

Event: Basic Design

Decision via Compromise DSP

Improve the functional effectiveness of the ‘robust design’ through modification
(establish and accept a ‘satisficing’ design)

Contract Assignment

Event: Preliminary Design

Engineering

Based on information provided in basic design, check the functionality of the
improved design, subject to a comprehensive set of functional requirements

for sub–systems, and develop detailed information on acquisition cost

Decision via Refined Compromise DSP

Improve, through modification, the functional and cost–effectiveness of the final design
(refine the compromise DSP by including information on costs and manufacturability -

establish and accept the improved design)

Event: Functional Design .....

Event: Detail Design .....

Table 2.3: Flow of designing for an original concept
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must fulfill and the tasks that must be performed by the fully functional system. Partitioning
a design problem yields a grouping of interrelated decisions and also provides knowledge and
information that can be used for planning. In the DSS technique the product being designed
is partitioned into its sub–systems and the process of design is partitioned into decisions using
generic, discipline–independent models (Miller, 1987).

Planning allows to add information about organizational resources and time constraints to the
decisions identified in the partitioning phase. These decisions are organized into a decision plan,
that is, a plan of action for implementing the decision–based design process.

Metadesign is, therefore, a metalevel process of designing industrial products that includes parti-
tioning the product for function, dividing the design process into a set of decisions and planning
the sequence in which these decisions will be made. Metadesign is particularly useful in the design
of technical systems in which concurrency among disciplines is required or in which some degree of
concurrency in analysis and synthesis is sought. During metadesign, the detailed product specific
decisions are not made or even pursued.

2.6.4 Axioms of Decision–Based Design

Metadesign is based on the primary axioms of decision–based design. They map the particular
design tasks to characteristic decisions and provide a domain–independent framework for the
representation and processing of domain–relevant design information (Kamal, 1990).

Axiom 1. Existence of Decisions in DSS

The application of the decision support systems results in the identification of relevant decisions
associated with the technical system and its relevant sub–systems.

Axiom 2. Type of Decisions in DSS

All decisions identified in the decision support systems are categorized as selection, compromise,
or a combination of these. Selection and compromise are referred to as primary decisions. All
other decisions which are represented as a combination of these are identified as derived decisions.
Primary and derived decisions are resolved using specialized tools.

Selection Decision

The selection decision is the process of making a choice between a number of feasible alternatives
taking into account a number of measures of merit or normalized attributes.

The emphasis in selection is on the acceptance of certain alternatives through the rejection of
others. The goal of selection in design is to reduce the alternatives to a realistic and manageable
number based on various measures of merit. These measures, called attributes, represent the
functional requirements and may not all be of equal importance. Attributes may be quantified
using precise and/or vague information.
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Compromise Decision

Similarly, the compromise decision requires to find the best combination of design variables in
order to improve the ‘best possible solution’ with respect to multiple constraints and attributes.

The emphasis in compromise is on modification and change (e.g., dimensional synthesis) by mak-
ing appropriate trade–offs based on criteria relevant to the feasibility and performance of the
technical system.

Within the DSS the nature of decision support problems is qualified by means of the following
two axioms:

Axiom 3. Domain–Independence of DSS Descriptors and Keywords

The descriptors and keywords used to model decision support problems need to be domain–
independent with respect to processes (e.g., design, manufacturing, maintenance) and disciplines
(e.g., hydrodynamics, structural mechanics, engineering management).

Axiom 4. Domain–Independence of DSS Techniques

The techniques used to actually provide decision support need to be domain–independent with
respect to processes and disciplines. This axiom may seem self-evident as many solution tech-
niques (e.g., linear programming, nonlinear optimization and expert systems) are applicable to
problems from different domains. However, this condition supplements the previous axiom by
stating that decision support models using domain–independent techniques should be solved in a
domain-independent manner.

Table 2.4 summarizes the keywords and descriptors associated with the selection and compromise
decision support problems.

Keywords are the tasks that classify domain–relevant information and identify the related rela-
tionships. They embody in themselves the domain-independent ‘procedural knowledge’ for deci-
sion support problems. Procedural knowledge is the knowledge about the process, i.e., knowledge
about how to represent and process domain information for design synthesis. The keyword ‘given’
is a heading under which the background or known information is grouped.
Descriptors are objects organized under the relevant keywords within the decision support prob-
lem formulation. Again, they also help to transform the problem from its discipline specific
description to a discipline independent representation. In other terms, they represent ‘declara-
tive knowledge’ (Rich, 1983), which is the knowledge about the product, i.e., the representation
of problem relevant information, facts and background knowledge about the domain.
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DSP Keywords Descriptors

Selection Given Candidate Alternatives
Identify Attributes’ Relative Importance
Rate Alternatives vs. Attributes
Rank Order of Preference

Compromise Given Information
Find Attribute Values (MADM)

Deviation Variables (MODM)
Satisfy System Constraints

Targets (goals, attributes)
Bounds

Minimize Deviation Function
Distance from Ideal

Table 2.4: Keywords and Descriptors in Decision Support Problems

2.7 Quality Function Deployment

Today, many companies are facing rapid change, stimulated by technological innovation and new
customer demands. They realize that if they can deliver new products earlier than their competi-
tors, they have a good chance of obtaining a major advantage in the market. Thus, designers are
attempting to shorten the duration of new product development through the use of concurrent
engineering concepts and good time estimation techniques (Bashir and Thomson, 2001).

However, many new industrial products with short development time are not successful. This is
mostly because the design teams did not focus on actual customer needs since the very initial
design phases. For the prevention of unsuccessful products, quality should be set before the func-
tional (embodiment) design phase to avoid developing products with low customer satisfaction.
It should be convenient to manage quality at later steps of the concept design phase (robustness
analysis)

There are different groups of properties used to determine quality. Setting quality concerns three
partial areas during the comprehensive development of a technical system:

• quality of design, which has the largest influence on the overall quality; it can be insured
through a methodical, systematic and transparent design process; it is clear that this qual-
ity absolutely demands an objective set of technical knowledge (design science) as well as
special techniques to put quality under risk control;

• quality of manufacturing, which is measured on the produced components of the technical
system; it is known as quality of conformity to the manufacturing specifications, i.e. to the
detail drawings;

• quality of application, which appears only when the technical system is employed; this
includes also the necessary secondary processes, such as maintenance, repair, renovation,
upgrading, etc.
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Knowledge systems have been developed for each of these three partial areas. The relevant stan-
dards for recognition and verification of quality assurance scheme are ISO 9000, ISO 9001, and
ISO 9002.

Companies employ different design strategies to suit quality assurance. Well–established large
companies are generally more likely to adopt low risk strategies because of the large losses that
could accrue from the failure of a product in the market place. At the same time these com-
panies are very aware of the need to ensure customer satisfaction via product quality and to
compete in global markets with reducing time available for product development. The chal-
lenges are significant and have led to the development of complete methodologies aimed to ensure
that design teams produce customer driven designs that are ‘right first time’ and delivered very
quickly. One such methodology is known as quality function deployment (QFD), which stands for:

• Quality: meeting customer requirements;

• Function: focusing attention on what must be done;

• Deployment: indicating who will do what and when, perhaps even how.

QFD is a mechanism for translating the customer desiderata in the various stages of product
planning, engineering, and manufacturing into a final product. The quality function deployment
has great potential to address quality issues at the functional and detail design phases.

The QFD methodology was originally developed and implemented in Japan at the Kobe Ship-
yards of Mitsubishi Heavy Industries in 1972. During the 1970’s, Toyota and its suppliers further
developed QFD in order to address design problems associated with automobile manufacturing.
Toyota was able to reduce start–up and pre–production costs by 60% from 1977 to 1984 through
the use of QFD. During the 1980’s, many US–based companies began employing QFD. It is be-
lieved that there are now over 150 major corporations using QFD in the United States, including
Motorola, Compaq, Hewlett–Packard, Xerox, AT&T, NASA, Eastman Kodak, Goodyear, Proc-
ter and Gamble, Ford, General Motors, and the United States housing industry.

The QFD process is relatively simple to outline on paper but requires significant commitment
to achieve in practice. It aims to identify and record customer requirements and then translate
these into design requirements and product component characteristics. Basically the translation
involves restating the often vague customer requirements into specific design targets and engineer-
ing characteristics. By consequence, it requires the identification of operating requirements and
manufacturing procedures that will ensure that the customer viewpoint is maintained throughout
the design, manufacturing and test process. If successfully applied, the result should be a deeper
understanding of customer needs coupled with better organised and more efficient design projects.
Additionally, there should be a smoother introduction to production with fewer design changes
and, of course, an enhanced reputation for quality.

The basic concept of QFD is to translate the desiderata of the customer into product design
characteristics (DC). The structure of a house of quality (HoQ) depends on the objective, de-
velopment stage, and scope of the QFD project, and thus, different HoQ charts have different
components. However, there is a set of standard components that include the following:
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• marketing and technical benchmarking data from customer and technical competitive anal-
ysis;

• customer requirements (atributes) and their relative importance;
• design characteristics (product specifications);
• relationship matrix between customer requirements and design characteristics;
• correlation matrix among design characteristics;
• computed absolute/relative importance ratings of design characteristics.

Actually, the QFD team employs HoQ analysis to understand (i) which design characteristics
maximize customer requirements and (ii) how much these characteristics have to be improved to
achieve preference over the competition. To answer the first question, the relative importance of
DCs is calculated taking into account the importance of customer attributes (CA) as shown in
Figure 2.7.

Figure 2.7: A house of quality chart

To answer the second question, traditional QFD finds a proper design strategy to improve cus-
tomer perception using trial–and–error methods. In the example given in Figure 2.7 the product
has four CAs and five DCs. It may be observed that CA4 has the maximum importance level
and CAl has the minimum one. So, the design team at first will try to improve CA4 in order
to increase total customer satisfaction. This CA4 is affected strongly by DC2, but DC2 is not
the most important design characteristic; so, the design team may prefer to improve DC3 at first
because this strategy can improve three attributes at the same time. The cost of improvement is
another criterion for the selection of some DCs vis–a–vis their level of improvement. In the end,
the customer decision depends on the total price, and thus the product development team has to
control this design variable. The design team has many possible choices for improvement with
various effects on customer satisfaction and the total price of the product; therefore, many types
of quantitative models, especially optimization models, have been developed to help QFD teams.
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Due to the inherent differences between market analysis and design strategy, it is assumed that
the QFD process is performed in two phases:

1. target setting according to customer preference related to each attribute;

2. determination of the design characteristics to maximize performance achievement and to
minimize product cost.

Actually, in the second phase, goals are achieved that were set in the first phase. This approach
is consistent with the inherent characteristics of QFD to determine a successful design strategy.
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Chapter 3

Design As a Multicriterial
Decision–Making Process

Although design is a purposeful activity directed toward the goal of fulfilling market and/or
human needs, particularly those which can be met by the technological factors of one culture
(Asimov, 1962), and even though the identification of design variables, parameters and con-
straints, as well as the selection of the ‘best design solution’ represent a decision–making process
(Hazelrigg, 1996), efforts for rationalizing the design process remained taboo for a long time. In
fact, designing was regarded substantially as an intuitive and creative activity for which talent
was necessary, rather than as a rational and science–based work.

For more than three centuries, all over the world engineering design has been based on the
Newtonian concepts of reductionism and mechanism, considering closed systems in equilibrium
isolated from their environments. Only during the Second World War period, particular condi-
tions and demands (e.g. shortage of materials) led to designing being more close observed, and
certain insights were made useful for rationalizing. After the Second World War the markets
became hungry after all products, but their quality played a secondary role. Only in the later
fifties, but more especially in the sixties, a new situation emerged which brought increasing and
broader demands on higher product quality. In addition, opening of the world markets forced
toward an increasing international competition, which exploded in the nineties with globalization.

In the past sixty years, there has been a revolution in the way engineers view many of their
problems and, even more recently, in the way designing is being taught at some universities. The
pressure on the quality of products has led to searching for new knowledge about designing. The
fundamental reason for this change can be attributed to two separate events: a new emphasis on
systems thinking and the pervasive diffusion of computer science. In their synergistic coupling,
they have irreversibly changed the world view of engineering and engineering education, and pro-
vided the foundation for developing systematic methods for rational, science–based approaches
to the design of large–scale, fuzzily–defined, trans–disciplinary technical systems open to external
environments.
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In the sixties the research efforts were mainly devoted to design methodology . If one analyzes
the status of the design knowledge as it existed then, practically no references can be found
to the working methodology of the designer. The phases of the design process with respect to
the designed product and also with respect to the design process raised further questions, which
had to be answered to arrive at definition of a rational design process. The knowledge and
insights collected and organized into this system helped not only to efficiently find the necessary
information, but also to discover the gaps, and orient the research in these areas.

3.1 Decision–Making Process in Designing Technical Systems

A theory of design would make it possible to help decision makers in identifying which design
variables are needed to satisfy the functional requirements of an industrial product, in deciding
why a design is better than the others, in understanding whether the ‘preferred solution’ is a
robust design, and so forth. These and similar goals form a decision–making problem in systems
engineering. The close relation between design and decision making can be seen from the fol-
lowing statement: ”A decision–making problem exists when and only when there is an objective
to be reached, alternative methods of proceeding, and a variety of factors that are relevant to
the evaluation of the alternatives or their probability of success’ (Dixon, 1966). Decision making
is the cognitive process based on explicit assumptions, which leads to the selection of a course
among alternatives up to a final choice. Structured rational decision making is an important part
of all science–based professions, where specialists apply their knowledge in a given area to make
decisions.

Figure 3.1 shows a possible flowchart for a decision–making process at concept design phase. The
first step is to identify the decision problem and choose actual attributes (objectives) in that
specific situation. The decision maker (design team) should answer such questions as: what is
important? which are the attributes (objectives)? maximizing product performance or minimiz-
ing its cost? maximizing profit or market share? what about minimizing risks? Getting a clear
understanding of the crucial goals in a decision situation must be done before design evaluations
are accomplished. In the next step, knowledge of attributes (objectives) values can help in gen-
erating and filtering alternatives; by the way, the attributes (objectives) indicate how outcomes
must be measured and what kinds of uncertainties should be considered in the analysis.

On the contrary, according to Keeney (1992) it is far better to spend a lot of effort in under-
standing design attributes (objectives), and then looking for decision opportunities to achieve
those goals. Sometimes the decision makers are satisfied enough to shape the decision–making
process in the way Keeney suggests, and other times they find themselves in difficult situations
that may not have been anticipated. In either case, establishing the precise nature of the decision
context goes hand in hand with decomposing and modelling the design problem through a model
of problem structure, a model of preferences, and a model of uncertainty.

When the decision context and pertinent goals are established and the design problem is decom-
posed into models, the next step is to generate the design alternatives. Often a careful examination
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and analysis of outcomes can reveal design alternatives that were not obvious at the outset. This
is an important benefit of a decision–making approach, which can rely nowadays on a number of
techniques that may improve the chance of finding new alternatives. Therefore, ‘modelling and
solving’ form the heart of most textbooks on decision analysis. Although the idea of modelling
is critical in decision making, design problems are generally decomposed to understand their
structures as well as to measure values and related uncertainties. Indeed, decomposition may be
seen as a milestone to decision analysis (Clemen, 1996). The first level of decomposition calls for
structuring the problem in smaller and more manageable stages. Subsequent decomposition by
the decision maker may entail careful consideration of elements of uncertainty in different parts
of the problem or careful thought about different aspects of the objectives.

Figure 3.1: A decision–making cycle at concept design level

Modelling may be performed in several ways. Influence diagrams or decision trees may be used to
create a representation of the decision problem. Probability theory is used to build models of the
uncertainty inherent in the problem. Hierarchical and network models are used to understand
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the relationships among multiple attributes (objectives), and utility functions or metamodels are
assessed in order to model the way in which decision makers value different outcomes and trade–
off competing attributes (objectives).

Decision analysis is typically an iterative process. Once the ‘best alternative’ has been designed,
sensitivity analysis is performed. Such analysis answers ‘what–if’ questions of this kind: ‘if a
slight change is made in one or more aspects of the model, does the optimal decision change?’. If
so, the decision maker may wish to reconsider more carefully those aspects to which the decision
is sensitive. If a ‘preferred solution’ or a ‘compromise solution’ has been selected, the further step
is to improve it by developing basic design.

The arrows in Figure 3.1 show that the decision maker may return even to the identification of
the problem. It may be necessary to refine the definition of the attributes (objectives) or include
attributes (objectives) that were not previously included in the mathematical design model . New
alternatives may be identified, the design model structure may change, and the models of uncer-
tainty and preferences may need to be refined. The term decision–making cycle best describes the
overall process, which may go through several iterations before a satisfactory solution is found.

Figure 3.2: Activities and categories associated with decision making

In this iterative process, the decision maker’s perception of the problem might change, beliefs
about the likelihood of various uncertain eventualities might develop and change, and inter- and
intra–attribute preferences not previously considered might mature as more time is spent in re-
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flection. Decision making not only provides a structured way to think about decisions, but also
more fundamentally provides a structure within which a decision maker can develop preferences
and feelings, those subjective judgements that are critical for a good solution.

Figure 3.2 illustrates main categories involved with decision–making activities. Most expressions
and their usage will be explained diffusely over this textbook. Here, the complexity of the
decision–making process is considered mainly with reference to multiutility and multicriterial
concepts.

3.2 Basic Concepts of Multicriterial Decision Making

Multicriterial decision making (MCDM) refers to making decisions in the presence of multiple,
often conflicting criteria. Multiple criteria pervade all that people do and include such public pol-
icy tasks as determining a country’s policy, developing a national energy plan, as well as planning
national defense expenditures, in addition to such public/ private company tasks as are product
development, pricing decisions, and research project selection. All have a common thread, i.e.
multiple conflicting targets.

Worldwide experience indicates that successful innovative products presuppose significative in-
novation in design strategy . Many design techniques have been introduced over the course of
decades to invent or produce the best product possible. But, whereas inventiveness seeks many
possible answers and analysis seeks one actual answer, decision making seeks to choose the ‘best
possible solution’. But such a solution can be difficult to obtain, particularly when the decision
is based on several criteria. Indeed, decisions in design are multileveled and multidimensional in
nature; hence, they are based on multicriterial decisions. There is no doubt that the discipline
of the decision–making theory which is called multicriterial decision making, better respects the
very character of a rational design process.

MCDM usually refers to the set of methods enabling a decision maker to make decisions in the
presence of multiple, often conflicting, criteria. It is an excellent tool for multiattribute selection
and multiobjective optimization of industrial products. MCDM as a discipline, and its applica-
tion, has increased significantly after development of computer science, as most of methods are
complex combinations of higher mathematics.

Problems for multiple criteria decision making are common occurrences in everyday life, requiring
new tools that have to help overcoming complex obstacles; for example:

• in a personal context, the job one chooses may depend upon its prestige, location, salary,
career opportunities, working conditions, and so on;

• in a business context, a business executive’s choice of corporate strategy may depend on
the company’s earnings over a period of time, share of market, labor relations, corporate
image, obligation to society, and so forth;

• in a government context, the Department of Transportation should devise a transportation
system which would minimize travel time, departure and arrival delays, fare cost, and so on;
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• in an engineering context, engineers have to use science–based knowledge and apply it prac-
tically; thus, engineering design can be described as a process that creates a product, which
satisfies a need that was not sufficiently satisfied by already existing products.

Design is a decision–making process, so that there is a close relation between design and decision
making, requiring to choose that strategy which best satisfies the decision maker’s goals. The
latter are customer–applied guidelines for the design team. The peculiarity of multicriterial de-
cision making is to shift attention towards the definition and selection of the criteria (attributes,
objectives, constraints), which can only be defined and described through the identification of
needs and requirements (specifications) from the customer.

Although designs may be managed by means of MCDM techniques in widely different ways, they
share the following common characteristics:

• Problem statement . Problem formulation is based on identifying the true needs of the
customer and formulating them in a set of targets (attributes, objectives) for the design
solution. The problem statement has to express as specifically as possible what is intended
to be accomplished to achieve the established goals. Design specifications are a major com-
ponent of the problem statement.

• Resolution of conflict among multiple criteria. The problem definition yields a set of at-
tributes/objectives (criteria) on which the design team should base its design decisions.
Criteria play the essential role in the decision–making process, deeming an alternative solu-
tion successful, when the customer desired levels are met. Multiple criteria usually conflict
with each other; for example, in designing a ship, the objective of higher range might reduce
the space for payload. MCDM allows managing these conflicts since is a conflict–resolution
approach

• Normalization of Attribute Values. Each objective/attribute has a different unit of mea-
surement. In a technical system selection case, fuel consumption is expressed by tons per
mile, comfort is measured by specialized indexes in a non-numerical way, cost is indicated
by monetary units, etc. Hence, a normalization of the criteria values may be essential to
obtain comparable scales.

• Selection/Optimization. Solutions to design problems are either to select the best solution
among previously defined finite number of alternatives or to optimize the ‘best possible
solution’. At first, the MCDM selection process involves searching for an alternative that is
the ‘best possible solution’ or the ‘preferred solution’ over all criteria. Then the ‘preferred
solution’ can be improved by means of a MCDM optimization process.

Studies dealing with the identification of decision alternatives focus on the question how the
‘complete solution’ of a decision problem with multiple attributes/objectives can be described
and characterized. This ‘complete solution’ consists of the set of functionally–efficient decision
alternatives and/or the set of efficient vectors of objective values. For linear decision problems,
like multiattribute decision making MADM), efforts have been made to identify functionally–
efficient facets of the set of alternatives by assigned preference set of weights given to attributes.
Extensions are concerned with the question to what extent available computational techniques
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which have already been applied to linear problem formulations are useful and/or must be mod-
ified for the determination of the set of efficient points in nonlinear problems.

Apart from dealing with degeneracies of the set of alternatives, the decision–making process is
concerned with the question on how unessential attributes or objective functions can be identified
and eliminated ex–ante in order to simplify the decision problem.

The decision making about a problem may be partitioned by means of the following double di-
chotomy:

1. It is a problem under certainty or uncertainty? If it is in the uncertainty category, then one
has to assume that to each action there is a well–defined probability distribution over the
possible resulting consequences.

2. Is it a single- or multiple-attribute problem? That is, can the outcome be adequately de-
scribed in terms of a single descriptor, or is more than one attribute needed?

The most general case to consider is when a decision problem is both uncertain and multidimen-
sional. It can be labelled as x̃ where the tilde represents uncertainty and the boldface x represents
a vector in contrast to a scalar. One can distinguish from cases as exhibited in Figure 3.3.

Figure 3.3: Double dichotomy of decision problems

When the problem is both certain and unidimensional the analysis is clear, at least conceptually:
the decision maker merely chooses the feasible alternative that maximizes the given single objec-
tive measure. Of course, in practice, if the alternatives are numerous and constraints are given
in terms of a set of mathematical restrictions, the decision maker might be hard pressed to find
the optimum by employing the entire range of mathematical programming techniques.

There are many MCDM methods available in literature. As they have each its characteristics,
there are many ways to classify them. One classification method is according the type of data
they use, which can be deterministic, stochastic, or fuzzy . Another way to classify MCDM meth-
ods is corresponding to the number of decision makers involved in the decision–making process.
There can be only one decision maker, or a group of decision makers.

Since its early development a few decades ago, multicriterial decision making has reached ma-
turity but not in all respects. A still too large part of research in this field concentrates on
algorithms rather than problems, even though more attention is being paid to the adaptation
of tools to problems instead of the other way round. MCDM is coupled more and more with
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decision support tools, using results of research in human sciences and organization theory, as far
as they are concerned with the study of decisions by either individuals or groups.

3.2.1 Individual Decision Making

To generate and select solutions for multicriterial decision problems involving only one decision
maker, one frequently assumes some decision rule which serves as the decision maker’s guiding
principle. One can distinguish between multiattribute decision problems and multiobjective pro-
gramming problems. The former are concerned with the task of ordering a finite number of
decision alternatives, each of which is explicitly described in terms of different attributes, which
have to be taken into account simultaneously. The crux of the problem is in obtaining information
on the decision maker’s preferences. This can be achieved in many different ways. The spectrum
ranges from directly asking the decision maker for preference statements on the basis of strong
orders over preference functions, to the attempt to decompose a cardinal utility function with
respect to its arguments in order to be able to measure the effects of isolated changes of individual
attributes. On the contrary, multiobjective decision problems are usually characterized by the
fact that several objective functions are to be optimized with respect to an infinite convex set
(implicitly described by a set of constraints) of decision alternatives.

In a relatively large number of procedures, a linear or locally linear approximating utility func-
tion is assumed. An optimal solution is then detected gradually by asking the decision maker
for certain values of the objectives, for weights given to the objectives or for marginal rates of
substitution between pairs of objectives. Some of these approaches attempt to improve or extend
the available set of decision alternatives.

In recent years, a large part of research has been devoted to sensitivity analysis (robustness),
that is, to ascertain how sensitive is a given problem solution to unpredictable changes in some
parameters. This question is not only important because of uncertainty with respect to the tools
and their effectiveness, but also because of uncertainty about the ‘rightness’ of the statements on
the decision makers’ preferences.

3.2.2 Decision Making in Groups

In recent years, researchers have taken a particularly great interest in the field of decision making
in groups and organizational decision processes. Decision making in groups is sometimes exam-
ined separately as process and outcome. Process refers to the group interactions, which may
include coalitions among participants in decision making as well as influence and persuasion.

This has led to a series of different methodical approaches. One method has tried to apply the
concepts which have proven to be successful in dealing with multicriterial problems with one
decision maker to problems involving a multiplicity of decision makers using the same analytical
tools. Problems on preference structures have been been considered within the framework of
multiattribute utility theory (MAUT). Among the others, the following questions have been dealt
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with: which axioms allow the aggregation of the individual utility functions into a group pref-
erence function? how to solve the conflict between Pareto–optimal and fair utility distributions
among the group members? what forms of group preference functions may be contemplated from
this view?

Another approach has chosen a completely different starting point. Partly based on game and
bargaining theoretic approaches, the conditions are examined under which the former can be
applied to multiobjective decision problems in groups. In comparison with the first methodical
approach, the game and bargaining theoretic approaches generally possess a greater formal ele-
gance, having their basis in utility theory as well as in other axiomatic viewpoints. Critics point
out that the axiomatic foundation has a large influence on the determination of the optimal solu-
tion, which consequently entails the loss of flexibility required for practical applications. However,
this critique is counterbalanced by the presence of a great number of such approaches which are
able to deal adequately with real decision behavior as observed in groups and organizations.

3.2.3 Elements of MCDM

By MCDM one refers usually to a set of methods enabling a user to aggregate several evaluation
criteria in order to select one or several ‘actions’ (projects, solutions, etc.). But these expressions
refer also to the activity of supporting decisions for a well–defined decision maker (individual,
groups, company, ...).

Set of Methods

The main available methods in decision–making theory stem from very different horizons:

• Utility theory , born in the eighteenth century with the first works of Bernoulli, was con-
cerned at first with modelling preferences of an individual decision maker who must choose
among alternatives with risky outcomes. MAUT is a recent development of utility theory .

• Theory of social welfare was also born in the eighteenth century with the works of the
Marquis de Condorcet who was interested in the problems of aggregating individual pref-
erences expressed under the form of collective unique ranking . Some methods issued from
this field of research use developments in linear programming ; some others are at the origin
of important concepts in multicriterial decision making such as outranking relation.

• Multiattribute decision making approaches are more suitable to design problems which often
involve a conflict resolution process; the analytical and synthesis tools in concept design
must allow for this.

• Operational research and mathematical programming always had to handle the difficult ques-
tion of choosing a particular objective function leaving some aspects of the preference in
the set of constraints. Many important concepts and methods have been developed in this
field; among the others, the goal programming approach, methods to find the set of efficient
solutions, interactive methods to find a compromise solution, etc.
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• Data analysis and multidimensional scaling have recently been conceived with the analysis
of qualitative and often ordinal data. Regression methods such as response surface method-
ology have been proposed in order to estimate the parameters of a model (additive value
function) consistent with some holistic ranking of alternatives.

Modelling Decision Making Activities

Roy (1980) defines decision making as ”the activity of a person who relies on clearly explicit but
more or less completely formalized models, in order to get answers to the questions posed to an
actor in a decision making process; the answers should enable a prescription of the behavior of the
actor increasing the consistency between the evolution of the decision process and the objectives
of the actor”. This definition refers to a very large conception of decision making, if compared
with classical operational research whose aim is to find out the optimal soluton: it implies ana-
lytical approaches or mathematical models. From a practical viewpoint, decision making leads
to modelling activities at three levels:

1. Nature of the decision and choice of a problem formulation.

What are the alternatives or more generally the actions (alternatives are mutually exclusive
actions are not necessarily exclusive)? While identifying a set of alternatives, the decision
maker has to choose a problem formulation which might be:
• choice of one and only one alternative;
• choice of all good alternatives;
• choice of some of the best alternatives.

2. Definition of a set of criteria.

If the choice of a single criterion is too difficult or arbitrary to make, one has to use several
and often conflicting criteria. The concept of consistent family of criteria gives conditions
to respect in the choice of a set of criteria.

3. Choice of an approach in aggregating the criteria

In order to aggregate the criteria, one can choose one among the following approaches:

• Aggregation of criteria into a single one called value/utility function

A utility function is the name often given to a multicriterial utility function; this model
consists of aggregating the n criteria into a function u (g1, g1, . . . , gn), which represents
an overall criterion. In utility theory, the distinction is made between a value function
when no risky outcomes are taken into account, and a utility function which allows
the comparison of risky outcomes through the computation of an expected utility.

• Aggregation models in an outranking relation

These models aggregate the criteria into a partial binary relation (outranking relation)
which is ‘more complete’ than the dominance relation.
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Dominance relation and efficient set. They are interesting concepts when, but only
when, the problem formulation is to select one and only one alternative.

Concepts for building outranking relations are:

– concordance: it generalizes the concept of majority rule;
– nondiscordance: it is used to reject a situation of a over b whenever there exists

a criterion for which b is ‘much better’ than a;
– cardinal outranking relations: it uses the concept of trade–off ratio.

• Interactive and local aggregation of criteria to find a compromise solution

Even though this method was first proposed in the context of multiobjective linear pro-
gramming. using the notion of ideal point (Zeleny, 1981), it is better suited to MADM.
Each coordinate of this point equals the maximum value which can be obtained on the
corresponding attribute without considering the other criteria, e.g.

g∗ is such that g∗i = max
a∈A

for all i

The interaction process can rely on the following phases (Roy, 1975):

– Search of a candidate for a compromise solution: considering the information avail-
able on the preference of the decision maker, the model searches for one or more
alternative which could appear as possible compromise solution(s);

– Communication to the decision maker: these solutions are shown to the decision
maker, together with all the information which seems useful to him/her, such as
the values of these solutions on the different criteria;

– Reaction of the decision maker: some solutions can be judged satisfactory and
then the procedure stops; when it is not the case, information on the decision
maker’s preferences is obtained; the type of information differs from one method
to the other (trade–off ratio, holistic judgement; aspiration levels; new constraints
which modify the ideal point, etc.).

3.3 Multicriterial Decision–Making Theory

In a multicriterial decision–making process there is a decision maker, or a group of decision
makers, who make the decisions, a set of attributes (objectives) that are to be pursued and a
set of alternatives from which one is to be selected. In a decision situation the decision mak-
ers have to manage goals, criteria, objectives, attributes, constraints and targets, in addition to
decision variables. Although goals, criteria, objectives, and targets have essentially similar dic-
tionary meanings, it is useful to distinguish them in a decision–making context. While criteria
typically describe the standards of judgements or rules to test feasibility, in MCDM they simply
indicate attributes, objectives and constraints. These terms are individually defined in Appendix.
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In designing, multicriterial considerations arise as soon as both economic and technical elements
are present in the design evaluation and selection. In the framework of prescriptive design models
(that is, directed toward helping the decision maker to make better decisions), a set of multi-
criterial decision–making methodologies, e.g. sequential linear programming, weighted criteria
methods, goal programming, fuzzy outranking, etc., was developed. They allow the design pro-
cess to involve a number of often conflicting criteria both of technical and economic nature to be
handled simultaneously . MCDM techniques enable the design team either to generate and select
the ‘best possible’ design or to evaluate the merit index of alternative designs or to optimize some
features of a robust design.

The discipline of multicriterial decision making can be broadly grouped into two classes: multi-
attribute decision–making (MADM) and multiobjective decision–making (MODM):

• Multiattribute decision making concerns problems dealing with selection of the ‘best pos-
sible design’ among a discrete set of alternatives, which are described in terms of their
attributes. Assessment of alternatives and selection of the ‘best possible design’ is done via
straightforward evaluation. The increased speed of computers provides the opportunity to
model a complex design problem as a multiple evaluation process by intentionally creating a
large number of design variants. Most of the techniques available for dealing with multiple
attribute problems require information about (i) the decision maker’s preferences among
values of a given attribute (inter-attribute preferences) and (ii) the decision maker’s prefer-
ence across attributes (inter-attribute preferences). The multiple attribute techniques either
directly ask the decision maker for an assessment of the strengths of these preferences or
they infer them from his/her past choices, while all attributes are evaluated simultaneously .

• Multiobjective decision making models involve the design of alternatives, which optimize
or ‘best satisfy’ the set of mathematically prescribed objectives and constraint functions
of the decision maker. They assume continuous solution spaces. The inverse mapping
implied in this design class is entangled with complex mathematical problems. They
have lead to different methods tailored to characteristics of objective and constraint func-
tions of the problem at hand. Long experience with MODM has shown that during de-
sign process number of design alternatives should be investigated, each requiring execu-
tion of nonlinear programming modula with sophisticated convergence checks, lineariza-
tion techniques, etc. A general multiobjective optimization problem is to find the vector
of design variables x = (x1, x2, . . . , xn)T which minimizes a vector of objective functions
f(x) = (f1(x), f2(x), . . . , fk(x))T over the feasible design space x.

In actual practice this classification is well fitted to the two facets of design solving: MADM is
for design selection of the best alternative among a finite number of solutions, whereas MODM
is for design optimization of the best alternative.

In this respect, the MADM method is best conceived for the concept design phase whose decisions
(top–level specifications) become constraints for the subsequent design phases. On the contrary,
the MODM method, mostly based on goal programming, is more oriented to support decision
making in basic design, since it presupposes some development of drawings and details (Mistree
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et al., 1991; Sen, 1992; Ray and Sha, 1994, Lee and Kim, 1996). Although the goal programming
technique provides a way of striving towards several objectives simultaneously, the sequential
nature of its procedure implies that the various attributes have to be ranked in a strict hierarchy
(Smith, 1992), thus loosing potentiality of really considering all objectives simultaneously.

According to Yoon and Hwang (1981) the main distinctions of MADM and MODM are enumer-
ated in Table 3.1.

Elements MADM MODM

Criteria Attributes Objectives
Objectives Implicit Explicit
Attributes Explicit Implicit
Alternatives Finite number Infinite number
Application Design selection Design optimization

Table 3.1: MADM vs MODM

Nevertheless, MADM and MODM approaches should not be thought of as alternative method-
ologies to each other but complementary in a rational design strategy. When dealing with mul-
tiattribute and multiobjective decisions, a combination of methods is often more effective than a
single technique.

3.3.1 Properties of Attributes/Objectives

Understanding attributes (objectives) is an important part in structuring the decision–making
process. The importance of identifying fundamental attributes has to be stressed. Fundamental
attributes are organized into a hierarchy in which the lower levels of the hierarchy explain what
is meant by the higher levels.

To provide the means to measure accomplishment of the fundamental attributes, the concept of
attribute scales is introduced. Some attribute scales are easily defined; others are more difficult.
For example, there is no obvious way to measure risks related to aesthetic aspects.

To adequately represent the targets, it is important in any decision problem that the set of at-
tributes have appropriate characteristics: to be complete, so that they cover all the important
aspects of the problem; to be minimal, so that the number of attributes is kept as small as pos-
sible; to be decomposable, so that the evaluation process can be simplified by breaking it down
into parts; to be workable, so that they can be meaningfully used in the analysis; and to be
non-redundant, so that double counting of their impacts can be avoided.. An encapsulation of
the essential criteria follows:

Completeness. A set of attributes is complete if it includes all relevant aspects of a decision prob-
lem and is adequate in providing the decision maker with a clear picture about the degree to which
the overall goal is met. This condition should be satisfied when the lowest–level objectives in a
hierarchy include all areas of concern in the problem at hand and when the individual attributes
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associated with each of the lowest–level objectives in this hierarchy satisfy the comprehensive-
ness criterion. The fact that important attributes are missing can be indicated by reluctance of
the decision maker to accept the results of an analysis or simply the feeling that something is
missing. If the results ‘just don’t feel right’, the decision maker has to ask himself/herself what
is wrong with the alternatives that the analysis suggests should be preferred. Careful thought
should reveal the missing attributes.

Minimum Size. At the same time, the set of attributes (objectives) should be as small as possi-
ble. Too many attributes can be cumbersome and hard to grasp. Furthermore, each objective
should differentiate the available alternatives. If all the alternatives are equivalent with regard to
a particular attribute, then that attribute will not be of any help in the decision–making process..
In some problems, it is possible to combine attributes and thus reduce the dimensionality. The
decision makers often want to fulfill conflicting attributes/objectives and, since this is an ideal
which cannot be achieved, they must engage in vexing trade–offs or make usage of multicriterial
methods.

Decomposability. As far as possible, the set of attributes should be decomposable. A formal
decision analysis requires possibility of quantifying both the decision makers’ preferences for con-
sequences and their judgments about uncertain events. For a problem with n attributes, this
means assessing an n-attribute utility function as well as joint probability distributions for the
relevant uncertainties. Because of the complexity involved, these tasks will be extremely difficult,
if not impossible, for decision problems in which the dimensionality n is even modestly high unless
the set of attributes is decomposable.

Workability. Attribute scales must be workable, that is, they should provide an easy way to
measure performance of the alternatives or the outcomes on the fundamental attributes. The at-
tributes must be meaningful to the decision makers, so that they can understand the implications
of the alternatives. The decision makers must be aware of the many non-technical problems that
may render a set of attributes as non–workable.

Non-redundancy The final set of fundamental attributes should not be redundant. That is, the
same attributes should not be repeated in the hierarchy, and the attributes should not be closely
related.. A way in which redundancies enter a set of attributes is when some attributes require
variables that are inputs to a system while others require variables that are outputs. One example
of such a problem is the evaluation of space vehicles. An input might be ‘weight’ and an output
might be ‘thrust’ required to break out of the earth’s gravitational field. Weight may only be
important because of its implications on thrust.

3.3.2 Typology of MCDM Models

Quite naturally, different researchers have proposed different decision making typologies, which
reflect their own biases. So, any typology reflects individual interpretation of the world of MCDM
models. The main dimensions of a possible typology are:
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• the nature of outcomes: deterministic versus stochastic.
• the nature of the alternative generating mechanism - whether the constraints limiting the

alternatives are explicit or implicit.

These dimensions are indicated in Table 3.2. The left–hand column includes the implicit con-
straint models. When the constraints are implicit or explicit and non–mathematical, the alterna-
tives must be explicit. One of a list of alternatives is then selected. The decision analysis problem
is included in the implicit constraint category. When the constraints are explicit and mathemat-
ical, then the alternative solutions are implicit and may be infinite in number if the design space
is continuous and consists of more than one solution. Problems in the explicit constraint are
generally regarded as mathematical programming problems involving multiple criteria.

Implicit Constraints Explicit Constraints
(Explicit Solutions) (Implicit Solutions)

Deterministic Choosing among Deterministic Deterministic Mathematical
Outcomes Discrete Alternatives Programming

Stochastic Stochastic Decision Stochastic Mathematical
Outcomes Analysis Programming

Table 3.2: A multicriterial decision method typology

More dimensions may be added to this typology. In addition to implicit constraints versus
explicit constraints, and deterministic outcomes versus stochastic outcomes, other dimensions
can be identified as well. The number of decision makers may be classified as a dimension: one
decision maker versus two or more decision makers. One may classify the number of objectives,
the nature of utility function considered, as well as the number of solutions found (one solution
versus all nondominated solutions). Two dimensions only have been chosen here because they
seem to be the most significant factors.

3.4 Multiattribute Utility Theory

Utility theory , born in the eighteenth century with the first works of Bernoulli, was concerned
at first with modelling preferences of a decision maker who must select among alternatives with
risky outcomes. The basic reason for using a utility function as a preference model in decision
making is to capture decision maker’s attitudes about achievable target and risk.

Accomplishing high performance and minimizing exposure to risk of an industrial product are two
of the fundamental conflicting goals that decision makers face. There are many other trade-offs
that designers make in their decisions; for example, cost versus safety of an industrial product.
When purchasing industrial products, owners consider not only reliability and life span but also
price, maintenance costs, operating expenses, and so on. Understanding trade–offs in detail,
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however, may be critical for a design team. It is suitable to model preference trade-offs between
conflicting attributes using utility functions.

A relatively straightforward way of dealing with conflicting attributes is to create an additive
preference model ; that is, to calculate a utility score for each attribute and then weighting them
appropriately according to the relative importance assigned to each one. Thus, the first task is
identifying attributes, constructing their hierarchies, and creating useful attribute scales. With
attribute scales specified, the matter of understanding trade–offs may be dealt with. Computer
programs are available that make the required assessment process fairly simple. But limitations
come with the simple additive form so that it is advisable to construct more complicated prefer-
ence models that are less limiting.

On the contrary, multiattribute utility theory (MAUT) provides a formal basis for describing or
prescribing choices between alternative solutions whose properties are characterized by a large
number of attributes. Its main concept is that there is a single cardinal dimensional value which
can be used for ranking. MAUT combines a class of measurement models and scaling procedures.
For example, MAUT can be used to analyze preferences between alternative solutions described
by attributes like cost, comfort, safety, and performance. MAUT may also be applied as a deci-
sion aiding technology for decomposing a complex evaluation task into a set of simpler subtasks.
For example, the decision maker might be asked to assess the utility of each alternative with re-
spect to each attribute and to assign importance weights to each attribute. Then an appropriate
combination rule is used to aggregate utility across attributes.

MAUT is primarily concerned about the independence of attributes, which allows to break down
the evaluation of multiattribute alternatives into simple attribute evaluations. The ‘riskless de-
composition’ is, however, only a first step in MAUT. If alternatives become risky, the decomposi-
tion over attributes is closely linked to the decomposition over uncertain events. Therefore, it is
useful to distinguish between riskless and risky decisions. In the former case, the decision maker
acts with perfect information, and thus is able to specify with complete certainty the properties
which will result from any combination of independent variables. In the latter case, the decision
maker has only partial information, and is assumed only to be able to assign subjective proba-
bilities to each of the possible properties. It can be argued that no decision is truly riskless - one
does never act with perfect information - but for many purposes the riskless choice assumption
provides a reasonable approximation to the situation actually confronting the decision maker.

3.4.1 Risk and Utility Function

Basing decisions on expected attribute values may be convenient and intuitively understood, but
it can lead to decisions that may not seem appealing. Using expected values to make decisions
means that the decision maker is considering only the average or expected utility. But expected
attribute values do not capture risk attitudes.

Decisions makers that are afraid of risk or are sensitive to risk are called risk–averse. Risk
aversion could be explained if one thinks in terms of a utility function. A typical utility curve can
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be upward sloping and concave (the curve opens downward). Concavity in a utility curve implies
that a decision maker is risk–averse. Not everyone displays risk-averse behavior all the time,
and so utility curves need not be concave. A convex (opening upward) utility curve indicates
risk–seeking behavior (Fig. 3.4). Finally, a decision maker can be risk–neutral. Risk neutrality
is reflected by a utility curve that is simply a straight line.

Figure 3.4: Utility function

Although most decision makers are not risk–neutral, it is often reasonable for decision makers
to assume their utility curve is nearly linear for a particular decision, say, in the range of safety.
Keep in mind that the utility function is only a model of a decision maker’s attitude toward risk.

3.4.2 Additive Utility Function

The essential problem in multicriterial decision making is deciding how best to trade off increased
value on one attribute for lower value on another. Making these trade–offs is a subjective matter
and requires the decision maker’s judgment. With three or more attributes the trade–offs become
more complicated, so that it is necessary to have a systematic procedure that can be applied in
any situation fairly easily.

To do this, satisfactory ways must be found because of two problems. The first problem has to do
with comparing the attribute levels (numerical scores) of the available alternatives, thus requiring
a quantitative model of preferences for each alternative that reflect the comparisons. The second
problem depends on to how the attributes compare to each other in terms of importance. As
with the scores, numerical weights must be assessed for each attribute.

The preference model which can solve aforementioned problems is called additive utility function.
The most comprehensive discussion, and the only one that covers swing weights, is that by von
Winterfeldt and Edwards (1986). Swing weighting considers differences in attribute scales, where
the input is admittedly an approximation. It can be used in virtually any weight assessment
situation (Clemen, 1996). Keeney and Raiffa (1976) and Keeney (1980) have devoted a lot of
efforts to this preference model. Edwards and Barron (1994) discuss some heuristic approaches
to assessing weights, including the use of only rank–order information about the attributes.

The basic idea of creating an additive utility function is fairly common and has been applied
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in a variety of settings. Other decision-aiding techniques also use the additive utility function
implicitly or explicitly, including the Analytic Hierarchy Process (Saaty, 1980) and goal program-
ming with non–preemptive weights (Winston, 1987). Some kind of subjective judgment forms
the basis for the weights, and yet the interpretation of the weights is not always clear. For all of
these alternative models, extreme care must be exercised in making the judgments on which the
additive utility function is based.

The additive utility function assumes that marginal utility functions are available, that is, U1(x1),
U2(x2), . . . , Um(xm) for m different attributes x1 through xm. In particular, it is assumed that
each marginal utility function assigns values of 0 and 1 to the worst and best levels on that
particular attribute, respectively. The additive utility function is simply a weighted average of
these different marginal utility functions, where the decision maker must assign weighting factors
which reflect the relative contribution of each attribute to overall value. For a design solution
that has numerical scores x1, . . . , xm on the m attributes, the utility of this alternative may
be calculated by aggregating the weights and values obtained above according to the additive
combination rule

U(x1, . . . , xm) = w1 U1(x1) + . . . + wm Um(xm) =
m∑

i=1

wi Ui(xi) (3.1)

where the weights w1, . . . , wm identify relative importance of each attribute. All weights are pos-
itive, and they add up to 1. One can see that the marginal utility function Ui in equation (3.1)
defines the attribute scales.

First, one can see that this additive utility function also assigns values of 0 and 1 to the worst and
best available solutions, respectively. When one plugs in the worst level (x−i ) for each attribute,
the marginal utility functions then assign 0 to each attribute [U(x−i ) = 0], and so the overall
utility is also 0. If one plugs in the best possible value for each attribute (x+

i ), the marginal
utility functions are equal to 1 [U(x+

i ) = 1], and so the overall utility becomes

U(x+
1 , . . . , x+

m) = w1 U1(x+
1 ) + . . . + wm Um(x+

m) = w1 + . . . + wm = 1 (3.2)

Several other approaches for assessing weights will be discussed in Chapter 4.

3.5 Multiattribute Concept Design

A very competitive market of high–tech technical systems pushes to improve design methods,
especially concept design where main characteristics of the industrial product are determined,
which affect performance and total cost in its life-span. Certain controlling factors such as main
dimensions and geometric characteristics, technical performance, etc., are not expected to vary
substantially upon the subsequent design phases. Possibilities for influencing total life-time cost
of a technical system are very high during concept design and decrease during following design
phases, process development and manufacturing.
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Therefore, the design process has to involve simultaneously a number of often conflicting goals
both of technical and economic nature. Classical single objective optimization schemes, best il-
lustrated by the design spiral, involve one criterion at time dealing with the others through pure
heuristic preferences. On the other hand, some multicriterial optimization methods use hybrid
solvers inadequate to comprehend the actual nature of design. In particular, Mistree et al. (1991),
Sen (1992), Ray and Sha (1994) utilize procedures that require predefined preference information
on attributes to be applied in ranking feasible designs only. To circumvent this limitation the
powerful concept of nondominated (Pareto optimal) designs is introduced, fully illustrated by
Žanic̀ et al. (1992).

Among different multicriterial approaches, the multiattribute decision-making (MADM) proce-
dure which treats design as a whole requiring only simple evaluation and selection procedure, is
here advocated. It deliberately does not attempt to provide automatically an optimal solution,
also because that would not decrease the risk associated with uncertainties intrinsic to design
process, but is conceived so as to drive selection of the ‘best possible solution’ also on the basis
of aspiration levels required by the decision–maker.

3.5.1 Basic Concepts

Identification of design problems implies specification of design criteria in terms of design vari-
ables.

Design criteria, as measure of design effectiveness, can be divided into two broad groups:

• Criteria with a priori given aspiration level form design constraints (hard constraints) on
design variables. They are used to distinguish between feasible and unfeasible designs.

• Criteria that can be used as design performance measures are called design attributes (soft
constraints). They can be transformed into design goals if direction of quality improvement
is specified (minimization or maximization of objective function).

In the frame of MADM approach, each design can be represented as a point in the design space
X spanned by NV design variables. It can also be considered as a point in the attribute space Y
spanned by NA design attributes. Constraints in X space bound the subspace of feasible designs
(Fig. 3.5).

The evaluation process is a mapping from X on Y space, i.e. calculation of attribute functions
values for given values of design variables. The design process is inverse mapping from Y space
to X space, i.e. identification of most appropriate values of design variables for given aspiration
levels of attributes.

The outcome of concept design process may be optimal, efficient, satisficing or preferred solu-
tion (Trincas et al., 1987). Optimal solution is rarely attainable in multicriterial problems. It
is reached if all attribute functions reach their extreme targets simultaneously. Ideal solution
(utopia, zenith), usually infeasible, is a point defined by favorable extremes of attribute values.
Antiutopia (nadir) is the most unfavorable combination of attribute levels. Nondominated, ef-
ficient solutions are of primary importance, since they correspond to designs which are better
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than any other feasible design in at least one attribute. The set of nondominated solutions is
characterized by the fact that there exists no solution in which increase in any criterion would
not cause decrease in at least another criterion. Satisficing solutions correspond to all designs
that completely satisfy aspiration levels of the decision maker. Finally, the preferred solution
is one selected among nondominated or satisficing designs when design team’s preferences are
completely established.

Figure 3.5: Concept design mapping

When preference among attributes is established (level, ordinal, cardinal, etc.), techniques of
multicriterial decision making (lexicographic ordering, MAUT, goal seeking, etc.) can be applied
to evaluate feasible solutions. It is worth noting that selection of nondominated solutions usually
does not require any preference information across attributes or or on their numerical scores.

While evaluation is a straightforward procedure, the inverse mapping implied in the design pro-
cess is entangled with many mathematical problems. They have led to different methods in
operational research tailored to minimize/maximize objective functions subject to constraints.
But long experience with MODM has shown that during design process a very huge number of
design alternatives should be investigated, each requiring execution of nonlinear programming
modula with sophisticated convergence checks, linearization techniques, etc.

However, the increased speed of workstations provides the opportunity to model the complex
design problem as a multiple evaluation process by intentionally creating a discrete number of
feasible designs by multiple execution of a design model . The mathematical design model is driven
by applying an adaptive Monte Carlo method which guides the random generation of a large set of
design alternatives. Designs that overcome all constraints, that is, feasible designs are tested for
dominance, based on membership grade functions for intra–attribute preference and design team’s
subjective preference across attributes (inter–attribute preference). Constraints of minimax, crisp
or fuzzy type, may be applied to any criterion value generated within the model. A design is
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feasible if it complies with all crisp constraints. Among feasible designs only nondominated ones
are retained. This approach makes it possible to search the multidimensional highly constrained
subspace of feasible design with little difficulty. If sufficient density of nondominated points is
generated one may obtain a ‘discrete’ inversion of X on X mapping for the most important part
of design space. Therefore, it is possible to replace optimization–oriented MODM approach with
much simpler MADM, which implies only mathematically easier procedures for evaluation and
selection. Details of the underlined procedure are available in specialized literature (see Žanić et
al. (1992, 1997) and Grubǐsić et al. (1997a)).

Present increased interest for simulation, random generation and Monte Carlo methods shows
that simple approaches to complex problems of decision making are at hand in many engineer-
ing disciplines. Based on hardware development, increased computational speed makes MADM
methods feasible for many otherwise mathematically cumbersome problems. These so called ‘last
resort methods’ seem to have the potential of the analytical methods if implemented on parallel
computing environments. This situation resembles the period of fast replacement of complex an-
alytical methods in the mechanics of continua (e.g. structural analysis) by simple finite element
method as soon as the solution of large systems of linear equations become possible in reasonable
computing time. In the sequel the basic steps of the proposed design process are given.

3.5.2 Concept Design Process Description

The concept design process is divided in two phases, that is, the phase of design points generation
in the design space and the phase of design selection in the attribute space, which may require
introduction of metrics. Both are included in a shell which drives main activities, i.e. problem
formulation, solution generation, dominance filtering, etc.

Information on the synthesis shell, on graphic representation of design and attribute space, as
well as on organization of data structure have been extensively detailed by Trincas et al. (1994).
The MADM shell consists of the following main functions:

• define min-max design subspace;

• generate sample designs via an adaptive Monte Carlo method;

• evaluate feasibility of generated designs subject to specified crisp constraints;

• define intra-attribute fuzzy functions and inter-attribute preference matrix;

• transform design attributes to membership grade via fuzzy functions;

• define dominance structure for filtering nondominated solutions by building metrics of val-
ues of design variables and attributes;

• refine designs around specific nondominated designs to establish robustness of the preferred
solutions.
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Main steps of design generation in the design space

.The logical flow of the generation activity is:

• Determination of range of the variables defined by minimax and linear constraints only.
They are determined via series of simple linear programming problems with max- mini-
mization of each design variable. Errors in linear constraints definition are spotted here.

• Random generation of points in the X space as defined in the first step. Standard random
number generator is used.

• Evaluation of design feasibility. The analytical model for calculation of constraint values
is used first to filter feasible designs. All unfeasible points with respect to the linear con-
straints set are immediately discarded.

• Evaluation of attribute functions, i.e. Y space image of the design

yi = yi(x) ; i = 1, . . . , NA

• Transformation of attribute evaluation functions yi(x) through the membership grade func-
tion Ui(yi). Function range is interval 0-1:

ŷi = Ui [yi(x)] ; i = 1, . . . , NA

• The most simple ‘more is better’ dominance structure (Pareto dominance) can be built
using ŷi(x) values. Filtering of nondominated designs among feasible ones can be now per-
formed with very efficient dominance algorithm.

• Control of number of nondominated with respect to total number of feasible designs based
on given resolution in X and Y space. If prescribed density is achieved more efficient
method of design generation is needed since designer is principally interested in efficient,
nondominated designs. Formula for number of nondominated points (ND) as function of
number of feasible points (NF ) and number of attributes (NA) reads (Calpine and Golderg,
1976):

ND = 1 + ln(NF ) +
ln2(NF )

2!
+ . . . +

lnNA−3(NF )
(NA− 3)!

+ 0.5572
lnNA−2(NF )
(NA− 2)!

+
lnNA−1(NF )
(NA− 1)!

• Random generation of new design points in mini hypercubes with decreased range around
nondominated solutions. If one continues in this manner the ‘chain generation’ of a great
number of nondominated points or alternatively discrete approximation of nondominated
hypersurface in Y space is obtained. With proper convergence checks in X and Y space
the number of random points in the ‘minicube’ based design process is much smaller than
the number of points required by crude generation in the primary screening of the design
space (see Fig. 3.5).

• Random generation of designs around extreme points for all attributes. In this manner the
extremes of nondominated subspace are obtained more accurately.
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All this is done in the design space and no intricacies connected with normalization, inter- and
intra-attribute relationships are needed. Moreover the process can be automated and executed
off-line. The result of this process are ND nondominated designs defined in two matrices:

- design matrix : X(NV,ND) - X–space coordinates of nondominated designs

- decision matrix : Y(NA, ND) - Y–space coordinates of nondominated designs

Decision matrix plays the most important role in design selection in Y space, while design matrix
gives X space counterpart of any selected design.

Main steps of design selection in the attribute space

.The logical flow of the selection procedure is:

• Interactive definition of the preference information regarding relationship between attributes
or, alternatively, preference information on design variants. Selection among ND designs
is then very fast.

• Extraction of weight factors from subjective preference matrix (Saaty method, least squares
method or entropy method).

• Selection of attribute value type (direct, membership grade formulation).

• Normalization of attribute values (vectorial or linear scale):

ȳ(i, j) =
y(i, j)√√√√

NA∑

k=1

y2(k, j)

; i = 1, . . . , NA ; j = 1, . . . , ND

ȳ(i, j) =
y(i, j)− y(i, ∗)min

y(i, ∗)max − y(i, ∗)min
for maximization

ȳ(i, j) =
y(i, ∗)max − y(i, j)

y(i, ∗)max − y(i, ∗)min
for minimization

• Calculation of L1, L2 (Euclid) and L∞ (Čebyšev) norms with respect to given ideal point
(yI) or prescribed goal for all nondominated designs (y), with given attribute weights (w):

ÃLp(y, p, w) =|| y − yI ||p,w=
NA∑

i=1

(|wi ·ȳ(i, j)− wi ·ȳI(i, j) |p)1/p ; i = 1, . . . , ND ; p = 1, 2,∞

• Stratification of the set of nondominated solutions into layers according to the value func-
tion (e.g. L1, L2 or L∞ norms or other). Stratified X or Y space can be used for

– graphic presentation.
– experiments in interpolation (e.g. design variable as function of design attribute values

in specified limited stratum).
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• Extraction of ‘preferred solutions’ according to given preference structure. In this way de-
signs of minimal distance from ideal or the other prescribed goal are obtained and displayed.

• Random generation of designs around all preferred solutions. In this manner more accurate
value of the ‘preferred design’ is obtained in few steps.

The process of design selection is basically interactive since the designer would change and refine
his/her preferences (sensitivity study).

Appendix

Terminology for MCDM Problems

There are many terms mostly used in MCDM literature such as alternatives, criteria, attributes, objectives,
goals, decision matrix and so on. There are no universal definitions of these terms, since some authors
make distinctions in their usage, while many use them interchangeably.

Alternatives

Alternatives are the different solutions, which are available for the decision maker. As aforementioned the
set of alternatives is finite.

Criteria

Criteria are a measure of effectiveness of performance. They are the basis by which the performance of a
design is evaluated. Criteria may be hard (constraints) or soft (attributes), according to the requirements
analysis and the actual problem setting.

Attributes

Attributes are generally referred as designed-to criteria that describe the performance, properties, and
alike, of a technical system (size, weight, range, speed, payload, reliability, cost, etc.). They provide a
means of evaluating the levels of aspiration achieved on various targets. That is why they are often re-
ferred as soft constraints. Each design alternative can be characterized by a number of attributes chosen
by the decision maker. Although most criteria are structured on a single level, sometimes, if there is a
large quantity of them, this structure is based on a hierarchical composition.

Decision Variables

A decision variable is one of the specific choices made by a decision maker. For example, the weight of an
industrial product is a decision variable.

Constraints

A constraint is a limit on attributes and decision variables that may or may not be stated mathematically.
For example, that a means of the transport can be operated 330 days per year at the most is a constraint.

Decision Weights

Most of the decision–making methods assign weights of importance to the criteria . To represent the
relative importance of the attributes, the weighting vector is to be given as w = (w1, w2, . . . , wn). The
attribute weights are cardinal weights that represent the decision maker’s absolute preference.
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Objectives

Objectives are targets to be pursued to their fullest (maximization/minimization). It is very likely that
objectives will conflict with each other in that the improved achievement with one objective can only be
accomplished at the expense of another. They generally indicate the desired direction of change, e.g. the
direction in which to strive to do better as perceived by the decision maker.

Goals

Goals (synonymous with targets) are useful for clearly identifying a level of achievement to strive forward,
to overcome or not to exceed. They are often referred as hard constraints because they are fixed to limit
and restrict the set of feasible solutions from the generated alternatives. In many cases, the terms objective
and goal are used interchangeably. They are something that is either achieved or not. If a goal cannot be
or is unlikely to be achieved, it may be converted into an objective.

Decision matrix

Common to many MCDM techniques is the concept of decision matrix, or goal decision matrix, or project
impact matrix. It concisely expresses MCDM outcomes in a matrix format. A decision matrix D is a (m×n)
matrix on which the element xij represents the achieved values of the alternative Ai, i = 1, 2, ..., m with
respect to a set of attributes xj , j = 1, 2, ..., n . Hence an alternative is denoted by a row vector

xi = (xi1, xi2, . . . , xin)

whereas a column vector of attributes

xj = (x1j , x2j , . . . , xmj)T

shows the contrast of each alternative with respect to attribute xj .

Classification of MCDM Solutions

MCDM problems will not always have a unique solution. Depending on their nature, different types are
given to different solutions (Yoon and Hwang, 1981).

Optimal solution

An optimal solution to a MCDM problem is one which results in the maximum value of each of the at-
tribute or objective functions simultaneously. That is, x∗ is an optimal solution to the problem iff x∗ ∈ X
and f(x∗) ≥ f(x) for all x∗ ∈ X.
Since it is the nature of MCDM criteria to conflict to each other, usually there is no optimal solution to a
MCDM problem.

Ideal solution

The concept of the ideal solution is essential for the approach of multicriterial decision making. An ideal
solution may be indicated also as optimal solution, superior solution, or utopia.
In a MADM problem the ideal solution A∗ to the decision problem is a hypothetical alternative whose
Cartesian product combines the best achievements of all attributes given in the decision matrix. Formally,

A∗ = (x∗1, x
∗
2, , . . . , x

∗
j , . . . , x

∗
n)

being

x∗j = max
j

Uj(xij) , i = 1, 2, . . . , m
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where U(·) indicates the value/utility function or the membership grade of the jth attribute.

In a MODM problem: max
x∈x

[f1(x), f2(x), . . . , fk(x)], X = {x |gi(x) ≤ 0, i = 1, 2, . . . ,m}, the ideal solution

is the one that optimizes each objective function simultaneously, i.e.

max
x∈X

fj(x), j = 1, 2, ..., k

An ideal solution can be defined as

A∗ = (f∗1 , f∗2 , . . . , f∗j , . . . , f∗k )

where f∗j is a feasible and optimal value for the jth attribute (objective) function. This solution is generally
infeasible; if it were not, then there would be no conflict among objectives.

Though an ideal solution does not actually exist, the concept of an ideal solution is essential in the devel-
opment of MCDM methods. For example, a compromise model is based on the idea of obtaining the ‘best
possible solution’, which is the closest to the ideal solution.

It should be noted that an ideal solution in MADM problems is driven by the existing solutions. On the
other hand, in a MODM environment the objective ideal is the best solution that any alternative could
possibly obtain. Hence locating an ideal solution is one of the topics in MADM study if a decision maker
uses nonmonotonic value/utility functions or membership grade functions.

Nondominated solution

This solution is named differently by different disciplines: non-inferior solution and efficient solution in
MCDM, a set of admissible alternatives in statistical decision theory, and Pareto–optimal solution in eco-
nomics.

A feasible solution x∗ in MCDM is called a nondominated solution if and only if there exists no other
feasible solution that will yield an improvement in one attribute without causing a degradation in at least
another attribute. In other words, a nondominated solution is achieved when no attribute can be improved
without simultaneous detriment to at least another attribute.

The nondominated solution concept is well utilized for the second–level screening process in MADM. But
the generation of a large number of nondominated solutions reduces significantly its effect of screening the
feasible solutions in MODM problems; rather the nondominated concept is used for the sufficient condition
of the final solution.

Satisficing solution

A satisficing solution (Simon, 1955) is a reduced subset of feasible solutions with each alternative exceeding
all the aspiration levels of each attribute. Satisficing solutions need not to be nondominated. It may well
be used as the final solution though it is often utilized for screening out unfeasible solutions. Whether a
solution is satisficing belongs to the level of the knowledge and ability of the decision maker.

Preferred solution

The preferred solution, which is a nondominated solution, represents the solution that is the mostly
satisficing solution for the decision maker. Under this view, MCDM methods can be referred to as decision
aids to reach the preferred solution on condition that the subjective preferences of the decision maker are
observed.
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pp. 459–497.

[13] Roy, B.: Partial Preference Analysis and Decision–Aid: the Fuzzy Outranking Concept , in ‘Conflict-
ing Objectives in Decision’, John Wiley & Sons, New York, 1994.

[14] Roy, B. and Vincke Ph.: Pseudo-meritès et systèmes relationnels de préférences - nouveaux concepts
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Chapter 4

Multicriterial Selection Methods

Although only the last decades have seen the effort to introduce the concept of multiple criteria
into the normative decision making process, studies on multiple criteria have a long tradition.
Since multiattribute decision making (MADM) has found acceptance in the areas of the business
sector, management science, economics, psychometrics, marketing, applied statistics, decision
theory, and so on, the discipline has created several selection methodologies. Consequently each
area has developed methods for its own particular application, mostly to explain, rationalize, un-
derstand, or predict decision behavior, but not to guide the decision making process. Especially
in the last years, where computer usage has increased significantly, the application of MADM
methods has considerably become easier for the decision makers as the application of most of the
methods are entangled with complex mathematics.

In discrete alternative multiattribute decision–making problems, an integrated procedure for de-
cision making can be the following:

1. identification of necessary attributes for the problem;
2. elicitation of weights to attributes by individual;
3. allocation of weights to attributes by group consensus;
4. screening of alternatives;
5. choosing the most preferred alternative to the decision maker;
6. ranking alternatives by individual;
7. screening alternatives by group for the final decision.

If multiattribute decision making is defined in a narrow sense as a decision aid to help a decision
maker to identify the ‘best possible alternative’ that maximizes his/her satisfaction with respect
to more than one attribute, various approaches have been developed as the decision aid. Some
of the methods, particularly those from the psychology literature, are oriented toward describing
the process by which such decisions are made in order to better understand them and to predict
actions and choices in future decision situations. Other approaches, particularly those from the
management science literature, are directed toward providing the decision makers with practi-
cal techniques which can be used to improve their decision making. Intermediate methods are
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more suitable in the engineering field, where models are structured in terms of the designer’s ac-
tual choice behavior, but are then used normatively, To facilitate comparison among the various
MADM methods, they are usually grouped into four main categories: (i) weighting methods; (ii)
sequential methods; (iii) mathematical programming methods; and (iv) fuzzy sets.

The decision maker’s representation of the attributes and constraints serves as input to his/her ac-
tual processing model. The MADM modelling for selection and outranking starts out at the stage
where the decision situation has been formulated and the nondominated alternatives have been
identified. The general concepts of dominance structures and non–dominated solutions play an
important role in describing the decision problems and the decision maker’s revealed preferences.
Usually, there exist a number of Pareto optimal solutions, which are considered as candidates of
final decision–making solution. The nondominated designs together with their attribute levels
form the decision matrix, which is the concise expression of a MADM problem.

4.1 Methods for Assessing Weights

In case of conflicting attributes in a design decision making situation, since all of them are not
equally influential or important, a crucial problem in MADM is to assess the relative importance
(weights) of different attributes. which should be consistent to the design strategy . Designers
may determine the weighting coefficients on the basis of their perception, what implies that they
are subject to incomplete information and subjective judgement. Weights may represent the
opinion of a simple decision maker or synthesize the opinions of a group of experts using a group
decision techniques.

In case of n attributes, the vector of weights reads

wT = {w1, w2, . . . , wj , . . . , wn}T

where
n∑

j=1

wj = 1

Typically, the method used for assigning weights to attributes is primarily based on the nature of
the problem and the available information. Several approaches have been proposed to determine
weights. They may be distinguished in two types of weights, i.e. subjective weights and objective
weights.

Hence the subjective weights are supposed to convey the strategic task as perceived by the de-
cision maker. They form the inter–attribute preferences and correspond to situations where the
data of the decision matrix, in terms of a set of alternative solutions and values of associated
decision attributes, is unknown. Methods such as the ‘Analytical Hierarchy Process‘ and the
‘Weighted Least Square Method‘ are usually adopted.

The objective weights are derived from computational analysis of the attribute space. There-
fore they are intrinsic properties of the attribute space (intra-attribute preferences). When the
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decision matrix information is available, methods such as the ‘Entropy Method‘ and the ‘Linear
Programming Techniques’ for ‘Multidimensional Analysis of Preference‘ can be used to assess
weights of attributes.

4.1.1 Eigenvector Method

The decision maker is supposed to judge the relative importance of n attributes. The number of
pairwise evaluations is n(n − 1)/2. Some imprecision from these evaluations is allowed. Saaty
(1977) introduced a method of scaling ratios using the principle eigenvector of a positive pairwise
comparison matrix . Let the positive pairwise comparison matrix A be

A =




a11 a12 . . . a1n

a21 a22 . . . a2n
...

...
...

am1 am2 . . . amn




=




w1

w1

w1

w2
. . .

w1

wn

w2

w1

w2

w2
. . .

w2

wn
...

...
...

wm

w1

wm

w2
. . .

wm

wn




(4.1)

where A1, A2, . . ., Am are design alternatives among which the decision maker has to choose, X1,
X2, . . ., Xm are attributes with which each alternative performances are measured, while aij is
the rating of design Ai with respect to attribute Xj , and wj denotes the weight of attribute Xj .

The comparison matrix is a ‘reciprocal matrix’ which has all positive elements and has the
reciprocal property

aij = 1/aji (4.2)

together with the consistency property

aij = aik/ajk (4.3)

Multiplying A by w yields

A·w =




w1

w1

w1

w2
. . .

w1

wn

w2

w1

w2

w2
. . .

w2

wn
...

...
...

wm

w1

wm

w2
. . .

wm

wn




·




w1

w2

...

wn




= λ




w1

w2

...

wn




= λ·w

or

(A− n I)·w = 0 (4.4)

where unit matrix I may be normalized and used as a vector of relative attributes.
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Due to the consistency property of equation (4.3), the system of homogeneous linear equations
(4.4) has only trivial solutions.

In general, as the precise value of wi/wj is difficult to assess, the decision maker’s evaluations
cannot be so accurate to satisfy equation (4.3) completely. It is known that in any matrix, small
perturbations in the coefficients imply small perturbations in the eigenvalues. If A′ is defined as
the decision maker’s estimate of A and w′ is corresponding to A′, then

A′ ·w′ = λmaxw′ (4.5)

where λmax is the largest eigenvalue of A′. So the vector w′ can be obtained by solving the system
of linear equations (4.5).

4.1.2 Analytical Hierarchy Process

The Analytical Hierarchy Process (AHP) method, originally prepared by Saaty (1980), is a pow-
erful and flexible decision–making process to help decision makers set priorities and make the
best decisions when both qualitative and quantitative aspects of a decision need to be considered.
This mathematically–based method is intended to solve such design selection problems that have
a hierarchical structure of attributes. Because the attributes are presented in a hierarchical struc-
ture, decision makers are able to drill down to their level of expertise, and apply judgements to
the attributes deemed important to achieving their goals.

AHP helps capture both subjective and objective evaluation measures, providing a useful mech-
anism for checking the consistency of the evaluation measures and alternatives suggested by the
design team thus reducing bias in decision making. The basic idea of this approach is to convert
subjective assessments of relative importance to a set of overall scores or weights.

By reducing complex decisions to a series of pairwise comparisons with consistency check, and
then synthesizing the results, AHP helps decision makers to arrive at the best decision. At-
tributes in one level are compared in terms of relative importance with respect to an element
in the immediate higher level, treating the pairwise comparison with the eigenvector method as
outlined in Sen and Yang (1998). This process is executed from the top down starting with
the overall goal as the single top element of the hierarchy and closing with the alternatives at
the very bottom, ranking the attributes/alternatives at each level with respect to the overall goal.

For assessing the scale ratio wi/wj , Saaty (1977) gives a nine-point scale expressing the inten-
sity scale of the preference for one attribute over another, as shown in Table 4.1. If attribute
Ai is deemed more important than attribute Aj , then the reciprocal of the index value is assigned.

The method is developed through two steps. The first step is for the decision maker to decom-
pose the decision problem into its constituent parts, progressing from the general to the specific.
Since the decision maker is assumed to be consistent in making evaluations about any one pair
of attributes and since all attributes will always rank equally when compared to themselves, one
has aij = 1/aji and aii = 1.
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The next step is to estimate the set of weights that are more consistent with the imprecisions
expressed in the comparison matrix. Note that while there is complete consistency in the (re-
ciprocal) evaluations made about any one pair, consistency of evaluations between pairs, i.e.
aijakj = aik for all evaluations is not guaranteed. Thus the task is to search for an m-vector of
weights such that the m×m matrix w of entries wi/wj will provide the best fit to the evaluations
recorded in the pairwise comparison matrix.

Intensity of
Importance Definition Explanation

1 Equally importance Two attributes contribute equally
or preference to the objective

3 Moderate preference of one Experience and evaluation slightly
attribute over another favor one attribute over another

5 Essential or strong Experience and evaluation strongly
preference favor one attribute over another

7 Very strong or demonstrated An attribute is strongly favored
preference and its dominance is demonstrated

in practice

9 Extreme preference The evidence favoring one attribute
over another is of the highest
possible order of affirmation

2, 4, 6, 8 Intermediate values When compromise is needed
between the two
adjacent evaluations

Table 4.1: Pairwise comparison scale

Saaty’s original method to compute the weights is based on matrix algebra and determines them
as the elements in the eigenvector associated with the maximum eigenvalue of the matrix. The
eigenvalue method has been criticized both from prioritization and consistency points of view and
several other techniques have been developed.

Similarly to calculation of the weights for the attributes, AHP also uses the technique based on
pairwise comparisons to determine the relative performance scores of the decision matrix for each
of the alternatives on each subjective evaluation. Searched scores use the same set of nine index
assessments as before, and the same techniques can be used in computing the weights of attributes.

In spite of its quality, AHP method has several disadvantages. First, it requires attributes to be
independent with respect to their preferences, which is rarely the case in design selection cases.
Second, all attributes and alternatives are compared with each other (at a given level), which
may cause a logical conflict of the kind: A > B and B > C but C > A. The likelihood of such
conflicts occurring in the hierarchy trees increases dramatically with the number of alternatives
and attributes. Moreover, a number of specialists have voiced a number of concerns about the
AHP, including the potential internal inconsistency and the questionable theoretical foundation
of the rigid 1-9 scale, as well as the phenomenon of rank reversal possibly arising when a new
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alternative is introduced. On the same time, there have also been attempts to derive similar
methods that retain the strength of AHP while avoiding some of the criticisms.

4.1.3 Weighted Least Square Method

Chu et al. (1979) proposed the weighted least square method to obtain the weighting coefficients.
This method involves the solution of a set of simultaneous linear algebraic equations and is con-
ceptually easier to understand than Saaty’s eigenvector method (1977).

To determine weights, suppose the decision maker gives his/her pairwise comparisons between
the elements aij of Saaty’s matrix A in equation (4.1). It is desired to determine the weights wi,
such that, given aij = wi/wj , the weights can be obtained by solving the constrained optimization
problem (nonlinear programming model)

Minimize z =
n∑

i=1

n∑

j=1

(aijwj − wi)2

subject to
n∑

i=1

wi = 1





(4.6)

where aij denotes the relative weight of attribute Ai with respect to attribute Aj . An additional
constraint for model (4.6) is that wi > 0. However, it is assumed that the above problem can be
solved to obtain wi > 0 without this constraint.

In order to minimize z, consider the Lagrangian function

L =
n∑

i=1

n∑

j=1

(aij wj − wi)2 + 2λ (
n∑

i=1

wi − 1) (4.7)

where λ is the Lagrangian multiplier.

Differentiating equation (4.7) with respect to wl, the following set of (n + 1) nonhomogeneous
linear equations with (n + 1) unknowns is obtained

n∑

i=1

(ail wl − wi) ail −
n∑

j=1

(alj wj − wl) + λ = 0 , l = 1, 2, . . . , n (4.8)

which provides the n weights wi and the Lagrangian multiplier λ.

For example. for n = 2, the equations are (recall that aii = 1 , ∀ i)




(1 + a2
21) wl − (a12 + a21) w2 + λ = 0

−(a21 + a12) wl + (1 + a2
12)w2 + λ = 0

w1 + w2 = 1

Given the coefficients aij , the above equations can be solved for w1, w2, and λ.
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The main disadvantage of the weighted least square method is probably the fact that the theory
behind this method is based on the assumption that the weights are known exactly. It is important
to remain aware of this potential problem, and to use weighted least square method only when
the weights can be estimated precisely relative to one another.

4.1.4 Entropy Method

The entropy method can be used for evaluating the weights when the data of the decision matrix is
known with some uncertainty. Entropy analysis indicates the relevance a discriminating ability of
a certain attribute in a given design space. If the performance of all competing alternatives with
respect to a certain performance attribute or criterion have similar outcomes, then the attribute
does not have any relevance in the comparative analysis and can be eliminated (Hwang and Yoon,
1981). On the other hand, if the attribute outcomes of alternative solutions are very different,
then the attribute has an important discriminating ability, i.e. the more uneven the outcomes are
with respect to a certain attribute, the more important the attribute becomes. Weights derived
from entropy analysis show these strengths. Therefore, the entropy idea is particularly useful to
investigate contrasts between sets of data, which can be pictured as a set of solution alternatives
in the decision matrix.

Entropy is the most fundamental concept in information theory as well as in the physical sciences,
since it has many properties.that agree with the intuitive notion of what a measure of informa-
tion should be. It measures the uncertainty associated with random phenomena of the expected
information content (Shannon and Weaver, 1947). This uncertainty is represented by a discrete
probability distribution, pi, which agrees that a broad distribution represents more uncertainty
than does a sharply peaked one.

The measure of uncertainty E in a probability distribution (p1, p2, . . . , pn), associated with n

possible outcomes of a certain attribute, is given by Shannon (1948) as

E(p1, p2, . . . , pn) = −k
n∑

j=1

pj ln pj

where k is a positive constant. Since the terms ‘entropy’ and ‘uncertainty’ are considered syn-
onymous in statistical mechanics, E is called the entropy of the probability distribution pi , since
it depends only on the probabilities. When all pi are equal to each other for a given i, pi = 1/n,
E(p1, . . . , pn) takes on its maximum value.

The entries of the decision matrix with n alternatives and m decision attributes can be represented
in a probability distribution pij where i = 1, 2, . . . , m alternatives and j = 1, 2, . . . , n attributes.
Each entry pij includes a certain information content, which can be measured by means of the
entropy value. Therefore, if the decision matrix D for m alternatives and n attributes is
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D =




x11 x12 . . . x1n

x21 x22 . . . x2n

...
...

. . .
...

xm1 xm2 . . . xmn




a probability value pij for each entry in the decision matrix can be simply determined by nor-
malizing the attribute values along each of the n attributes for each m design alternative; that
is

pij =
xij

m∑

i=1

xij

, ∀ i, j (4.9)

Based on this, the pij matrix is formed as follows

pij =




p11 p12 . . . p1n

p21 p22 . . . p2n
...

...
. . .

...
pm1 pm2 . . . pmn




Then the entropy Ej of a set of design outcomes for m design alternatives and for a certain
decision attribute j is computed from

Ej = −k
m∑

i=1

pij ln pij , ∀ j ∈ 1, . . . ,m (4.10)

where k represents a constant with a value of 1/ ln m at Emax, which guarantees that 0 ≤ Ej ≤ 1.

The weight related to entropy Ej is then

wi = 1− Ej
n∑

i=1

Ej

(4.11)

Zeleny (1974) mentioned that the weight assigned to an attribute is directly related to the average
intrinsic information generated by a given set of alternatives over that attribute as well as to its
subjective assessment. Based on this, the degree of diversification dj of the information provided
by the outcomes of attribute j can be defined as

dj = 1− Ej , ∀ j (4.12)

If the decision maker has no reason to prefer one attribute to another, the principle of insufficient
reason (Starr and Greenwood, 1977) suggests that each attribute should be equally preferred.
Then the best weight set associated with n decision attributes the decision maker can expect,
instead of the equal weight, is as follows
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wj =
dj

n∑

j=1

dj

, ∀ j (4.13)

If the decision maker has a prior, subjective weight λj , then this weight can be adapted with the
help of wj calculated weight. The new weight w◦j is as follows

w◦j =
wj λj

n∑

j=1

wj λj

, ∀ j (4.14)

4.2 Selection Models for MADM

If the decision problem entails several criteria, experience has shown that not all of them are of
equal importance to the customer. The importance of preferences among attributes should not be
underestimated since a multiattribute decision making procedure can produce different designs
depending on the way attribute information is processed. Which attribute is more important
than another is often not for the individual decision maker to decide, but must be part of a
comprehensive analysis from a group of decision makers.

Most of the effective techniques available for dealing with MADM require information about the
decision maker’s preference among values of a given attribute and the decision maker’s preference
across attributes. There are two major approaches in multiattribute information processing,
that is, non–compensatory models and compensatory models. In any case, the decision maker
may deem that high performance relative to one attribute can at least partially compensate for
low performance relative to another attribute, particularly if an initial screening analysis has
eliminated alternatives which fail to meet any minimum performance requirements.

Non–compensatory Models

The non–compensatory models do not permit trade–offs between attributes since compensation
is not allowed. A decrease or unfavorable value in one attribute cannot be offset by an advantage
or favorable value in some other attribute: each attribute must stand on its own. Hence com-
parisons are made on an attribute-by-attribute basis. The MADM methods which belong to this
class are credited for their simplicity which matches the behavior process of the decision maker
whose knowledge and ability are limited. They include methods such as dominance, maximin,
maximax, conjunctive constraint method, disjunctive constraint method, lexicographic method,
lexicographic semiordering, and eliminations by aspects.
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Compensatory Models

The compensatory models incorporate trade–offs between high and low scores of attributes, as-
signing a number to each multidimensional representation. That is, in these models changes
in one attribute can be offset by opposing changes in any other attribute. With compensatory
models a single number is usually assigned to each multidimensional propert characterizing an
alternative design. Based upon the method of calculating this number, these models can further
be divided into three subgroups (Yoon and Hwang, 1981):

Scoring Models. These models select an alternative which has the highest score (or the maximum
utility), reducing the decision problem to assessing the appropriate multiattribute utility function
for the relevant decision situation. Simple additive weighting, hierarchical additive weighting and
interactive simple additive weighting belong to these models.

Compromising Models. These models identify the alternative which is the closest to the ideal
solution. TOPSIS, LINMAP and nonmetric MDS belong to this category. Especially when a
decision maker uses a square utility function, identification of an ideal solution is assisted by
LINMAP procedures.

Concordance Models. These models identify a set of preference rankings which best satisfy a
given concordance measure. Permutation method, linear assignment method, and ELECTRE are
classifiable in these models.

Overview of MADM methods

The degree of evaluation accuracy also varies, since one may list the different preference informa-
tion on attributes by an ascending order of complexity. i.e. standard level, ordinal, cardinal, and
marginal rate of substitution. MADM methods are introduced to meet these various situational
judgments. Methods for MADM are classified based upon different forms of preference informa-
tion available to a decision maker. A three-stage taxonomy of MADM methods is shown in Table
4.2 according to:

1. type of information (attribute or alternative or neither) essential to the decision maker;

2. salient feature of the information needed;

3. major methods in any branch formed from previous stages.

Before going into the actual review, some key concepts and notations will be defined also with
the purpose to establish a unified notation of the most used terms. Also some supporting tech-
niques for MADM, such as transformation of attributes and assessment of attribute weights, are
discussed. Then, the literature dealing with the techniques of MADM will be reviewed and clas-
sified, also illustrating the computational procedure of each method.

The methods require different amounts and types of information about the attributes and alter-
natives, above and beyond the basic data included in the decision matrix. Some methods (the
dominance, maximin, and maximax methods) require no additional information besides the basic
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decision matrix data. Other methods require cardinal attribute importance weights and cardinal
performance ratings of the alternatives with respect to the attributes. Methods requiring this
additional information place heavier demands on the decision makers, but in turn they are able
to combine, evaluate, and trade–off the decision matrix data in a more sophisticated way than
the simpler methods.

Type of Information to Salient Feature Major Classes
the Decision Maker of Information of Methods

No Dominance
Preference Maximin
Information Maximax

Standard Level Conjunctive Method
Disjunctive Method

Ordinal Lexicographic Method
Information on Elimination by Aspects

Attributes Permutation Method

Cardinal Linear Assignment Method
Simple Additive Weighting Method (SAW)
Hierarchical Additive Weighting Method
ELECTRE Method
TOPSIS Method

Marginal Rate Hierarchical Trade–offs

Information on Pairwise Preference LINMAP
Alternatives Interactive SAW Method

Pairwise Proximity Multidimensional Scaling with Ideal Point
Marginal Rate of Substitution with Ideal Point

Table 4.2: Classes of methods for multiattribute decision making

4.3 Methods for No Preference Information

There are some classical decision rules such as dominance, maximin and maximax which are
still fit for the MADM environment, since they do not require any preference information from
the decision maker’s . However, the right selection of these methods for the specific situation is
important.

4.3.1 Dominance Rule

The use of dominance rule in decision–making is common in procedures related to MADM. Let
assume that a number of feasible designs, satisfying the same set of requirements and for the
same selection of attributes, are generated. It is probable that some of them will be superseded
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by other designs in every respect. It means that if there exists a feasible design x′ that in each
relevant attribute is better or equal to design x′′, that is

x
′
i ≥ x

′′
i ∀ i

then design x′ dominates x′′. Therefore, x′′ is not a contender in further selection since a better
design (i.e. x′) is found. The subset of all designs from the set M of feasible designs, which are
non dominated by any other vector of M is the Pareto set . Testing feasible designs for dominance
and filtering only nondominated solutions finally yields a set of nondominated designs. Finally,
the number of alternatives can be reduced before selection process by eliminating the dominated
ones. This method does not require any assumption or any transformation of attributes.

The sieve of dominance takes the following procedures: compare the first two alternatives and
if one is dominated by the other, discard the dominated one. Next compare the undiscarded
alternative with the third alternative and discard the dominated alternative. Then introduce the
fourth alternative and so on. After (m − 1) stages the nondominated set is determined. The
non–dominated set usually has multiple elements in it; hence the dominance method is mainly
used for the initial filtering. The concept of dominance exploits only the ordinal character of
the attribute values in the design space and not the cardinal character of these attribute values.
Also observe that dominance does not require comparison between different attributes of two
competitive designs.

The following important characteristics in using non–dominated designs are worth mentioning:

• subjectivity does not influence the selection of nondominated designs if the designer defines
the direction of design improvement (e.g. the larger attribute value the better, or vice versa);

• the process of design generating is additive i.e. it is possible to generate more designs at
any time and test them against an already existing set of nondominated designs;

• selecting the final preferred design is performed by a separate procedure and only after
sufficient number of nondominated designs are generated.

Calpine and Golding (1976) derived the formula for the expected average number of nondominated
solutions when m alternatives are compared with respect to n attributes. Consider first the very
special case in which all the elements in the decision matrix are random numbers uniformly
distributed over the range 0 to M . Attention is first focussed on the final nth column. Arrange
the rows so that the elements in the nth column are in decreasing order of magnitude. By the
randomness of the elements, the probability of an arbitrarily selected row being the rth in the order
is 1/m. Let p(m,n) be the probability that a row, arbitrarily chosen from m rows (alternatives),
is nondominated with respect to n attributes. Consider the rth row. The ordering ensures that
this row is not dominated by any row below it and also that it exceeds no row above it in the
nth attribute. Hence a necessary and sufficient condition for the rth row to be nondominated is
that it is nondominated among the first r candidates with respect to the first (n− 1) attributes.
Thus the probability of a row being the rth and nondominated is p(r, n− 1)/m. The probability
of an arbitrarily selected row being nondominated is
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p(m,n) =
m∑

r=1

p (r, n− 1)/m = {p (m, n− 1) + (m− 1)·p (m− 1, n)} /m (4.15)

Then the expected average number of nondominated alternatives, a(m,n), is

a(m,n) = m·p(m,n) = a(m,m− 1)/m + a(m− 1, n)

As a(m, 1) = a(1, n) = 1, thenumbera(m,n) can be calculated recursively. A good approximation
of a(m,n) is given by

a(m,n) ≈ 1 + lnm + (lnm)2/2! + . . . + (ln m)(n−3)!/(n− 3)! +

γ(lnm)(n−2)/(n− 2)! + (lnm)(n−1)/(n− 1)! (4.16)

where γ is Euler’s constant (-0.5772).

Some typical results are shown in Figure 4.1, where the expected number of nondominated al-
ternatives is given in terms of the number of attributes for different sets of feasible alternatives.
It indicates that the number of nondominated alternatives, for a few attributes, e.g., n = 4, will
be reduced to 8, 20, and 80 for m = 10, 100, and 1000, respectively. However, the number of
nondominated alternatives for a large number of attributes, e.g., n = 8, will still be very large,
i.e., 10, 90, and 900, respectively, for m = 10, 100, and 1000.

Figure 4.1: Expected number of nondominated alternatives

4.3.2 Maximin Method

In decision theory the maximin method is based upon a strategy that maximizes the minimum
possible loss, that is, it tries to avoid the worst possible performance by maximizing the minimal
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performance among attributes. In situations where the overall performance of an alternative
is determined by the lowest attribute score, the decision maker ought to examine the attribute
values for each alternative, note the lowest value for each alternative, and then select the alterna-
tive with the most acceptable value in its lowest attribute. This method belongs to the class of
non–compensatory techniques. Alternatively, it can be thought of as minimizing the maximum
gain (minimax method).

This method utilizes only a small part of the available information in making a final choice, i.e.,
only one attribute per alternative. Under this procedure only the single weakest attribute rep-
resents the related alternative design; all other (n− 1) attributes for a particular alternative are
ignored. Thus even if an alternative is clearly superior in all but one attribute which is below
average, another alternative with only average on all attributes would be chosen over it. If these
lowest attribute values come from different attributes, as they often do, the decision maker may be
basing his/her final choice on single values of attributes that differ from alternative to alternative.
Therefore, the maximin method can be used only when inter–attribute values are comparable;
that is, all attributes must be measured on a common scale which can be a limitation (Linkov et
al., 2004), even though they need not to be numerical.

The alternative, A+, is selected such that

A+ =
{

Ai |max
i

min
j

xij

}
i = 1, 2, . . . , m ; j = 1, 2, . . . , n (4.17)

where all xij ’s are in a common scale.

One way of making a common scale is using the degree of closeness to the ideal solution (Zeleny,
1974), defined as the ratio of an attribute value to the most preferable attribute value (xmax

j =
max xij), that is

rij =
xij

xmax
j

(4.18)

provided that attribute j is a benefit criterion (i.e., the larger xj , the more preference).

A more complicated form of rij is

rij =
xij − xmin

j

xmax
j − xmin

j

(4.19)

where xmin
j = mini xij , i = 1, 2, . . . , m.

Then the maximin procedure selects the alternative design as

A+ = max
i

min
j

rij i = 1, 2, . . . , m ; j = 1, 2, . . . , n (4.20)

Note that in case of a cost criterion, rij has to be computed as

rij =
1/xij

max
i

(1/xij)
=

min
i

xij

xij
=

xmin
j

xij
(4.21)

or
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rij =
xmax

j − xij

xmax
j − xmin

j

(4.22)

The maximin method has some obvious shortcomings, so that its applicability is relatively limited.
In general, the method can be applied whenever the decision maker has a pessimistic outlook in the
decision making situation and the attributes are truly of equal importance. The maximin and its
reverse, the minimax procedure, is widely used in game theory (von Neumann and Morgenstern,
1944).

4.3.3 Maximax Method

In contrast to the maximin method, the maximax method selects the alternative that maximizes
the maximum outcome among attributes for every alternative. In this case the highest attribute
value for each alternative is identified; then these maximum values are compared in order to se-
lect the alternative with the largest such value. This method is also called an ‘optimistic decision
criterion’.

Note that in this procedure only the single strongest attribute represents the whole alternative
design; all other (n− 1) attributes for the particular alternative are ignored. Therefore, as with
the maximin method, the maximax method can be used only when all attributes are measured
on a common scale - see equations (??) through (4.23).

The alternative, A+, is selected such that

A+ =
{

Ai |max
i

max
j

rij

}
j = 1, 2, . . . , n ; i = 1, 2, . . . , m (4.23)

The comparability assumptions and incompleteness properties of the maximax method do not
make it a very useful technique for general decision making. However, just as the maximin
method, also the maximax method may be suitable in some specific decision–making situations.

Both the maximin procedure and the maximax procedure use what could be called a specialized
degenerate weighting, which may be different for each alternative (Moskowitz and Wright, 1979):
the maximin method assigns a weight of 1 to the worst attribute value and a weight of 0 to all
others; the maximax method assigns a weight of 1 to the best attribute value and a weight of 0
to all others.

The maximin procedure reduces the multiattribute problem to finding the worst outcome (at-
tribute value) for each alternative, and then choosing that alternative for which the worst outcome
is least bad. This policy is ultra–pessimistic in that, for each possible choice, it considers only the
worst that can happen, while ignoring other aspects of the choice. The maximax procedure, in
contrast, is ultra–optimistic, in that it describes the individual as choosing that choice for which
the best outcome is the best.

The Hurwicz procedure (Hey, 1979) is an amalgamation of the above two, in that it takes into
account both the worst and the best, thus selecting A+ such that
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A+ = {Ai |max [α min rij + (1− α)max rij ]} (4.24)

The weight α is referred to as the pessimism-optimism index ; it is supposed to vary (over
0 ≤ α ≤ 1) among the individual decision makers; the higher α the more pessimistic the in-
dividual decision maker. As is apparent, the extreme case α = 1 gives the maximin, while α = 0
the maximax.

Although this procedure might seem useful in a single instance, it is clearly inadequate when
considering the whole multiple attribute problem since it would draft the whole design team on
the basis of a single attribute.

4.4 Methods for Information on Attributes

There is a large variety of multicriterial techniques to aid selection in conditions of multiple at-
tributes.and/or alternatives. Usually the information on attributes is less demanding to assess
than that on alternatives. The majority of MADM methods require preference information to
process inter-attribute and intra–attribute comparisons.

The information can be expressed in various ways:

1. standard level of each attribute (conjunctive method; disjunctive method);
2. relative importance of each attribute by ordinal preference (lexicographic ordering; elimi-

nation by aspects; permutation method);
3. relative importance of each attribute by cardinal preference (linear assignment method; sin-

gle additive weighting method; hierarchical additive weighting method; ELECTRE method;
TOPSIS method);

4. marginal rate of substitution (MRS) between attributes (marginal rate of substitution; in-
difference curves; hirarchical trade-offs).

Standard levels or ordinal preference information is utilized in noncompensatory models, whereas
cardinal preference or marginal rate of substitution is needed in compensatory models.

4.4.1 Methods for Standard Levels on Attributes

These methods require satisfactory rather than best performance in each attribute. To obtain a
feasible solution the decision maker sets up the minimal values (standard levels) he/she will accept
for each attribute. Any candidate design which has an attribute value less than the standard level
will be rejected. This procedure is called the conjunctive method (Dawes, 1964) or the satisficing
method described by Simon (1955). On the other hand, if evaluation of an alternative solution is
based upon the greatest value of only one attribute, the procedure is called the disjunctive method .

Any alternative that does not meet the conjuctive or disjunctive rules is deleted from further
considerations. These screening rules can be used to select a subset of alternatives for analysis by
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other more complex decision making tools; they can also be applied in determining the decision–
making requirements.

Conjunctive Method

Consider, for example, the position of a CFD consultant in a ship design company. His/her effec-
tiveness as an expert will be limited by the lesser of his/her abilities in hydrodynamics and numeri-
cal computation; he/she cannot compensate for an insufficient knowledge of hydrodynamics by an
excellent knowledge of fluid dynamics. or vice versa. The company will reject the candidates who
do not possess the required standard knowledge level in both fields. In the conjunctive method (or
satisficing method), all the standards must be passed in order for the candidates to be acceptable.

To apply the method, the decision maker must provide minimal performance threshold for all
attributes (cut–off values). The cut–off values given by the decision maker play the key role
in eliminating the non–contender candidates. Hence increasing the minimal standard levels in
an iterative way, the decision maker can sometimes narrow down the candidates to a single choice.

An alternative Ai is classified as feasable only if

xij ≥ xo
j , ∀j = 1, 2, . . . , n (4.25)

where xo
j is the standard level of xj .

The conjunctive (satisficing) method is not usually used for selection of alternatives but rather
for dichotomizing them into feasable/unfeasable categories. Dawes (1964) developed a way to set
up the standards if the decision maker wants to dichotomize the alternatives.

Consider a set of n equally weighted independent attributes. Let it be

r - the proportion of alternatives which are rejected;
pc - the probability that a randomly chosen alternative yields outcomes above the

conjunctive cut–off level.

Then

r = 1− pn
c (4.26)

since the probability of being rejected is equal to one minus the probability of passing on all
attributes. From equation (4.26), one obtains

pc = (1− r)1/n (4.27)

which indicates that the decision maker must choose a cut–off level for each attribute such that
pc of the candidate designs will place above this score.

The conjunctive method does not require for the attribute information to be in numerical form,
information on the relative importance of each attribute is not needed. The method belongs to
the class of non–compensatory models: if the decision maker simply use minimum cut–off values
for each attribute, then none of the alternative solutions gets credited for especially good attribute
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values. The attempts to credit alternatives with especially high values suggest other methods to
be discussed later.

Disjunctive Method

The disjunctive method requires that the candidate design should exceed the given threshold for
at least one attribute.

An alternative Ai is classified as feasable only if

xij ≥ xo
j , j = 1 or 2 or . . . or n (4.28)

where xo
j is a desirable level of xj .

For the disjunctive method, the probability of being rejected is equal to the probability of failing
on all attributes

r = (1− pd)n (4.29)

where r is the proportion of alternatives which are rejected, and pd is the probability that a
randomly chosen alternative scores above the disjunctive cut–off level. From equation (4.29), one
obtains

pd = 1− r1/n (4.30)

As with the conjunctive method, the disjunctive method does not need that the attribute infor-
mation be in numerical form and does not require information on the relative importance of the
attributes.

4.4.2 Methods for Ordinal Ranking

The most important information needed for lexicographic method, elimination by aspects, and
permutation is the ordinal inter–attribute preference information. The relative importance among
attributes determined by ordinal preference is less demanding for the decision maker to assess
than that by cardinal preference.

The permutation method was originally developed for the cardinal preferences of attributes given,
but it is better used for the ordinal preferences given. and the method will identify the best
ordering of the alternative rankings.

Lexicographic Method

The lexicographic ordering is more widely adopted in practice than it deserves to be. This method
is simple and easy to handle. It is like the ordering found in a lexicon or ordering since it orders
attributes according to importance.
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In some decision problems a single attribute may be predominant - for example, ‘select the cheap-
est’ rule is that in which the cost is the most important attribute. One way of treating these
situations is to compare the alternatives by ranking the most important attributes in the order
of their importance. The alternative with the best performance score on the most important at-
tribute is preferred and the decision process ends. However, if some alternatives have equal values
with respect to the most important attribute, the next most important attribute might determine
the best alternative. If alternatives are tied again, the next most important attribute might yield
an answer, and so on, till a unique alternative is found. The process continues sequentially until
a single alternative is chosen or until all attributes have been considered.

The method requires the decision maker to rank the attributes in the order of importance. Let
the subscripts of the attributes indicate not only the components of the attribute vector, but also
the priorities of the attributes, i.e., x1 be the most important attribute to the decision maker, x2

the second most important one, and so on. Then alternative(s), A1, is (are) selected such that

A1 = {Ai |max
i

xi1} , i = 1, 2, . . . ,m (4.31)

If this set {A1} has a single element, then this element is the most preferred alternative. If there
are multiple alternatives with maximal scores, consider

A2 = {A1 |max
i

xi2} , i ∈ {A1} (4.32)

If this set {A2} has a single element, then stop and select this alternative. If not, consider

A3 = {A2 |max
i

xi3} , i ∈ {A2} (4.33)

Continue this process until either some {Ak} with a single element is found which is then the most
preferred alternative, or all n attributes have been considered, in which case, if the remaining set
contains more than one element, they are considered to be equivalent.

The lexicographic semiordering , described by Tversky (1969), is closely related to the lexico-
graphic ordering. In most cases it makes sense to allow ranges of imperfect discrimination so
that one alternative is not judged better just because it has a slightly higher value on one at-
tribute. In a lexicographic semiordering, a second attribute is considered not only in cases where
values for several alternatives on the most important attribute are equal but also for cases where
the differences between the values on the most important attribute are negligible, keeping more
alternatives in the decision–making process. This same process may then be used for further
attributes if more than one alternative still remains. Thus a consideration of whether differences
are significant is imposed upon lexicographic ordering.

The lexicographic method, as it is in maximin and maximax methods, utilizes only a small part of
the available information in making a final choice. But lexicography is somewhat more demanding
of information than ‘maximin’ and ‘maximax’, because it requires a ranking of the importance of
the attributes, whereas ‘maximin’ and ‘maximax’ do not. However, lexicography does not require
comparability across attributes as did ‘maximin’ and ‘maximax’ methods.
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When applied to general decision making, the lexicographic method requires information on the
preference among attribute values and the order in which attributes should be considered. In
both cases, it needs only ordering or ranking information and not (necessarily) numerical values.
Because of its limited information requirements, lexicography has received serious consideration
as a decision technique in a number of MADM problems.

Elimination by Aspects

Elimination by aspects (EBA) is a discrete model of probabilistic choice worked out by Tversky
(1971), which supposes that decision makers follow a particular heuristic during a process of
sequential selection. Like lexicographic method, EBA examines one attribute at a time, making
comparisons among alternatives. However, it does differ slightly since it eliminates alternatives
which do not satisfy some standard level, and it continues until all alternatives except one have
been eliminated. Another difference is that the attributes are not ordered in terms of importance.
but in terms of their discrimination power in a probabilistic mode.

Tversky has formalized the decision process mathematically with the introduction of selection
probability as a theoretical concept in the analysis of choice. The model proposed by Tversky
postulates that the utility assigned to the candidate designs is deterministic, but that the deci-
sion rules by the decision makers are intrinsically probabilistic. Each alternative is viewed as a
set of attributes which could represent values along some fixed quantitative or qualitative scores
(e.g., price, quality, comfort). Since the model describes selection as an elimination process gov-
erned by successive choices of attributes instead of cut–offs, it is called the elimination by aspects.

After a set of attributes is selected, EBA heuristic rule focuses first on the most important im-
portant attribute and searches for a clear winner based solely on the most important attribute.
If a winner emerges, the process stops. If a winner does not emerge, attention focuses on the
second attribute, and so forth. The decision maker, as in conjunctive method, is assumed to
have minimum cut–offs for each attribute. When an attribute is selected, all design alternatives
not passing the cut–off on that attribute are eliminated. The process stops when all but one
alternatives are eliminated.

In the EBA model, individual choices are described as a result of a stochastic process involving
a successive elimination of the design alternatives:

• the attributes common to all alternatives are eliminated because they cannot permit to
discriminate between solutions during the selection process;

• all the alternatives that do not have a randomly selected attribute are eliminated; the higher
the utility of a property is, the larger the probability of selecting this property is;

• if the remaining solutions still have specific attributes, the decision maker goes back to the
first step; on the contrary, if all solutions have the same attributes, the procedure ends; if
only one alternative remains, it is selected by the decision maker; otherwise, all the remain-
ing alternatives have the same probability to be selected.
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The EBA is similar in some respects to the lexicographic method and conjunctive method. It
differs from them in that, due to its probabilistic nature, the criteria for elimination (i.e., the
selected attributes) and the order in which they are applied vary from one design situation to
another and are not determined in advance. In particular, it differs from conjunctive method in
that the number of criteria for elimination varies. If an attribute which belongs only to a single
alternative is chosen at the first stage, then the EBA needs only one attribute. The elimination by
aspects has some advantages: it is relatively easy to apply; it involves no numerical computations,
and it is easy to explain and justify in terms of a priority ordering defined on the attributes.
The major flow on the logic of elimination by aspects lies in the noncompensatory nature of the
selection process. Although each selected attribute is desirable, it might lead to the elimination of
alternatives that are better than those which are retained. In general, the strategy of EBA cannot
be defended as a rational procedure of choice. On the other hand, there may be many decision
situations in which it provides a good approximation to much more complicated compensatory
models and could thus serve as a useful simplification procedure.

Permutation Method

The permutation method (Paelinck, 1976) aims to identify the dominating design, that is, the
best ordering of the alternative rankings among candidate designs by measuring the level of con-
cordance and discordance of the complete preference order. It uses Jaquet–Lagreze’s successive
permutations of all possible rankings of the alternative designs against all others. The method
was originally developed to treat the cardinal preferences (i.e., a set of weight) of attributes given,
but is rather designed for the ordinal preferences of attributes given. With m alternatives, m!
permutation rankings are available.

Suppose a number of alternatives (Ai, i = 1, 2, . . . ,m) have to be evaluated according to n

attributes (xj , j = 1, 2, . . . , n). The problem can be stated in a decision matrix D as

x1 x2 . . . xn

D =

A1

A2
...

Am




x11 x12 . . . x1n

x21 x22 . . . x2n
...

...
. . .

...
xm1 xm2 . . . xmn




Assume that a set of cardinal weights wj , j = 1, 2, . . . , n,
∑

wj = 1, be given to the set of
corresponding attributes.

Suppose that the problem is to rank three alternatives: A1, A2, andA3. Then six permutations
of the ranking of the alternatives exist (m! = 3! = 6). They are:

P1 = (A1, A2, A3) P4 = (A2, A3, A1)

P2 = (A1, A3, A2) P5 = (A3, A1, A2)

P3 = (A2, A1, A3) P6 = (A3, A2, A1)
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Assume that a testing order of the alternatives be P5 = (A3, A1, A2). Then the set of concordance
partial order is {A3 ≥ A1, A3 ≥ A2, A1 ≥ A2} and the set of discordance is {A3 ≤ A1, A3 ≤
A2, A1 ≤ A2}.
If in the ranking the partial ranking Ak ≥ Al appears, the fact that xkj ≥ xlj will be rated wj ,
xkh ≤ xlh being rated −wh. The evaluation criterion of the chosen hypothesis (ranking of the
alternatives) is the algebraic sum of wj ’s corresponding to the element–by–element consistency.
Consider the ith permutation

Pi = (. . . , Ak, . . . , Al, . . .) , i = 1, 2, . . . ,m!

where Ak is ranked higher than Al. Then the evaluation criterion of Pi, i.e. Ri, is given by

Ri =
∑

j∈Ckl

wj −
∑

j∈Dkl

wj , i = 1, 2, . . . , m! (4.34)

where

Ckl = {j |xkj ≥ xlj} , k, l = 1, 2, . . . ,m , k 6= l

Dkl = {j |xkj ≤ xlj} , k, l = 1, 2, . . . , m , k 6= l

The concordance set Ckl is the subset of all criteria for which xkj ≥ xlj , and the discordance set
Dkl is the subset of all criteria for which xkj ≤ xlj .

The permutation method is a useful method owing to its flexibility with regard to ordinal and
cardinal rankings. A possible drawback of this method is the fact that, in the absence of a
clear dominant alternative, rather complicated conditions for the values of weights may arise,
particularly because numerical statements about ordinal weights are not easy to interpret. Also
with the increase of the number of alternatives the number of permutations increases drastically.

4.4.3 Methods for Cardinal Ranking

The methods in this class require the decision maker’s cardinal preferences of attributes. This (a
set of weights for the attributes) is the most common way of expressing inter–attribute preference
information.

There are several reliable methods to assess the cardinal weights. The methods in this section all
involve implicit trade-off, but their evaluation principles are quite diverse: (i) select an alternative
in problems that have a hierarchical structure of attributes (AHP); (ii) select an alternative which
has the largest utility (simple additive weighting, hierarchical additive weighting); (iii) arrange
a set of overall preference rankings which best satisfies a given concordance measure (linear
assignment method and ELECTRE); (iv) select an alternative which has the largest relative
closeness to the ideal solution (TOPSIS).
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Linear Assignment Method

Bernardo and Blin (1977) developed the linear assignment method based on a set of attributewise
rankings and a set of attribute weights. This method gives an overall preference ranking of the
alternatives based on a set of attributewise rankings and a set of attribute weights. It features
a linear compensatory process for attribute interaction and combination. In the process only
ordinal data, rather than cardinal data, are used as input. This weaker information requirement
is attractive in that scaling the qualitative attributes is not needed.

There is one simple way to transform the attributewise ranks into the overall ranks. The method
is to pick the sum of ranks for each alternative and rank them from the lowest sum to the highest
sum. But this method fails to take full account of the compensation hypothesis, because the final
rank of an alternative only depends on its own attributewise ranks (which are summed) without
taking account of all the other alternative attributewise ranks at the same time. Thus in spite
of its apparent simplicity, this method fails to meet the basic linear compensation requirement.
Required is a means of finding an overall ranking which simultaneously uses all information con-
tained in the attributewise rankings rather than using this information sequentially as in the
sum–of–ranks.

The linear assignment problem is a special type of linear programming problem. Besides being
able to determine the best alternative, the method has certain unique advantages in application.
For data collection, all that is required is the attributewise rankings. Thus the tedious require-
ments of the existing compensatory models are eliminated; e.g., the rather lengthy procedures of
trade–off analysis are not required. The procedure also eliminates the obvious difficulties encoun-
tered in constructing appropriate interval–scaled indices of attributes as required for regression
analysis to be applicable. Even though a lengthy data gathering effort is eliminated, the method
does satisfy the compensatory hypothesis, whereas other procedures which rely on minimal data
do not. By the way, the elimination by aspects approach, and the lexicographic method are not
truly compensatory.

A compensatory model from this simple approach is devised. Let define a product–attribute ma-
trix π as a square (m×m) non–negative matrix whose elements πik represent the frequency (or
number) that Ai is ranked for the kth attributewise ranking. It is understood that πik measures
the contribution of Ai to the overall ranking, if Ai is assigned to the kth overall rank. The larger
πik indicates the more concordance in assigning Ai to the kth overall rank. Hence the problem
is to find Ai for each k, (k = 1, 2, . . . , m) which maximizes

∑
πik. This is an m! comparison

problem. A linear programming model is suggested for the case of large m.

Let define permutation matrix P as (m × m) square matrix whose element Pik = 1 if Ai is
assigned to overall rank k, and Pik = 0 otherwise. The linear assignment method can be written
by the following linear programming form
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Maximize Π =
m∑

i=1

m∑

k=1

πikPik

subject to
m∑

k=1

Pik = 1 , i = 1, 2, . . . , m

m∑

i=1

Pik = 1 , k = 1, 2, . . . , m

Pik ≥ 0 ∀i, k





(4.35)

Recall that Pik = 1 if alternative i is assigned rank k, and clearly alternative i can be assigned
to only one rank; therefore, the first constraint equation in (4.35) holds. Likewise, a given rank
k can only have one alternative assigned to it; therefore, one has the second constraint equation
in (4.35) holds.

Let the optimal permutation matrix, solution of the above LP problem, be P ∗. Then, the optimal
ordering can be obtained by multiplying the attributewise preference matrix A by P ∗.

Simple Additive Weighting Method

The simple additive weighting method (Klee, 1971) is probably the best known and very widely
used method of MADM.

To reflect his/her marginal worth assessments within attributes, the decision maker assigns im-
portance weights which become the coefficients of the variables to each attribute, also making a
numerical scaling of intra–attribute values. The decision maker can then obtain a total score for
each alternative simply by multiplying the scale rating for each attribute value by the importance
weight assigned to the attribute and then summing these products over all attributes. After the
total scores are computed for each alternative, the solution with the highest score (the highest
weighted average) will be the most preferred one.

Mathematically, simple additive weighting method can be stated as follows. Suppose the decision
maker assigns a set of importance weights w = (w1, w2, . . . , wn) to the attributes Then the most
preferred alternative, A∗, is selected such that

A∗ =



Ai |max

i

n∑

j=1

wjxij /
n∑

j=1

wj



 (4.36)

where xij is the outcome of the ith alternative about the jth attribute with a numerically com-
parable scale. Usually the weights are normalized so that

∑
wj = 1.

Simple additive weighting method uses all n attribute values of an alternative and uses the regular
arithmetical operations of multiplication and addition; therefore, the attribute values must be
both numerical and comparable. Further, it is also necessary to find a reasonable basis on which
to form the weights reflecting the importance of each of the attributes.
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When weights are assigned and attribute values are numerical and comparable, some arbitrary
assumptions still remain. It can happen that a low outcome multiplied by a high weight yields
about the same product as a high attribute value multiplied by a low weight; then this identity
implies that two attributes just ‘offset each other’. that is, both make the same contribution to
the weighted average. Thus there exist some difficulties in interpreting the output of the multi-
plication of attribute values by weights.

Attributes cannot often be considered separately and then added together; because of the comple-
mentarities between the various attributes, the approach of weighted averages may give misleading
results. But when the attributes can in fact be considered separately (i.e., when there are essen-
tially no important complementarities), simple additive weighting method can be a very powerful
approach to MADM. The approach will lead to a unique choice since a single number is arrived
at for each alternative, and since these numbers will usually be different. For this reason, and
because it has some intuitive appeal, it is frequently used.

The utility functions being used for uncertainty can be equally used in the case of certainty, and
is called value function V (x1, x2, . . . , xn). A value function satisfies the following property

V (x1, x2, . . . , xn) ≥ V (x
′
1, x

′
2, . . . , x

′
n) ⇐⇒ (x1, x2, . . . , xn ≥ (x

′
1, x

′
2, . . . , x

′
n)

For independent attributes, a value function takes the form

V (x1, x2, . . . , xn) =
n∑

j=1

wjvj(xj) =
n∑

j=1

wjrj

where vj(·) is the value function for the jth attribute and rj is the jth attribute transformed into
the comparable scale. A utility function can be a value function, but a value function is not
necessarily a utility function; that is,

U (x1, x2, . . . , xn) =⇒ V (x1, x2, . . . , xn)

Hence a valid additive utility function can be substituted for the simple additive weighting func-
tion.

In simple additive weighting method, it is assumed that the utility (score, value) of the multiple
attributes can be separated into utilities for each of the individual attributes. When the attributes
in question are complementary (that is, excellence with respect to one attribute enhances the
utility of excellence with respect to another), or substitutes (that is, excellence with respect to
one attribute reduces the utility gain associated with excellence with respect to other attributes),
it is hard to expect that attributes take the separable additive form. Then the overall score or
performance can be made in a quasi–additive or multilinear form (Keeney and Raiffa, 1976).
But theory, simulation computations, and experience all suggest that simple additive weighting
method yields extremely close approximations to very much more complicated nonlinear forms,
while remaining far easier to use and understand.
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Hierarchical Additive Weighting Method

In simple additive weighting method, the weighted averages (or priority value) for the alternative
A. are given by

n∑

j=1

wjxij /
n∑

j=1

wj

where in general,
∑

wj = 1, and attribute xij is in a ratio scale.

If one interprets the normalized value xij as the subscore of the ith alternative with regard to the
jth criterion (see Klee, 1971), then the vector xj = (x1j , x2j , . . . , xij) may indicate the contribution
or importance of Ai’s for the jth criterion, whereas the weight vector w still represents the
importance of the considered attributes for the decision problem. If it is imposed

n∑

j=1

xij = 1 j = 1, 2, . . . , n

the simple additive weighting method is suitable to compose weights from different levels.

Such an approach matches Saaty’s (1977) hierarchical structures. For example, a ship decision
problem by the SAW can be represented as a hierarchy with three levels. In Figure 4.2 the first
hierarchy level has a single attribute, say, the life–time effectiveness of the ship. Its priority
(weight) value is assumed to be equal to unity. The second hierarchy level has six attributes,
maximum speed, range, maximum payload, acquisition cost, reliability, and maneuverability.
Their weights are derived from the various weight assessing methods with respect to the objective
of the first level. The third hierarchy level has the four candidate ships considered. In this level
weights should be derived with respect to each attribute of the second level. The problem is to
determine the priorities of the different ships on life–time effectiveness through the intermediate
second level.

Figure 4.2: A hierarchy for priorities in ship concept design

It is essential to structure a formal hierarchy (Saaty, 1977) in terms of partially ordered sets
of decision maker’s intuitive understanding of the design concept. The hierarchy of priorities
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has various levels: the top level consists of a single element and each element of a given level
dominates (serve as a property of) some or all the elements in the level immediately below. The
pairwise comparison matrix approach may be then applied to compare elements in a single level
with respect to a property from the adjacent higher level. The process is repeated up the hierar-
chy and the problem is to compose the resulting weights (obtained by either eigenvector method
or least weighted method) in such a way as to obtain one overall weighting vector of the impact of
the lowest elements on the top element of the hierarchy by successive weighting and composition.

Let the symbol Lk represent the kth level of a hierarchy of h levels. Assume that y = {y1, . . . , yk}
∈ Lk and that x = {x1, x2, . . . , xi, . . . , xk+1} ∈ Lk+1. Also assume that there is an element
z ∈ Lk−1 such that y serves as a property to z. . Then if the weighting functions are considered

wz : y → (0, 1) and wy : x → (0, 1)

the ‘weighting function of the elements in x with respect to z’, denoted as w, w :: x :→ (0, 1),
may be constructed by successive weighting and composition as

w(xi) =
k∑

j=1

wyj (xi)·wz(yj) , i = 1, 2, . . . , k + 1 (4.37)

It is self–evident that this method is no more than the process of weighting the influence of the
elements yj on the weight of xi by multiplying it with the importance of yj with respect to z.

The algorithms involved will be simplified if one combines the weights wyj (xi) into a matrix B
by setting bij = wyj . If one further sets Wi = w(xi) and W

′
j = wz(yj), then the above formula

becomes

Wi =
k∑

j=1

bijW
′
j , i = 1, 2, . . . , k + 1 (4.38)

Thus, it may be spoken of the weighting vector W and, indeed, of the weighting matrix B; this
gives the final formulation W = BW′.

A hierarchy is complete if all x ∈ Lk are dominated by every element in Lk−1, k = 2, . . . , h. Let
H be a complete hierarchy with lowest element b and h levels. Let Bk be the weighting matrix
of the kth level, k = 1, 2, . . . , h. If W′ is the weighting vector of the pth level with respect to
some element z in the (p− 1)st level, then the weighting vector W of the qth level (p < q) with
respect to z is given by

W = Bq Bq−1 . . . Bp+1 W′ (4.39)

Thus, for a complete hierarchy the weighting vector of the lowest level with respect to the element
at the first hierarchy level is given by

W = Bh Bh−1 . . . B2 W′ (4.40)
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If L1 has a single element, as usual, W ′ is just a scalar; if more, a vector.. When a hierarchy has
only three levels, it is equivalent to the simple additive method. Hence Saaty’s formal hierarchy
approach is really worth utilizing when h > 3.

ELECTRE Method

The ELECTRE (Elimination et Choice Translating Reality) methodology was originally proposed
by Benayoun et al. (1966). Since then Roy (1977), Nijkamp and van Delft (1977) have developed
this method to the present state. ELECTRE measures the concordance level of the partial order
among alternatives first, then forms the possible aggregate order.

This method uses the concept of an outranking relationship by using pairwise comparison of alter-
natives for each attribute. The outranking relationship of two alternatives denoted as Ak → Al,
states that even though the kth alternative does not dominate lth alternative quantitatively, the
decision maker may still accept the risk of regarding Ak as almost surely better than Al (Roy,
1973). Through sequential assessments of the outranking relationships of all alternatives, the
dominated alternatives can be eliminated.

ELECTRE sets the criteria for the mechanical assessment of the outranking relationships. Hence
it elicits for each pair of alternative a concordance index and a discordance index . The former
represents the sum of weights of attributes for which alternative Ak is better than Ak; the latter
describes the counter–part of the concordance index. Finally a binary outranking relation be-
tween the alternatives is yielded as a result of the ELECTRE method.

The ELECTRE method is applied in situations where the less favored alternatives should be
eliminated and a leading core of alternatives should be produced; this holds particularly in cases
of a large number of alternatives with only a few attributes involved. It takes the following steps:

Step 1. Normalize the decision matrix

During this procedure the attribute scales xij are transformed into comparable scales. Each value
rij in the normalized decision matrix R

R =




r11 r12 . . . r1n

r21 r22 . . . r2n
...

...
. . .

...
rm1 rm2 . . . rmn




(4.41)

can be calculated as the normalized preference measure of the ith alternative in terms of the jth

criterion as

rij =
xij√√√√
m∑

i=1

x2
ij

so that all attributes have the same unit length of vector.
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Step 2. Weighting the normalized decision matrix

The weighted normalized decision matrix V is calculated by multiplying each column of the
matrix R with its associated weight wj as determined off–line by the decision maker; so it is
equal to

V = R·w =




v11 . . . v1j . . . v1n

v21 . . . v2j . . . v2n
...

...
vm1 . . . vmj . . . vmn




=




w1r11 . . . wjr1j . . . wnr1n

w1r21 . . . wjr2j . . . wnr2n
...

...
w1rm1 . . . wjrmj . . . wnrmn




(4.42)

where

w =




w1 0
w2

. . .
0 wm




and
n∑

i=1

wi = 1

Step 3. Define the concordance and discordance set

For each pair of alternatives k and l (k, l = 1, 2, . . . , m and k 6= l), the set of decision criteria
J = {j | j = 1, 2, . . . , n} is divided into two distinct subsets. The concordance set Ckl of two
alternatives Ak and Al is explained as the set of all attributes for which Ak is preferable to Al;
that is

Ckl = {j | xkj ≥ xlj} for j = 1, 2, . . . , n (4.43)

On the other hand, the complementary subset is called the discordance set , which is

Dkl = {j | xkj < xlj} = J − Ckl (4.44)

Step 4. Calculate the concordance and discordance matrices

The relative value of the elements in the concordance set is calculated by means of the concordance
index , which is equal to the sum of all the weights associated with those attributes which are
contained in the concordance set. Therefore, the concordance index ckl between Ak and Al is
defined as

ckl =
∑

j∈Ckl

wj/
n∑

j=1

wj

which for the normalized weight set reduces to

ckl =
∑

j∈Ckl

wj (4.45)
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with 0 ≤ ckl ≤ 1. The concordance index reflects the relative importance of Ak with respect to
Al: a higher value of ckl indicates that Ak is preferable to Al as far as the concordance criteria
are concerned. The successive values of the concordance indices ckl (k, l = 1, 2, . . . ,m and k 6= l)
form the concordance matrix C of (m× n) terms

C =




− c12 c13 . . . c1(m−1) c1m

c21 − c23 . . . c2(m−1) c2m
...

...
...

...
...

cm1 cm2 cm3 . . . cm(m−1) −




which is generally not symmetric.

The concordance index reflects the relative dominance of a certain alternative over a competing
one on the basis of the relative weight attached to the successive decision attributees. So far,
no attention has been paid to the degree to which the properties of a certain alternative Ak are
worse than the properties of a competing alternative Al.

Therefore a second index, called the discordance index , has to be defined as

dkl =
max
j∈Dkl

| vkj − vlj |
max
j∈J

| vkj − vlj | (4.46)

where 0 ≤ dkl ≤ 1 and terms v.,j denote the weighted normalized values forr the attribute jth. A
higher value of dkl implies that, for the discordance criteria, Ak is less preferable than Al, and a
lower value of dkl implies that Ak is more preferable than Al. The discordance indices form the
discordance matrix Dx of (m× n) terms

Dx =




− d12 d13 . . . d1(n−1) d1n

d21 − d23 . . . d2(n−1) d2n
...

dm1 dm2 dm2 . . . dm(n−1) −




which is generally an asymmetric matrix.

It should be noticed that the information contained in the concordance matrix C is considerably
different to that contained in the discordance matrix D, making the information content C and D

complementary. On the other hand, the concordance matric describes differences among weights,
whereas differences among attribute values are represented by means of the discordance matrix.

Step 5. Determine the concordance and discordance dominance matrices

These matrices can be calculated with the help of a threshold value for the concordance index
and the discordance index, respectively. That means that for the concordance index Ak will only
have a chance of dominating Al, if its corresponding concordance index ckl exceeds at least a
certain threshold value c̄, i.e.
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ckl ≥ c̄

This threshold value can be determined, for example, as the average concordance index, i.e.

c̄ =
m∑

k=1

m∑

l=1

ckl

m(m− 1)
; with k 6= l (4.47)

On the basis of the threshold value, the Boolean concordance dominance matrix F can be con-
structed, whose elements are determined as

fkl = 1 , if ckl ≥ c̄

fkl = 0 , if ckl < c̄



 (4.48)

Then each element of l on the matrix F represents the dominance of one alternative with respect
to another one.

The discordance dominance matrix G is constructed in a way analogous to the F matrix on the
basis of a threshold value d̄ to the discordance indices. The elements gkl of the matrix G are
calculated as

d̄ =
m∑

k=1

m∑

l=1

dkl

m(m− 1)
; with k 6= l (4.49)

where the unit elements of the Boolean matrix G defined as

gkl = 1 , if dkl ≤ d̄

gkl = 0 , if dkl > d̄



 (4.50)

represent the dominance relationships between any two alternatives.

Step 6. Determine the aggregate dominance matrix

The next step is to calculate the intersection of the concordance dominance matrix F and dis-
cordance dominance matrix G. The resulting matrix, called the aggregate dominance matrix E,
is defined by means of its typical elements ekl as follows

ekl = fkl ·gkl (4.51)

Step 7. Eliminate the less favorable alternatives

The aggregate dominance matrix E gives the partial–preference ordering of the alternatives. If
ekl = 1, the alternative Ak is preferable to the alternative Al for both the concordance criteria and
the discordance criteria, but Ak still has the chance of being dominated by the other alternatives.
Hence according to the ELECTRE procedure the condition that Ak is not dominated is
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ekl = 1 , for at least one l , l = 1, 2, . . . , m ; k 6= l

ekl = 0 , for all i, i = 1, 2, . . . , m ; i 6= k , i 6= l



 (4.52)

This condition appears difficult to apply, but the dominated alternatives can be easily identified
in the aggregate dominance matrix. If any column of the E matrix has at least one element of 1,
then this column is ‘ELECTREcally’ dominated by the corresponding row(s). Hence any column
which has an element of 1, will be simply eliminated .

A weak point of the ELECTRE method is the use of threshold values c̄ and d̄. These values are
rather arbitrary, although their impact on the final solution may be significant. For example, if
we take a threshold value of c̄ = 1, and d̄ = 0 for complete dominance, then it is rather difficult
to eliminate any of the alternatives. And by relaxing the threshold value (c̄ = 1 lowered; d̄ = 0
increased) the number of nondominated solutions can be reduced.

Nijkamp and van Delft (1977) have introduced the net dominance relationships for the comple-
mentary analysis of the ELECTRE method. First they define the net concordance dominance
value ck, which measures the degree to which the total dominance of the alternative Ak exceeds
the degree to which all competing alternatives dominate Ak, i.e.

ck =
m∑

l=1

ckl −
m∑

l=1

clk ; with l 6= k (4.53)

Similarly, the net discordance dominance value dk is defined as

dk =
m∑

l=1

dkl −
m∑

l=1

dlk ; with l 6= k (4.54)

Obviously Ak has a higher chance of being accepted with the higher ck and the lower dk. Hence
the final selection should satisfy the condition that its net concordance dominance value should be
at a maximum and its net discordance dominance at a minimum. If one of these conditions is not
satisfied, a certain trade–off between the values of ck and dk has to be carried out. The procedure
is to rank the alternatives according to their net concordance and discordance dominance values.
The alternative that scores on the average as the highest one can be selected as the final solution.

The ELECTRE method should be considered to be one of the best methods because of its simple
logic, full utilization of information contained in the decision matrix, and refined computational
procedure.

TOPSIS

The Technique for Order Preference by Similarity to the Ideal Solution (TOPSIS), initially pre-
sented by Yoon and Hwang (1980), is an alternative of the ELECTRE method. It is one of the
compromising methods among the compensatory techniques, which utilizes performance informa-
tion provided in the form of weights wi for each attribute. TOPSIS is attractive in that limited
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subjective input is needed from decision makers. It originates from the concept of displaced ideal
(Zeleny, 1974) according to which the selected alternative should have the shortest distance from
the (positive) ideal solution and the farthest from the negative–ideal solution. Commonly used
metrics are considered to measure distance from zenith and nadir points on whose relative close-
ness the preferred solution is adopted.

Then it is easy to locate the ideal solution which is composed of all best attribute values attainable,
and the negative–ideal solution composed of all worst attribute values attainable. One approach
is to take the alternative which has the (weighted) minimum Euclidean distance to the ideal
solution in a geometrical sense (Srinisavan and Shocker, 1973; Zeleny, 1974). Additionally, this
alternative must have the farthest distance from the negative–ideal solution. Sometimes the
chosen alternative, which has the minimum Euclidean distance from the ideal solution, also has
the shorter distance (to the negative–ideal) with respect to the other alternatives. Figure 4.3
shows an example where an alternative A1 has shorter distances (both to ideal solution A∗ and
to the negative–ideal solution A−) than A2. In this case it is very difficult to justify the selection
of A1.

Figure 4.3: Euclidean distances to the ideal and anti–ideal points in 2D space

TOPSIS considers both the distances to the ideal solution and the negative–ideal solutions simul-
taneously by taking the relative closeness to the ideal solution. This method is simple and yields
an indisputable preference order of solution.

The Algorithm

The TOPSIS method computes the following decision matrix, which refers to m alternatives that
are evaluated in terms of n attributes as follows
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X1 X2 . . . Xj . . . Xn

D =

A1

A2
...

Ai
...

Am




x11 x12 . . . x1j . . . x1n

x21 x22 . . . x2j . . . x2n
...

...
...

...
xi1 xi2 . . . xij . . . xin
...

...
...

...
xm1 xm2 . . . xmj . . . xmn




where xij denotes the performance measure of the ith alternative in terms of the jth attribute.

TOPSIS takes the cardinal preference information on attributes; that is, a set of weights for the
attributes is required. The solution depends upon the weighting scheme given by the decision
maker. Reliable methods for weight assessment have appeared (Chu et al., 1979; Saaty, 1977;
Zeleny, 1974) which enhanced utilization of this method. TOPSIS assumes each attribute in
the decision matrix to take either monotonically increasing or monotonically decreasing utility.
In other words, the larger the attribute outcomes, the greater the preference for the ‘benefit’
attributes and the less the preference for the ‘cost’ attributes. Further, any attribute which is
expressed in a non–numerical way should be quantified through an appropriate scaling technique.

The TOPSIS method can be expressed in a series of six successive steps as follows.

Step 1. Construct the normalized decision matrix

This process converts the various dimensional attributes into non–dimensional attributes, which
allows comparison across the attributes. One way is to take the outcome of each attribute divided
by the norm of the total outcome vector of the criterion at hand, also called the Euclidean length
of a vector . An element rij of the normalized decision matrix R can be calculated as

rij =
xij√√√√
m∑

i=1

x2
ij

obtained by all existing solutions; consequently, each attribute has the same unit length of vector.

Step 2. Construct the weighted normalized decision matrix

A set of weights w = (w1, w2, . . . , wj , . . . , wn),
∑

wj = 1, is accommodated to the decision matrix
in this step. This matrix can be calculated by multiplying each column of the matrix R with
its associated weight wj . Therefore, the weighted normalized decision matrix V is generated as
follows
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V = R·w =




v11 v12 . . . v1j . . . v1n
...

...
...

...
vi1 vi2 . . . vij . . . vin
...

...
...

...
vm1 vm2 . . . vmj . . . vmn




=




w1r11 w2r12 . . . wjr1j . . . wnr1n
...

...
...

...
w1ri1 w2ri2 . . . wjrij . . . wnrin

...
...

...
...

w1rm1 w2rm2 . . . wjrmj . . . wnrmn




Step 3. Identify the ideal and negative-ideal solutions

The ideal solution A∗, and the negative–ideal solution, denoted as A−, are defined respectively
as

A∗ = {(max
i

vij | j ∈ J), (min
i

vij | j ∈ J ′), i = 1, 2, . . . , m} =

{v∗1, v∗2, . . . , v∗j , . . . , v∗n} (4.55)

A− = {(min
i

vij | j ∈ J), (max
i

vij | j ∈ J ′), i = 1, 2, . . . , m} =

{v−1 , v−2 , . . . , v−j , . . . , v−n } (4.56)

where

J = {j = 1, 2, . . . , n | j associated with benefit criteria}
J ′ = {j = 1, 2, . . . , n | j associated with cost criteria}

Then it is obvious that the previous created alternatives A∗ and A− represent the most preferable
alternative, i.e. the ideal solution, and the least preferable alternative or negative–ideal solution,
respectively.

Step 4. Develop the separation measure over each attribute to both ideal and nadir

The separation distances of each alternative from the ideal solution and the non–ideal solution
are measured by the n–dimensional Euclidean metrics. That means Si∗ is the distance (in an
Euclidean sense) of each alternative from the ideal solution and is defined as

Si∗ =

√√√√
n∑

l=1

(vij − v∗j )2 , i = 1, 2, . . . , m (4.57)

Similarly, the separation from the negative–ideal solution is given by

Si− =

√√√√
n∑

l=1

(vij − v−j )2 , i = 1, 2, . . . , m (4.58)

Step 5. Determine the relative closeness to the ideal solution
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The relative closeness of an alternative Ai to the ideal solution A∗ is represented by

Ci∗ =
Si−

Si∗ + Si−
, where 0 < Ci∗ < 1 , i = 1, 2, . . . , m (4.59)

Apparently an alternative Ai is closer to the ideal solution A∗ as Ci∗ approaches to 1. Thus
Ci∗ = 1, if Ai = A∗, and Ci∗ = 0, if Ai = A−.

Step 6. Rank the preference order among alternatives

Now a preference order can be ranked according to the descending order of Ci∗ . Therefore, the
best alternative is the one with the shortest distance to the ideal solution and with the largest
distance from the non–ideal solution.

SAW reviewed through TOPSIS

Probably the best known and widely used MADM method is the Simple Additive Weighting
(SAW) method. This method is so simple that some decision makers are reluctant to accept the
solution. In this section the SAW method is reexamined through the concept of TOPSIS.

SAW chooses an alternative which has the maximum weighted average outcome. That is, to select
A+ such that

A+ =



Ai | max

n∑

j=1

wjrij/
n∑

j=1

wj





where
∑

wj = 1 and rij is the normalized outcome of Ai with respect to the jth benefit criterion
(cost criterion is converted to the benefit by taking the reciprocal before normalization). The
chosen alternative A+ can be rewritten by

A+ =



Ai | max

n∑

j=1

vij





Let the separation measure in TOPSIS be defined by the city block distance (Dasarathy, 1976)
instead of the Euclidean distance; then the separation between Ai and Ak can be written as

Sik =
n∑

j=1

| vij − vkj | , i, k = 1, 2, . . . ,m ; i 6= k

This city block distance measure has the following useful relationship for the separation measures
to both ideal and anti–ideal solutions (Yoon, 1980)

Si∗ + Si− = S∗− = K

where K is a positive constant.
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This relationship states that any alternative which has the shortest distance to the ideal solution
is guaranteed to have the longest distance to the negative–ideal solution. This is not true for the
Euclidean distance measure (see Fig. 4.3). Now the relative closeness to the ideal solution can
be simplified as

Ci∗ =
Si−

S∗−
, i = 1, 2, . . . , m

If one assumes that the chosen alternative A+ can be described as

A+ = {Ai | max Ci∗}

Dasarathy (1976) proved that

A+ =



Ai | max

n∑

j=1

vij



 = {Ai | max Ci∗}

so that it can be concluded that the result of SAW is a special case of TOPSIS using the city
block distance.

4.4.4 Methods for Trade-Offs

A shipowner sometimes trades in a second–hand ship plus some amount of money for a new ship
based upon his/her acceptance of the marker offer. The procedure for this commercial transaction
is applied in multiple attribute decision making situations. If he/she can settle for a lower value
on one attribute (e.g., reduce an amount in his/her own capital), how much can he/she expect to
get the improved value of another attribute (e.g., long–term profit)? Another specific example in
choosing a ship is that if the shipowner is willing to lower the range value of a ship, how much
passenger space can he/she get if other properties remain the same?

Most MADM methods except the noncompensatory model deal with trade–offs implicitly or ex-
plicitly. A trade–off is a ratio of the change in one attribute that exactly offsets a change in
another attribute. A decision maker is assumed to give equal preference value to any alternative
located on an indifference curve.

Here a method is discussed where trade–off information is explicitly utilized. Marginal rate
of substitution (MRS) and indifference curves are the two basic terms describing the trade–off
information.

Marginal Rate of Substitution

Suppose that in a ship selection problem, where two attributes x1 (range) and x2 (payload) are
specified desirable attributes while other attributes remain equal, the decision maker is asked: if
x2 is increasedby ∆ units, how much does x1 have to decrease in order for the decision maker to



130 CHAPTER 4. MULTICRITERIAL SELECTION METHODS

remain indifferent? Clearly, in many cases, the answer will depend on the levels x1 of x1 and x2

of X2. If, at a point (x1, x2) the decision maker is willing to give up λ∆ units of X1 for ∆ units
of x2, then it will be said that the marginal rate of substitution (MRS) of x1 for x2 at (x1, x2)
is λ. In other words, λ is the amount of x1 the decision maker is willing to pay for a unit of
x2 giventhat he/she presently has x1 of x1 and x2 of x2 (see Fig. 4.4). The marginal rate of
substitution is the rate at which one attribute can be used to replace another.

Figure 4.4: The marginal rate of substitution as a function of X1 and X2

Making trade–offs among three attributes is usually more difficult than making trade–offs be-
tween two attributes. Hence only pairs of attributes are usually considered at a time.

It should be noted that when two attributes are independent of each other (noncompensatory),
trade–offs between these attributes are not relevant. In this case it is not possible to get a higher
value on one attribute even though one is willing to give up a great outcome of another attribute.

The marginal rate of substitution usually depends on the levels of x1 and x2, that is, on (x1, x2).
For example, suppose the substitution rate at (x1, x2), the point b in Figure ??, is λb. If x1 is
held fixed, one might find that the substitution rates increase with a decrease in x2 and decrease
with an increase in x2 as shown at points a and c in Figure ?? for x1 (range) and x2 (payload).
The changes in the substitution rates mean that the more of x2 one has, the less of X1 he/she
would be willing to give up to gain additional amounts of x2 and the sacrifice of x1 is less at
point c than at point a. This implies that the MRS at which the decision maker would give up
x1 for gaining X2 decreases as the level of x2 increases, i.e., the marginal rate of substitution
diminishes.
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Indifference Curves

Let us consider again the ship selection problem with x1 (fuel consumption per day) and x2

(payload expressed by the passenger space). Consider A1 as a reference point, a ship whose fuel
consumption is 26 tons per day (tpd) and whose individual cabin space is 81 ft3. A1 can be
expressed, then, as the point (26, 81) in Figure 4.5. The indifference curve would require a new
alternative, say A2 (20, 95), that the decision maker would deem equivalent in preference to A1.
By obtaining a number of such points, it would be possible to trace out a curve of indifference
through A1. The indifference curve is, then, the locus of all attribute values indifferent to a
reference point. The decisin maker can draw any number of indifference curves with different
reference points.

Figure 4.5: A set of indifference curves

The indifference curve can be thought of as the locus of a set of alternatives among which the de-
cision maker is indifferent. It is particularly useful because it divides the set of all attribute values
into (i) those indifferent to the reference point, (ii) those preferred to the reference point, and (iii)
those to which the reference point is preferred. It is well known that any point on the preferred
side of the indifference curve is preferred to any point on the curve or on the non–preferred side of
the curve. Hence, if the decision maker is asked to compare A1 with any other alternative, he/she
can immediately indicate a choice. However, if several points are given on the preferred side of
the indifference curve, nobody can say which is he most preferred. It would be necessary to draw
new indifference curves. See the preference relationships of A1 ' A2 > A3 > A4 in Figure 4.5.

Three major properties are assumed for indifference curves (MacCrimmon and Toda, 1969). The
first property is non–intersection as opposite to.Intersection which implies an intransitivity of
preference and its occurrence would generally indicate a rushed consideration of preferences. The
second property relates to the desirability of the attributes considered.:if one assumes both at-
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tributes are desirable, then in order to get more of one attribute he/she would be willing to give
up some amount of a second attribute. This leads to a negatively sloped curve in the preference
origin. Thee third property is an empirical matter, in the sense that the indifference curves are
assumed to be convex to the preference origin. This implies that the marginal rate of subsitution
diminishes. Note that the slope of indifference curves in Figure 4.5 gets steeper as the curves are
moved up (from right to left). Also it can be observed that the MRS at (x1, x2) is the negative
reciprocal of the slope of the indifference curve at (x1, x2). Thus if indifference curves are drawn,
then the decision maker can directly calculate the marginal rate of subsitution.

MacCrimmon and Toda (1969) suggest some effective methods for obtaining indifference curves.
One of their methods has the three types of structured procedures: (i) generating points by fixing
only one attribute; (ii) generating points by fixing both attributes, but fixing them one at a time;
and (iii) generating points by fixing both attributes simultaneously.

Indifference curves in TOPSIS

The two different separation measures of TOPSIS (by the city block distance and Euclidean
distance) were introduced in the previous sections. Here they are contrasted with the concept of
trade–offs Mathematically, if an indifference curve passing through a point (v1, v2) is given by

f(v1, v2) = c (4.60)

where f is a value function and c is a constant, then the marginal rate of substitution, λ, at
(v1, v2) can be obtained as

λ =
(
−dv1

dv2

)

(v1,v2)
=

(
∂f/∂v2

∂f/∂v1

)

(v1,v2)

(4.61)

SAW or TOPSIS with city block distance measure has the value function of

f(v1, v2) = v1 + v2 (4.62)

The MRS is then given by λ = 1 (actually λ = w2/w1 in x1 and x2 space). This implies that the
MRS in SAW is constant between attributes, and the indifference curves form straight lines with
the slope of -1. A constant MRS is a special rare case of MRS, which implies that the local MRS
is also the global MRS.

TOPSIS with Euclidean distance measure has the value function of

f(v1, v2) =
Si−

Si− + Si∗
= c =

√
(v1 − v−1 )2 + (v2 − v−2 )2√

(v1 − v−1 )2 + (v2 − v−2 )2 +
√

(v1 − v∗1)2 + (v2 − v∗2)2
(4.63)



4.4. METHODS FOR INFORMATION ON ATTRIBUTES 133

The MRS is now calculated by

λ =
S2

i− (v∗2 − v−2 ) + S2
i∗ (v2 − v−2 )

S2
i− (v∗1 − v−1 ) + S2

i∗ (v1 − v−1 )
(4.64)

It is evident that the marginal rate of substitution depends on the levels of v1 and v2 except at
the point where distances to the ideal and negative–ideal solution are equal, e.g., when Si∗ = Si− .
In this case ,

λ =
v∗2 − v−2
v∗1 − v−1

(4.65)

and it is not easy to illustrate the general shapes of the indifference curves.

If the value function is rewritten as

cSi∗ − (1− c)Si− = 0 (4.66)

where 0 < c < 1, this expression indicates a variation of hyperbola where the difference of its
weighted distances from the ideal and negative–ideal points is zero.

Figure 4.6: Typical indifference curves observed in TOPSIS

Some typical indifference curves are shown in Figure 4.6. Any curves with Ci∗ ≥ 0.5 are convex
to the preference origin, which indicate the property of the diminishing MRS observed in most
indifference curves (MacCrimmon and Toda, 1969), whereas indifference curves with Ci∗ ≤ 0.5
are concave to the preference origin. This is an unusual case of indifference curves, but it may
be interpreted as a risk–prone attitude resulting from a pessimistic situation; when a decision
maker recognizes his/her solution is closer to the negative-ideal than to the ideal one, he/she is
inclined to take one which has the best attribute with the other worst attribute rather than to
take one which has two worse attributes. Hence this approach can be viewed as an amalgamation
of optimistic and pessimistic decision methods which is presented by the Hurwirtz rule (Hey,
1979).
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Hierarchical Trade–Offs

When interdependency exists among attributes, the consideration of trade–offs allows us to make
the alternatives much more comparable than they are initially. That is, the decision maker can
make alternatives equivalent for all attributes except one by trade–offs, and then evaluate the
alternatives by the attribute values of the remaining one (Mac Crimmon, 1969; MacCrimmon
and Wehrung, 1977).

The simplest way to deal with trade–offs on n attributes is to ignore all but two attributes; then
attributes are discarded one by one through the trade–offs between the natural combination of two
attributes. The indifference curves easily facilitate this equalization process. Suppose alternatives
are located on the indifference curves. The one attribute level can be easily driven to the same
level, and the corresponding modified value of the other attribute is read. The attribute which is
driven to the same level (called base level) is no longer necessary for further consideration. If this
procedure can be carried through for pairs of the remaining (n − 2) attributes, one will have a
new set of n/2 attributes. Similarly, if these composite attributes also have pairs of natural com-
binations, the decision maker can consider the trade–offs among the pairs and use the indifference
curves he/she obtains to scale a new higher order composite attribute. The decision maker can
continue this hierarchical combination until he/she obtains two high–order composite attributes
for which he/she again forms the trade–off. In the end, all the attributes might be be incorporated.

To select the preferred alternative with this approach, the decision maker must be able to locate
it in the final composite space. This can be done by assuring that each alternative is on an
indifference curve in the initial spaces; thus, the combination of values defining an alternative
will be one of the scale values for the new attribute. By including these combinations on an
indifference curve each step of the way, the decision maker can ensure that the alternatives will
be representable in the highest order space finally considered.

The use of this method requires that the attributes be independent among the initial classes.
That is, while the trade–off between any initial pair can be nonconstant and highly interrelated,
this trade–off cannot depend on the level of the other attributes. This restriction suggests that
a useful way to form the initial pairs is by grouping attributes that seem relatively independent
from the other ones.

A drawback of the hierarchical trade–off analysis with two attributes at a time may be its slowness
in reducing attributes. MacCrimmon and Wehrung (1977) propose the lexicographic trade–offs
for eliminating this difficulty. If the most important class by the lexicographic method has more
than one attribute, the decision maker forms trade–offs among these attributes. The second most
important class of attributes is considered only if there are several alternatives having equally
preferred attribute values in the most important class. This extended lexicography overcomes the
noncompensatory characteristic of the standard lexicography by considering trade–offs within a
class.

Trade–off information is more useful when designing multiple attribute alternatives than when
choosing among final versions of them.
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Chapter 5

Optimization Methods

The subject which started as operation research during the Second World War has grown theoret-
ically and also in its applications to a variety of problems in different fields, such as engineering,
economics and management. In its more comprehensive sense, which includes data collection,
mathematical modelling, solutions of mathematical problems and improvements through feedback
of results, the subject has come to be known as systems analysis. The mathematical contents of
systems analysis concerned with optimization of objectives may be grouped under the heading
optimization methods, which form the subject matter of this chapter.

5.1 Introduction

Optimization is the act of achieving the best result under given conditions. In design, construc-
tion, and maintenance of any technical system, engineers have to take many technological and
managerial decisions at several stages. The ultimate goal of whichever decision is to either mini-
mize the effort required or maximize the desired benefit. Since the effort required or the benefit
desired in any practical situation can be expressed as a function of certain decision variables,
optimization can be defined as the process of finding the conditions that give the maximum or
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minimum value of a function. It can be seen from Figure 5.1 that if a point x∗ corresponds to
the minimum value of function f(x), the same point also corresponds to the maximum value of
the negative of the function, −f(x). Thus, without loss of generality, optimization can be taken
to mean minimization since the maximum of a function can be found by seeking the minimum
of the negative of the same function.

Figure 5.1: Minimum of f(x) is same as maximum of −f(x)

A vector of objective functions is denoted as f(x) with components fi(x), i=1, ..., n. The standard
form of an optimization problem assumes that all the objective functions are to be minimized. If
there is a problem where some function f(x) is to be maximized instead, it can be transformed
to the standard form by minimizing f(x) = −f(x).

Design problems are translated into mathematical optimization problems by defining several el-
ements of the mathematical problem. The first is to specify design variables, which the design
team can change in order to optimize its design. The second is to define objective functions, which
are figures of merit to be minimized or maximized. The third is to identify constraint functions,
which specify limits that must be satisfied by the design variables.

If an n–dimensional cartesian space with each coordinate axis representing a design variable xi is
considered, this space is called the design space. Each point in the design space is called a design
point , which represents a feasible, or non–dominated solution to the design problem.

Solving a problem with a multiobjective functions is much more complicated than solving a prob-
lem with a single objective function. The solution to an optimization problem with a single
objective is usually a single design point. On the contrary, when there are multiple objectives,
the solution is usually a subspace of designs. This subspace is characterized by the condition
(called Pareto optimality) that no objective function can be improved without some deteriora-
tion in another objective function. Because of the complexity associated with multiple objective
functions, for the time being focus will be put mostly on problems with a single objective.
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The optimum searching methods are also known as mathematical programming techniques and are
generally studied as a part of operation research. Operation research is a branch of mathematics
which is concerned with the application of scientific methods and techniques to decision–making
problems and with establishing the best or optimal solutions.

There is no single method available for solving all kinds of optimization problems efficiently.
Hence a number of optimization methods have been developed for solving different types of op-
timization problems. These methods can be broadly divided in three categories:

1. Mathematical programming techniques
• Calculus methods
• Calculus of variations
• Geometric programming
• Linear programming
• Integer programming
• Nonlinear programming
• Quadratic programming
• Stochastic programming
• Multiobjective programming
• Dynamic programming
• Theory of games
• Network methods

2. Stochastic process techniques
• Statistical decision theory
• Markov processes
• Queueing theory
• Simulation methods
• Reliability theory

3. Statistical methods
• Regression analysis
• Cluster analysis, patter recognition
• Design of experiments
• Factor analysis

The mathematical programming techniques are useful in finding the minimum of a function of sev-
eral variables eventually under a prescribed set of constraints. The stochastic process techniques
can be used to solve problems which are described by a set of random variables having known
probability distributions. The statistical methods enable one to analyze experimental data and
databases in order to build empirical models which should provide the most accurate representa-
tion of a physical phenomenon. This chapter essentially deals with the theory of mathematical
programming techniques that are suitable for the solution of engineering problems. Some statis-
tical methods are discussed in Chapter 6.
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5.2 Historical Development

The existence of optimization methods can be traced back to the days of Newton, Lagrange and
Cauchy. The development of differential calculus methods for optimization was possible because
of the contributions of Newton and Leibnitz. The foundations of calculus of variations were laid
by Bernoulli, Euler, Lagrange and Weierstrass. Cauchy made the first application of the steepest
descent method to solve unconstrained minimization problems. The method of optimization for
constrained problems, which involves the addition of unknown multipliers, became known by the
name of its inventor, Lagrange. In spite of these early contributions, very little progress was
made until the middle of the twentieth century, when high–speed digital computers made the
implementation of the optimization procedures possible and stimulated further research on new
methods. Spectacular advances followed, producing a massive literature on optimization tech-
niques and the emergence of several new areas in optimization theory.

It is interesting to note that the major developments in the area of numerical methods of uncon-
strained optimization have been made in the United Kingdom only in the 1960s. The development
of the simplex method by Dantzig in 1947 for linear programming problems and the statement
of principle of optimality by Bellman in 1957 for dynamic programming paved the way for the
development of the methods of constrained optimization. The work by Kuhn and Tucker in 1951
on the necessary and sufficient conditions for the optimal solution of programming problems laid
the foundations for a great deal of later research in nonlinear programming . Although no single
technique has been refined to be universally applicable for nonlinear programming problems, the
works by Carroll and Fiacco, and McCormick as well, made many difficult problems feasible to
solve by using the well–known techniques of unconstrained optimization. Geometric programming
was developed in the 1960s by Duffin, Zener and Peterson. Gomory did pioneering work in in-
teger programming , which is one of the most exciting areas of optimization, since most of the
real–world applications fall under this category of problems. Dantzig and Chames, and Cooper
as well, developed stochastic programming techniques and solved some optimization problems by
assuming design parameters to be independent and normally distributed. The desire to optimize
more than one objective or goal while satisfying the physical constraints led to the development
of multiobjective programming methods. Goal programming is a well known technique for solv-
ing specific types of multiobjective optimization problems. It was originally proposed for linear
problems by Chames and Cooper. Network analysis methods are essentially management control
techniques and were developed during the 1950s. The foundations of the theory of games were
laid by von Neumann in 1928 and since then it has been applied to solve several mathematical
economics and military problems.

Except for industrial engineering problems, there are very few linear problems in engineering
design. A bulk of research work has gone into developing nonlinear techniques, and literally
dozen of numerical techniques have been developed. However, none have been as successful as
the linear case, which guarantees a global optimum in a finite number of steps. Despite this, there
are a number of good nonlinear methods that work successfully in most applications (Fletcher,
1970; Siddall, 1972).
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5.3 Statement of an Optimization Problem

Optimization problems can be formulated using widely varying notation, which can inhibit ef-
fective communication about mathematical properties, algorithms and software. For this reason,
there is a tendency to adopt a standard form of optimization formulation. Unfortunately, this
tendency has not yet been fully realized, and the standard form described in this section is not
universal, although it is quite common in engineering optimization textbooks.

The standard formulation of a mathematical programming problem for a single objective function
can be stated as

Find x = {x1, x2, . . . , xn} which minimizes f(x)

subject to the constraints gj(x) ≤ 0 , j = 1, 2, ..., m

hk(x) = 0 , k = 1, 2, ..., p

with xL ≤ x ≤ xU





(5.1)

where x is an n–dimensional vector called the design vector, f(x) is called the objective function,
and gj and hk are the inequality and equality constraints, respectively. Vectors xL and xU denote
the lower limit vector and upper limit vector, respectively.

The number of variables n and the number of constraints m and/or p need not be related in any
way. The problem stated in equation (5.1) is called a constrained optimization problem 1.

When an optimization problem does not involve any constraint, then it is called an unconstrained
optimization problem and can be stated simply as

Find x = {x1, x2, . . . , xn} which minimizes f(x) (5.2)

5.3.1 Definitions

It is worthwhile to establish a common language at least for the most important definitions in
mathematical programming problems. They are design vector distinguishing between variables
and parameters, sinngle and multiobjective function, design constraints (functional and geomet-
ric, active and inactive), feasible solution and feasible domain, simple and composite constraint
surface, free and bound design point.

Design vector

Any engineering system or component is described by a set of quantities some of which are viewed
as variables during the design process. In general certain quantities are usually fixed from the
outset and these are called preassigned parameters. The vector of design variables is denoted

1In the mathematical programming problems, the equality constraints hk(x) = 0 , k = 1, 2, ..., p are often
neglected, for simplicity, in the statement of a constrained optimization problem although several methods are
available for handling problems with equality constraints.
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as x with components x1, x2, ..., xn, denoting the n design variables. In general, vectors are
denoted by bold characters, whereas their components have the same character in regular font,
with subscripts indicating the component number. Design variables can be real or integer or
binary ; they can be continuous or discrete.

When optimization problems are solved numerically, there is substantial advantage in scaling all
quantities to avoid ill–conditioned problems. It is customary to scale all design variables so that
they are all of order 1. Besides improving the numerical conditioning of the problem, this practice
also creates unit–independent design variables, which is often an advantage.

Design constraints

In many practical problems, the design variables have to satisfy certain specified functional and
other requirements. The restrictions that must be satisfied in order to produce an acceptable
design are collectively called design constraints. The constraints which represent limitations on
the behavior or performance of the technical system are termed as behavior or functional con-
straints. The constraints which represent physical limitations on the design variables are known
as geometric constraints.

In engineering applications most constraints are inequality constraints. However, occasionally
equality constraints are also used. As in the case of design variables, it is worthwhile to trans-
form constraints into non-dimensional forms of similar magnitudes. A common convention is
to normalize the constraint so that a value of -0.1 indicates a 10% margin, while a value of 0.1
indicates a 10% violation.

A constraint which is satisfied with a margin is called inactive. A constraint with a negative
value is called violated . When gj(x) = 0, the constraint is active. A design point which satisfies
all the constraints is called feasible, while a design point which violates even a single constraint is
called infeasible. The collection of all feasible points is called the feasible domain, or occasionally
the constraint set .

Constraint surface

For illustration, consider an optimization problem with only inequality constraints gj(x) ≤ 0.
The set of values of x that satisfy the equation gj(x) = 0 forms a hypersurface in the design
space, which is called a constraint surface. The constraint surface divides the design space into
two regions; one in which gj(x) < 0 and the other in which gj(x) > 0. Thus, the points lying on
the hypersurface will satisfy the constraint gj(x) critically whereas the points lying in the region
where gj(x) < 0 are feasible. The set of all the constraint surfaces gj(x) = 0 , j = 1, 2, . . . , m,
which separates the feasible region, is called the composite constraint surface.

Figure 5.2 shows a hypothetical two–dimensional design space where the unfeasible region is in-
dicated by hatched lines. A design point which lies on one or more than one constraint surface
is called a bound point and the associated constraint is called an active constraint. The design
points which do not lie on any constraint surface are known as free points. Depending upon
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whether a particular design point belongs to the feasible or unfeasible region, it can be identified
as one of the following four types:

• free feasible point,

• free unfeasible point,

• bound feasible point,

• bound unfeasible point.

Figure 5.2: Constraint surfaces in a 2D design space

Objective function

The conventional design procedures aim to find a feasible design, which merely satisfies the func-
tional, geometric and other requirements of the problem. In general, there will be more than
one acceptable design and the purpose of optimization is to choose the best one out of the many
acceptable designs available. Thus a criterion has to be chosen for comparing the different feasible
designs and for selecting the best one. The criterion with respect to which the design is optimized,
when expressed as a function of the design variables is known as criterion or merit or objective
function. The choice of the objective function is governed by the nature of the problem. For
example, the objective function for minimization may be generally taken as steel weight in ship,
aircraft and aerospace structural design problems. The maximization of mechanical efficiency is
the obvious choice of an objective in mechanical engineering systems design.

However, there may be cases where the optimization with respect to a single objective may lead to
results which may not be satisfactory with respect to another criterion. For example, in propeller
design the geometry establihed for maximizing efficiency might not correspond to the one that
would minimize the induced pressure forces. Similarly, in statically indeterminate structures, the
fully stressed design may not correspond to the minimum weight and the minimum weight design,
again, may not be the cheapest one. Thus selection of the objective function can be one of the
most important decisions in the optimization stages of the design process.
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In many situations, it could feasible or even necessary to identify more than one criterion to
satisfy simultaneously. For example, a gear-pair may have to be designed for minimum weight
and maximum efficiency while transmitting a specified horse power. With multiple objectives
there arises possibility of conflict and one simple way to handle the problem is to take the actual
objective function as a linear combination of the conflicting multiple objective functions. Thus,
if f1(x) and f2(x) are the two objective functions, it is possible to construct a new objective
function for optimization as

f(x) = α1 f1(x) + α2 f2(x) (5.3)

where α1 and α2 are preference weights whose values indicate the importance of one objective
function relative to the other.

Objective function surfaces.

The locus of all points satisfying f(x)= c = constant forms a hypersurface in the design space
and for each value of the constant c there corresponds a different member of a family of surfaces.
These surfaces, called the objective function surfaces, are shown in a hypothetical two–dimensional
design space in Figure 5.3.

Figure 5.3: Contours of the objective function

Once the objective function surfaces are drawn along with the constraint surfaces, the optimum
point can be determined without much difficulty. But the main problem is that as the number
of design variables exceeds two or three, the constraint and objective function surfaces become
complex even for visualization and the problem has to be solved purely as a mathematical problem.
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5.3.2 Graphical Optimization

When the design problem can be formulated in terms of only two design variables, graphical
methods can be profitably used to solve the problem and gain understanding on the nature of the
design space. As visualizing the design space is a powerful tool for understanding the trade-offs
associated with a design problem, graphical methods are often used even when the number of
design variables is greater than two. In that case, one looks at special forms of the design problem
with some of the design variables frozen, and two allowed to vary.

The first step in solving an optimization problem graphically is to visualize the dependence of the
objective function on two design variables. Figure 5.4 shows a map of the dependence of vertical
acceleration in a cabin of a ro–ro/pax vessel on two hull form geometrical variables. The region
where the acceleration values are higher are dark, while the region where the acceleration values
are lower are light. The curved lines separating bands of shadings are called function contours.
Along these lines the vertical acceleration is constant, so that they are akin to isotherms or isobars
on a weather map.
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Figure 5.4: Vertical accelerations for a family of ro-ro vessels

5.4 Classical Optimization Techniques

The classical methods of optimization techniques are useful in finding the optimum of continuous
and differentiable functions. These methods are analytical and make use of the techniques of
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differential calculus in locating the optimum points. Since some of the practical problems in-
volve objective functions that are not continuous and/or differentiable, the classical optimization
techniques have limited scope in practical applications. However, a study of the calculus meth-
ods of optimization forms a basis for developing most of the numerical techniques of optimization.

This section presents the necessary and sufficient conditions in locating the optimum of a single
variable function, a multivariable function without constraints, and multivariable function with
equality and inequality constraints. The application of differential calculus will be considered
in the unconstrained optimization of single and mu1tivariable functions. The methods of direct
substitution, constrained variation and Lagrange multipliers will be discussed for the minimization
of a function of several variables subject to equality constraints. The application of Kuhn–Tucker
necessary conditions for the solution of a general nonlinear optimization problem with inequality
constraints is illustrated. The convex programming problem is also defined, for which the Kuhn–
Tucker conditions are both necessary and sufficient.

5.4.1 Single Variable Optimization

It occurs rather rarely in practice that the optimum value of a function of just one variable is
required. However, several numerical techniques for nonlinear programming require its usage as
part of the computation strategy.

A function of one variable f(x) is said to have a relative or local minimum at x = x∗ if
f(x∗) ≤ f(x∗+h) for all sufficiently small positive and negative values of h. Similarly a point x∗

is called a relative or local maximum if f(x) ≥ f(x∗+h) for all values of h sufficiently close to zero.

A function f(x) is said to have a global or absolute minimum at x∗ if f(x∗) ≤ f(x) for all x in
the domain over which f(x) is defined. Similarly a point x∗ will be a global maximum of f(x)
if f(x∗) ≥ f(x) for all x in the domain. Figure 5.5 shows the difference between the relative and
the global optimum points.

Figure 5.5: Relative and global minima

A single variable optimization problem is one in which the value of x = x∗ is to be found in the
interval [a, b] such that x∗ minimizes f(x). The following two theorems provide the necessary and
sufficient conditions for the relative minimum of a function of a single variable.
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Necessary Condition: theorem 1. If a function f(x) is defined in the interval a ≤ x ≤ b and
has a relative minimum at x = x∗ where a ≤ x∗ ≤ b , and if the derivative df(x)/dx = f ′(x)
exists as a finite number at x = x∗ , then f ′(x∗) = 0.

Discussion

1. This theorem can be proved even if x∗ is a relative minimum.
2. The theorem does not say what happens if a minimum or maximum occurs at a point x∗

where the derivative fails to exist (Fig. 5.6). If f ′(x∗) does not exist, the above theorem is
not applicable.

3. The theorem does not say what happens if a minimum or maximum occurs at an end point
of the interval of definition of the function.

4. The theorem does not say that the function necessarily will have a minimum or maximum
at every point where the derivative is zero; it may happen that this point is neither a min-
imum nor a maximum. In general, a point x∗ at which f ′(x∗) = 0 is called a stationary
point .

Figure 5.6: Derivative undefined at x∗

If the function f(x) possesses continuous derivatives of every order in the neighborhood of x = x∗,
the following theorem provides the sufficient condition for the minimum or maximum value of
the function.

Sufficient Condition: theorem 2. Let f ′(x∗) = f ′′(x∗) = ... = f (n−1)(x∗) = 0, but f (n)(x∗) 6=
0. Then f(x∗) is (i) a minimum value of f(x) if f (n)(x∗) > 0 and n is even, (ii) a maximum
value of f(x) if f (n)(x∗) < 0 and n is even, (iii) neither a maximum nor a minimum if n is odd .

In the latter case the point x∗ is called an inflection point .

5.4.2 Multivariable Optimization without Constraints

Discussion of the necessary and sufficient conditions for the minimum or maximum of a function
of multiple variables without any constraints, it is necessary to formulate Taylor’s series expan-
sion of a multivariable function, which previously requires definition of the rth differential of that
function.
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Definition of the rth differential of a multivariable function

If all partial derivatives of the function f through order r ≥ 1 exist and are continuous at a point
x∗, then the polynomial

drf(x∗) =
n∑

i=1

n∑

j=1

...
n∑

k=1

hi hj ...hk
∂rf(x∗)

∂xi ∂xj ... ∂xk
(5.4)

is called the rth differential of f at x∗. Notice that there are r summations and one hi is associ-
ated with each summation in equation (5.4).

For example, when r = 2 and n = 3, one has

drf(x∗) = d2f(x∗1, x
∗
2, x

∗
3) =

3∑

i=1

3∑

j=1

hihj
∂2f(x∗)
∂xi∂xj

= h2
1

∂2f(x∗)
∂x2

1

+ h2
2

∂2f(x∗)
∂x2

2

+ h2
3

∂2f(x∗)
∂x2

3

+

2h1h2
∂2f(x∗)
∂x1∂x2

+ 2h1h3
∂2f(x∗)
∂x1∂x3

+ 2h2h3
∂2f(x∗)
∂x2∂x3

Taylor’s series expansion

The Taylor’s series expansion of a function f(x) about a point x∗ is given by

f(x) = f(x∗) + df(x∗) +
1
2!

d2f(x∗) +
1
3!

d3f(x∗) + . . . +
1
n!

dnf(x∗) + Rn(x∗),h) (5.5)

where the last term is called the remainder, and is given by

Rn(x∗ (h) =
1

(n + 1)!
d(n+1)f(x∗ + θ h)

where 0 < θ < 1, and h = x− x∗.

Necessary Condition (theorem 3). If f(x) has an extreme point (maximum or minimum) at
x = x∗, and if the first partial derivatives of f(x) exist at x∗, then

∂f

∂x1
(x∗) =

∂f

∂x2
(x∗) = . . . =

∂f

∂xn
x∗ = 0 (5.6)

Sufficient Condition (theorem 4). A sufficient condition for a stationary point x∗ to be an
extreme point is that the matrix of second partial derivatives (Hessian matrix) of f(x) evaluated
at x∗ is (i) positive definite when x∗ is a minimum point, and (ii) negative definite when x∗ is
a maximum point .
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Note: A Matrix A is positive definite if all its eigenvalues are positive, i.e. all the values of λ,

which satisfy the determinant equation

| A− λ I |= 0

are positive.

Saddle Point

In the case of a function of two variables, f(x, y), the Hessian matrix may be neither positive nor
negative definite at a point (x∗, y∗) at which

∂f

∂x
=

∂f

∂y
= 0

In such a case, the point (x∗, y∗) is called a saddle point . The characteristic of a saddle point is
that it corresponds to a relative minimum or maximum of f(x, y) with respect to one variable,
say, x (the other variable being fixed at y = y∗) and a relative maximum or minimum of f(x, y)
with respect to the second variable y (the other variable being fixed at x = x∗).

Figure 5.7: Saddle point of the function f(x, y) = x2 − y2

As an example, consider the function f(x, y) = x2 − y2. For this function,

∂f

∂x
= 2x and

∂f

∂y
= −2y

These first derivatives are zero at x∗ = 0 and y∗ = 0. Since the Hessian matrix of f at (x∗, y∗) is
neither positive definite nor negative definite, the point (x∗ = 0, y∗ = 0) is a saddle point. The
function is shown in Figure 5.7. It can be seen that f(x, y∗) = f(x, 0) has a relative minimum
and f(x∗, y) = f(0, y) has a relative maximum at the saddle point (x∗, y∗).

Saddle points may exist for functions of more than two variables too. The characteristic of
the saddle point stated above still holds provided that x and y are interpreted as vectors in
multidimensional cases.
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5.4.3 Multivariable Optimization with Equality Constraints

The optimization of continuous functions subject to equality constraints can be stated as:

Minimize f = f(x)

subject to gj(x) = 0 , j = 1, 2, . . . , m

}
(5.7)

where m is less than or equal to the number of variables n; otherwise (if m > n), the problem
becomes overdefined and, in general, there will be no solution. There are several methods available
for the solution of this problem. The methods of direct substitution, constrained variation and
Lagrange multipliers are discussed below.

Method of Direct Substitution

In the unconstrained problem, there are n independent variables and the objective function can
be evaluated for any set of n numbers. However, in the constrained problem, at least one indepen-
dent variable loses its arbitrariness with the addition of each equality constraint. Thus a problem
with m constraints in n variables will have only (n −m) independent variables. If the values of
any set of (n−m) variables are selected, the values of the remaining variables are determined by
the m equality constraints.

Thus it is theoretically possible to solve simultaneously the m equality constraints and express
any n variables in terms of the remaining (n−m) variables. When these expressions are substi-
tuted into the original objective function, there results a new objective function involving only
(n − m) variables. The new objective function is not subject to any constraint and hence its
optimum can be found by using the unconstrained optimization techniques discussed above.

This method of direct substitution, although appears to be simple in theory, is not convenient
from practical point of view. The reason for this is that the constraint equations will be nonlinear
for most of the practical problems and often it becomes impossible to solve them and express
any m variables in terms of the remaining (n − m) variables. However, this method of direct
substitution might prove to be very simple and direct for solving simple problems.

Method of Constrained Variation

The basic idea used in the method of constrained variation is to find a closed form expression
for the first order differential of the objective function f at all points at which the constraints
gj (x) = 0 , j = 1, 2, . . . ,m are satisfied. The desired optimum points are then obtained by setting
the differential df equal to zero.

underlineSimple Problem

Before presenting the general method, its salient features will be indicated through the following
simple problem with n = 2 and m = 1.
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Consider the problem

Minimize f (x1, x2)

subject to g (x1, x2) = 0



 (5.8)

Let the constraint equation g(x1, x2) = 0 be solved to obtain x2 as

x2 = h (x1) (5.9)

By substituting equation (5.9), the objective function becomes a function of only one variable as
f = f [x1, h(x1)]. A necessary condition for f to have a minimum at some point (x∗1, x∗2) is that
the total derivative of f(x1, x2) with respect to x1 must be zero at (x∗1, x∗2). The total differential
of f(x1, x2) may be written as

df (x1, x2) =
∂f

∂x1
dx1 +

∂f

∂x2
dx2

and the total derivative with respect to x1 as

df (x1, x2)
dx1

=
∂f (x1, x2)

∂x1
+

∂f (x1, x2)
∂x2

dx2

dx1

When this is equated to zero, the following relation is obtained

df =
∂f

∂x1
dx1 +

∂f

∂x2
dx2 (5.10)

Since g (x∗1, x∗2) = 0 at the minimum point, any variations dx1 and dx2 taken about the point
(x∗1, x∗2) are called admissible variations provided they satisfy the relation

g (x∗1 + dx1, x
∗
2 + dx2) = 0 (5.11)

The Taylor’s series expansion of the function in equation (5.11) about the point (x∗1, x∗2) gives

g (x∗1 + dx1, x
∗
2 + dx2) ' g(x∗1, x

∗
2) +

∂g (x∗1, x∗2)
∂x1

dx1 +
∂g (x∗1, x∗2)

∂x2
dx2 = 0 (5.12)

where dx1 and dx2 are assumed to be small.

Since g(x∗1, x∗2) = 0, equation (5.12) reduces to

dg =
[

∂g

∂x1
dx1 +

∂g

∂x2
dx2

]

(x∗1,x∗2
= 0 (5.13)

Thus equation (5.13) has to be satisfied by all admissible variations, as it is shown in Figure 5.8
where PQ denotes the constraint curve at each point of which the second of equations (5.8) is
satisfied. If A is the base point (x∗1, x∗2), the variations in x1 and x2 leading to the points B and
C are called admissible variations. On the other hand, the variations in x1 and x2 representing
the point D are not admissible since the point D does not lie on the constraint curve.
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Figure 5.8: Variations about the base point

Vice versa, any set of variations (dx1, dx2) that does not satisfy equation (5.13) leads to points
like D, which do not satisfy the constraint equation (5.8).

Assuming that ∂g/∂x2 6= 0, equation (5.13) can be rewritten as

dx2 = −
[
∂g/∂x1

∂g/∂x2

]

(x∗1,x∗2)

dx1 (5.14)

This relation indicates that once the variation dx1 in x1 is chosen arbitrarily, the variation dx2

in x2 is automatically decided in order to have dx1 and dx2 as a set of admissible variations. By
substituting equation (5.14) in equation (5.10), one obtains

df =
[

∂f

∂x1
− (∂g/∂x1)

(∂g/∂x2)
∂f

∂x2

]

(x∗1,x∗2)

dx1 = 0 (5.15)

Note that equation (5.15) has to be satisfied for all values of dx1. Since dx1 can be chosen
arbitrarily, equation (5.15) leads to

df =
(

∂f

∂x1

∂g

∂x2
− ∂f

∂x2

∂g

∂x1

)

(x∗1,x∗2)
= 0 (5.16)

Equation (5.16) gives a necessary condition in order to have (x∗1, x∗2) as an extreme point (mini-
mum or maximum).

General problem: necessary conditions

The procedure indicated above can be generalized to the case of a problem in n variables with
m constraints. In this case, each constraint equation gj(x) = 0, j = 1, 2, . . . ,m, gives rise to a
linear equation in the variations dxi, i = 1, 2, . . . , n. Thus there will be in all m linear equations
in n variations. Hence any m variations can be expressed in terms of the remaining (n − m)
variations. These expressions can be used to express the differentiated objective function df in
terms of the (n−m) independent variations. By letting the coefficients of the independent vari-
ations vanish in the equation df = 0, one obtains the necessary conditions for the constrained
optimum of the given function. The equations involved in this procedure are given below in detail.

The differential of the objective function is given by

df =
∂f

∂x1
(x∗) dx1 +

∂f

∂x2
(x∗) dx2 + . . . +

∂f

∂xn
(x∗) dxn (5.17)
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where x∗ represents the extreme point and (dx1, dx2, . . . , dxn) indicates the set of admissible in-
finitesimal variations about the point x∗.

The following holds

gj (x∗) = 0 , j = 1, 2, . . . ,m (5.18)

since the given constraints are satisfied at the extreme point x∗, and

gj (x∗ + dx) ' gj (x∗) +
n∑

i=1

∂gj

∂xi
(x∗) dxi = 0 , j = 1, 2, . . . , m (5.19)

since dx∗ = {dx1, dx2, . . . , dxn} is a vector of admissible variations.

Equations (5.18) and (5.19) lead to

∂g1

∂x1
dx1 +

∂g1

∂x2
dx2 + . . . +

∂g1

∂xn
dxn = 0

∂g2

∂x1
dx1 +

∂g2

∂x2
dx2 + . . . +

∂g2

∂xn
dxn = 0

...
∂gm

∂x1
dx1 +

∂gm

∂x2
dx2 + . . . +

∂gm

∂xn
dxn = 0





(5.20)

where all the partial derivatives are assumed to have been evaluated at the extreme point x∗. Any
set of variations dxi, i = 1, 2, . . . , n, not satisfying equations (5.20) will not be of interest here,
since they do not satisfy the imposed constraints. Equations (5.20) can be solved to express any
m variations, say, the first m variations in terms of the remaining variations. For this, equations
(5.20) are rewritten as

∂g1

∂x1
dx1 +

∂g1

∂x2
dx2 + . . . +

∂g1

∂xm
dxm = − ∂g1

∂xm+1
dxm+1−

∂g1

∂xm+2
dxm+2 − . . .− ∂g1

∂xn
dxn = h1

∂g2

∂x1
dx1 +

∂g2

∂x2
dx2 + . . . +

∂g2

∂xm
dxm = − ∂g2

∂xm+1
dxm+1−

∂g2

∂xm+2
dxm+2 − . . .− ∂g2

∂xn
dxn = h2

...
∂gm

∂x1
dx1 +

∂gm

∂x2
dx2 + . . . +

∂gm

∂xm
dxm = − ∂gm

∂xm+1
dxm+1−

∂gm

∂xm+2
dxm+2 − . . .− ∂gm

∂xn
dxn = hm





(5.21)
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where the terms containing the independent variations dxm+1, dxm+2, . . . , dxn are placed on the
right side. Thus, for any arbitrarily chosen values of dxm+1, dxm+2, . . . , dxn, the values of the
dependent variations are given by equations (5.21), which can be solved using Cramer’s rule.

General Problem: sufficient conditions

By eliminating the first m variables, using the m equality constraints (at least theoretically
possible), the objective function f can be made to depend only on the remaining variables
xm+1, xm+2, . . . , xn. Then the Taylor’s series expansion of f , in terms of these variables, about
the extreme point x∗ gives

f (x∗ + dx) ' f (x∗) +
n∑

l=m+1

(
∂f

∂x1

)

g
dxl +

1
2!

n∑

l=m+1

n∑

j=m+1

(
∂2f

∂xi ∂xj

)

g

dxi dxj (5.22)

where (∂f/∂xi)g denotes the partial derivative of f with respect to xi (holding all the other
variables xm+1, xm+2, . . . , xi+1, xi+2, . . . , xn constant) where x1, x2, . . . , xm are allowed to change
so that the constraints gj (x∗ + dx) = 0, j = 1, 2, . . . , m, are satisfied, and the second derivative
(∂2f/∂xi ∂xj)g denote a similar meaning.

Method of Lagrange Multipliers

In the method of direct substitution, m variables were eliminated from the objective function with
the help of m equality constraints. In the method of constrained variation, m variations were
eliminated from the differential of the objective function. Thus both these methods were based
on the principle of eliminating m variables by making use of the constraints and then solving the
problem in terms of the remaining (n−m) variables.

In the Lagrange multiplier method , on the contrary, one additional variable is introduced to the
problem for each constraint. Thus if the original problem has n variables and m equality con-
straints, m additional variables are added to the problem so that the final number of unknowns
becomes (n + m). Of course, there are some simplifications afforded by the addition of the new
variables. The basic features of the method will be initially given for a simple problem of two
variab1es with one constraint. The extension of the method to a general prob1em of n variables
with m constraints will follow.

Simple Problem

Consider the optimization problem

Minimize f(x1, x2)

subject to g(x1, x2) = 0



 (5.23)

which was examined in discussing the method of constrained variation, where a necessary con-
dition for the existence of an extreme point at x = x∗ was found (see equation (5.16)) to be
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that
(

∂f

∂x1
− ∂f/∂x2

∂g/∂x2
· ∂g

∂x1

)

(x∗1,x∗2)

= 0 (5.24)

By defining a quantity λ, called the Lagrange multiplier , as

λ = −
(

∂f/∂x2

∂g/∂x2

)

(x∗1,x∗2)

(5.25)

equation (5.24) can be rewritten as
(

∂f

∂x1
+ λ

∂g

∂x1

)

(x∗1,x∗2)
= 0 (5.26)

whereas equation (5.25) can be rewritten as
(

∂f

∂x2
+ λ

∂g

∂x2

)

(x∗1,x∗2)
= 0 (5.27)

In addition, the constraint equation has to be satisfied at the extreme point, i.e.

g(x1, x2) |(x∗1,x∗2)= 0 (5.28)

Thus equations (5.26) through (5.28) represent the necessary conditions for the point (x∗1, x∗2) to
be an extreme point.

Notice that the partial derivative (∂g/∂x2) |(x∗1,x∗2) has to be nonzero in order to be able to define
λ by equation (5.25). This is because the variation dx2 was expressed in terms of dx1 by equation
(5.14) in the derivation of equation (5.24). On the other hand, if one chooses to express dx1 in
terms of dx2, the requirement would be obtained that (∂g/∂x1) |(x∗1,x∗2) be nonzero to define λ.
Thus the derivation of the necessary conditions by the method of Lagrange multipliers requires
only that at least one of the partial derivatives of g(x1, x2) be nonzero at an extreme point.

The necessary conditions given by equations (5.26) to (5.28) can also be generated by constructing
a function L, known as the Lagrange function, as

L(x1, x2, λ) = f(x1, x2) + λ·g (x1, x2) (5.29)

If the partial derivatives of the Lagrange function L(x1, x2, λ) with respect to each of its arguments
are set equal to zero, the necessary conditions given by equations (5.26) through (5.28) can be
obtained as

∂L

∂x1
(x1, x2, λ) =

∂f

∂x1
(x1, x2) + λ

∂g

∂x1
(x1, x2) = 0

∂L

∂x2
(x1, x2, λ) =

∂f

∂x2
(x1, x2) + λ

∂g

∂x2
(x1, x2) = 0

∂L

∂λ
(x1, x2, λ) = g(x1, x2) = 0





(5.30)
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which are to be satisfied at an extreme point (x∗1, x∗2). The sufficient conditions to be satisfied
will be given later.

General Problem

The equations derived above can be extended to the case of a general problem with n variables
and m equality constraints. The result can be stated in the form of a theorem as follows.

Necessary condition: theorem 5. A necessary condition for a function f(x) subject to the
constraints gj(x) = 0, j = 1, 2, . . . , m, to have a relative minimum at a point x∗ is that the first
partial derivatives of the Lagrange function defined by L= L (x1, x2, . . . , xn; λ1, λ2, . . . , λm) with
respect to each of its arguments must be zero.

To have a constrained relative minimum at x∗ it needs to comply with the following theorem
which gives the sufficient condition for f(x) .

Sufficient condition: theorem 6. A sufficient condition for f(x) to have a relative minimum
at x∗ is that the quadratic, Q, defined by

Q =
n∑

i=1

n∑

j=1

∂2L

∂xi ∂xj
dxi dxj (5.31)

evaluated at x = x∗ must be positive definite for all values of dxi for which the constraints are
satisfied.

Discussion

1. If the quadratic form Q =
n∑

i=1

n∑

j=1

[∂2L (x∗, λ)/(∂xi ∂xj)] dxi dxj at an extreme point of

f(x) is negative for all choices of the admissible variations dxi, x∗ will be a constrained
maximum of f(x).

2. It has been shown by Hancock (1960) that a necessary condition for the quadratic form Q

to be positive (negative) definite for all admissible variations dx is that each root of the
polynomial, zi, defined by the following determinant equation, be positive (negative)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(L11 − z) L12 L13 . . . L1n g11 g21 . . . gm1

L21 (L22 − z) L23 . . . L2n g12 g22 . . . gm2

...
Ln1 Ln2 Ln3 . . . (Lnn − z) g1n g2n . . . gmn

g11 g12 g13 . . . g1n 0 0 . . . 0

g21 g22 g23 . . . g2n 0 0 . . . 0
...

gm1 gm2 gm3 . . . gmn 0 0 . . . 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

= 0 (5.32)
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where

Lij =

(
∂2L

∂xi∂xj

)

(x∗,λ∗)

(5.33)

and

gij =

(
∂gi

∂xj

)

(x∗)

(5.34)

3. Equation (5.32), on expansion, leads to a (n −m)th order polynomial in z. If some of the
roots of this polynomial are positive while the others are negative, the point x∗ is not an
extreme point.

5.4.4 Multivariable Optimization with Inequality Constraints

In the constrained optimization problems with inequality constraints

Minimize f (x)

subject to gj (x) ≤ 0 , j = 1, 2, . . . , m



 (5.35)

the latter can be transformed to equality constraints by adding non–negative slack variables, yj ,
as

gj (x) + y2
j = 0 , j = 1, 2, . . . ,m (5.36)

where the values of the slack variables are yet unknown.

The problem is now in a form suitable for the application of one of the methods discussed above,
that is

Minimize f (x)

subject to Gj (x,y) = gj (x) + y2
j = 0 , j = 1, 2, . . . ,m



 (5.37)

where y = {y1, y2, . . . , ym} is the vector of the slack variables.

This problem can be conveniently solved by the method of Lagrange multipliers. For this, the
Lagrange function L is constructed as

L(x,y, λ) = f(x) +
m∑

j=1

λj Gj (x,y) (5.38)

where λ = {λ1, λ2, ..., λm} is the vector of Lagrange multipliers.

The stationary points of the Lagrange function can be found by solving the following equations
(necessary conditions):
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∂L

∂xi
(x,y, λ) =

∂f

∂xi
(x) +

m∑

j=1

λj
∂gj

∂xi
(x) = 0 , i = 1, 2, . . . , n (5.39)

∂L

∂λj
(x,y, λ) = Gj (x,y) = gj (x) + y2

j = 0 , j = 1, 2, . . . , m (5.40)

∂L

∂yj
(x,y, λ) = 2λj yj = 0 , j = 1, 2, . . . , m (5.41)

Equations (5.40) ensure that the constraints gj (x) ≤ 0 , j = 1, 2, . . . , m, are satisfied, while
equations (5.41) imply that either λj = 0 or yj = 0. If λj = 0, it means that the constraint is
inactive2 and hence it can be ignored. On the other hand, if yj = 0, it means that the constraint
is active (gj = 0) at the optimum point. Consider the division of the constraints into two subsets
J1 and J2 where J1 + J2 represent the total set of constraints. Let the set J1 indicate the indices
of those constraints which are active at the optimum point and let J2 include the indices for all
the inactive constraints.

Thus for j ∈ J1, yj = 0 (constraints are active), whereas for j ∈ J2, λj = 0 (constraints are
inactive), and equation (5.39) can be simplified as

∂f

∂xi
+

∑

j∈J1

λj
∂gj

∂xi
= 0 , i = 1, 2, . . . , n (5.42)

Similarly, constraint equations (5.40) can be written as

gj (x) = 0 , j ∈ J1 (5.43)

gj (x) + y2
j = 0 , j ∈ J2 (5.44)

Equations (5.42) through (5.44) represent [n + p + (m− p)] = (n + m) equations in the (n + m)
unknowns xi (i = 1, 2, . . . , n), λj (j ∈ J1) and yj (j ∈ J2), where p denotes the number of active
constraints.

Assuming that the first p constraints are active, equations (5.42) can be expressed as

− ∂f

∂xi
= λ1

∂g1

∂xi
+ λ2

∂g2

∂xi
+ . . . + λp

∂gp

∂xi
, i = 1, 2, . . . , n (5.45)

or written collectively as

−∇f = λ1 ·∇g1 + λ2 ·∇g2 + . . . + λp ·∇gp (5.46)

where ∇f and ∇gj are the gradients of the objective function and the jth constraint given,
respectively, by

2Those constraints which are satisfied with equality sign, gj = 0, at the optimum point are called the active
constraints, while those that are satisfied with strict inequality sign, gj ≤ 0, are termed as inactive constraints.
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∇f =





∂f/∂x1

∂f/∂x2
...

∂f/∂xn





and ∇gj =





∂gj/∂x1

∂gj/∂x2
...

∂gj/∂xn





Thus the negative of the gradient of the objective function can be expressed as a linear combination
of the gradients of the active constraints at the optimum point . Further, it can be shown that in
the case of a minimization problem, the λj ’s (j ∈ J1) must be positive.

For simplicity of illustration, suppose that only two constraints are active (p = 2) at the optimum
point. Then equation (5.46) reduces to

−∇f = λ1 ·∇g1 + λ2 ·∇g2

For problems with sufficiently smooth constraint surfaces, the vector S satisfying the relation

ST ·∇gj < 0 (5.47)

can be called a feasible direction3. On the other hand, if the constraint is either linear or concave
as shown in 5.37(b) and 5.37(c), any vector satisfying the previous relation can be called a feasible
direction.

Figure 5.9: Feasible direction S

The geometric interpretation of a feasible direction is that the vector S makes an obtuse angle with
all the constraint normals except that, for the linear or outward curving (concave) constraints,
the angle may go to 90o at the optimum point. By pre-multiplying both sides of equations (5.47)
by ST, the following equation is obtained

−ST ·∇f = λ1 ST ·∇g1 + λ2 ST ·∇g2 (5.48)

Since S is a feasible direction, it should satisfy the relations
3A vector S is called a feasible direction from a point x if at least a small step can be taken along it that does

not immediately leave the feasible region.
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ST ·∇g1 < 0

ST ·∇g2 < 0



 (5.49)

Thus if λ1 > 0 and λ2 > 0, the quantity ST ·∇f can be seen to be always positive. As ∇f

indicates the gradient direction, along which the value of the function increases at the maximum
rate, ST·∇f represents the component of the increment of f along the direction S. If ST·∇f > 0,
the function value increases as it moves along the direction S. Hence, if λ1 and λ2 are positive,
one will not be able to find any direction in the feasible domain along which the function value
can be further decreased. This reasoning can be extended to cases where there are more than
two constraints active. By proceeding in a similar manner, one can show that the λ1’s have to
be negative for a maximization problem.

Kuhn–Tucker Conditions

When the set of active constraints is known, the conditions to be satisfied at a constrained
minimum point, x∗, for the problem stated in equation (5.35), and expressed as

∂f

∂xi
+

∑

j∈J1

λj
∂gj

∂xi
= 0 , i = 1, 2, . . . , n

λj > 0 , j ∈ J1





(5.50)

where ∂f/∂xi and ∂gj/∂xi denote the gradient vectors with respect to x, are called the Kuhn–
Tucker conditions (1951) after the mathematicians who developed them.

They are the necessary conditions to be satisfied at a relative constrained minimum of f(x).
These conditions are, in general, not sufficient to ensure a relative minimum. However, there is
a class of problems, called convex programming problems for which the Kuhn–Tucker conditions
are necessary and sufficient for a global minimum.

If the set of active constraints is not known, the Kuhn–Tucker conditions can be stated as follows

∂f

∂xi
+

m∑

j=1

λj
∂gj

∂xi
= 0 , i = 1, 2, . . . , n

λjyj = 0 , j = 1, 2, . . . , m

gj ≤ 0 (gj ≥ 0) , j = 1, 2, . . . , m

λj ≥ 0 (λj ≥ 0) , j = 1, 2, . . . , m





(5.51)

Note that if the problem is one of maximization or if the constraints are of the type gj ≥ 0, then
λj have to be non-positive in equations (5.51). On the other hand, if the problem is a minimization
one with constraints in the form gj ≥ 0, then λj have to be non–negative in equations (5.51).
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Convex Programming

Any optimization problem stated in the form of equation (5.35) is called a convex programming
problem, provided the objective function, f(x), and the constraint functions, gj(x), are general
(smooth) convex functions. The definitions and properties related to convex functions are given
in Appendix A.

Suppose that f(x) and gj(x), j = 1, 2, . . . , m, are convex functions. The Lagrange function of
equations (5.38) can be written as

L(x,y, λ) = f(x) +
m∑

j=1

λj [gj(x) + y2
j ] i = 1, 2, . . . , n (5.52)

If λj > 0, then λj gj(x) is convex and since λj yj = 0 from equation (5.41), L(x,y, λ) will be a
convex function.

It has been derived that a necessary condition for f(x) to be a relative minimum at x∗ is that
L(x,y, λ) has a stationary point at x∗. However, if L(x,y, λ) is a convex function, its derivative
vanishes only at one point and hence this point must be an absolute minimum for the function
f(x). Thus the Kuhn–Tucker conditions are both necessary and sufficient for an absolute mini-
mum of f(x) at x∗.

To end, the following remarks:

• If the given optimization problem is known to be a convex programming problem, there will
be no relative minima or saddle points and hence the extreme point found by applying the
Kuhn–Tucker conditions is guaranteed to be an absolute minimum of f(x). However, it is
often very difficult to ascertain whether the objective and constraint functions involved in
a practical engineering problem are convex.

• The Kuhn–Tucker conditions derived above are based on the development given for equality
constraints. One of the requirements for these conditions is that at least one of the Jaco-
bians composed of the m constraints and m of the (n+m) variables (x1, . . . , xn; y1, . . . , yn)
be nonzero. This requirement is implied in the above derivation.
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Appendix A

Convex and Concave Functions

1. CONVEX FUNCTION.

A function f(x) is said to be convex if for any pair of points

x1 = {x(1)
1 , x

(1)
2 , ..., x

(1)
n }, and x2 = {x(2)

1 , x
(2)
2 , ..., x

(2)
n }

it results

f [λx2 + (1− λ)x1] ≤ λ f(x2) + (1− λ) f(x1) for all λ , 0 ≤ λ ≤ 1 (5.53)

that is, if the line segment joining the two points lies entirely above or on the graph of f(x).

Figures 5.10(a) and 5.11(a) illustrate a convex function in one and two dimensions, respectively.
It can be seen that a convex function is always bending upwards and hence it is apparent that
the local minimum of a convex function is also a global minimum.

Figure 5.10: Functions of one variable: (a) convex function; (b) concave function

2. CONCAVE FUNCTION.

A function f(x) is called a concave function if for any two points x1 , x2 , it results

f [λx2 + (1− λ)x1] ≥ λ f(x2) + (1− λ) f(x1) for all λ , 0 ≤ λ ≤ 1 (5.54)

that is, if the line segment joining the two points lies entirely below or on the graph of f(x).

Figures 5.10(b) and 5.11(b) illustrate a concave function in one and two dimensions, respectively.
It can be seen that a concave function bends downwards and hence the local maximum will also
be a global maximum. It can be seen that the negative of a convex function is a concave function
and vice versa. Also note that the sum of convex functions is a convex function and the sum of
concave functions is a concave function.
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A function f(x) is a strictly convex or concave function if strict inequality holds in equations
(5.157) or (5.158) respectively, for any x1 6= x2. A linear function will be both convex and
concave since it satisfies both the inequalities (5.157) and (5.158). A function may be convex
within a region and concave elsewhere.

Figure 5.11: Functions of two variables: (a) convex function; (b) concave function

It is important to note that the convexity or concavity of a function is defined only when its
domain is a convex set. Convex sets are a special class of sets of points in the Euclidean space
En, which play an important role in optimization theory.

Testing for convexity and concavity

In addition to above definition, the following equivalent relations can be used to identify a convex
function.

Theorem 7. A function f(x) is convex if, for any pair of points x1 and x2

f(x2) ≥ f(x1) +∇fT (x1)·(x2 − x1)

If f(x) is concave, the opposite type of inequality holds.

Theorem 8. A function f(x) is convex if the Hessian matrix H(x) = [∂2f(x)/∂xi∂xj ] is positive
semidefinite.

If H(x) is positive definite, the function f(x) will be strictly convex. It can also be proved that
if f(x) is concave, the Hessian matrix is negative semidefinite.

Theorem 9. Any local minimum of a convex function f(x) is a global minimum.

It means that there cannot exist more than one minimum for a convex function.
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5.5 Classification of Optimization Techniques

The various techniques available for the solution of optimization problems are given under the
heading mathematical programming techniques. They are generally studied as a part of operation
research, which is a branch of mathematics which is concerned with the application of scientific
methods and techniques to decision-making problems and with establishing the best or optimal
solutions.

The classical methods of differential calculus can be used to find unconstrained maxima and min-
ima of a function of several variables. These methods assume that the function is differentiable
twice with respect to the design variables and the derivatives are continuous. When the problem
is one of minimization or maximization of an integral, the methods of calculus of variations can
be used to solve it. For problems with equality constraints, the Lagrange multiplier method is
frequently used. But this method, in general, leads to a set of nonlinear simultaneous equations
which may be difficult to solve.

Classification of optimization problems can be based on the nature of the expressions for the
objective function and the constraints (see Section 5.1). This classification is extremely useful
from the computational viewpoint since there are many methods indicated by the same name,
developed solely for the efficient solution of a particular class of problems. These are all numerical
methods wherein an approximate solution is sought by proceeding in an iterative manner starting
from a guess solution. Thus the first task of a designer would be to investigate the class of the
problem encountered. This will, in many cases, dictate the types of solution procedures to adopt
in solving the problem.

Geometric Programming

Geometric programming (GMP) is an optimization technique applicable to programming prob-
lems involving functions of a special mathematical form called posynomials. A function f(x) is
called a posynomial if it can be expressed as the sum of power terms

f(x) = ci x
ai1
1 xai2

2 ... xain
n + . . . + cN xaN1

1 xaN2
2 ... xaNn

n (5.55)
where ci and aij are constants with ci > 0, xj > 0 and aij ∈ R.

A geometric programming is one in which the objective function and constraints are expressed as
posynomials in x. Thus the GMP method is applicable to an optimization problem of the type
(Duffin et al., 1967):

Find x which minimizes f(x) =
No∑

i=1

ci




n∏

j=1

x
pij

j


 ci > 0 , xj > 0

subject to gj(x) =
Nj∑

i=1

aij

[
n∏

k=1

xqik
k

]
≤ 0 aij > 0 , j = 1, 2, ..., m





(5.56)

where No and Nj denote the number of posynomial terms in the objective and jth constraint
function, respectively.
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Linear Programming

If the objective function and all the constraints in equation (5.1) are linear function of the de-
sign variables, the general problem of mathematical programming reduces to linear programming
(LP). A linear programming problem is stated in the following standard form (Dantzig, 1963):

Find x which minimizes f(x) =
n∑

i=1

cixi

subject to
n∑

k=1

ajkxk = bj , j = 1, 2, ... , m

xi ≥ 0 i = 1, 2, ... , n





(5.57)

where ci, ajk and bj are constants.

Integer Programming

If some or all of the design variables x1, x2, ... , xn of an optimization problem are restricted to
take on only integer (or discrete) values, the problem is called an integer programming problem
(Hu, 1969). On the other hand, if all the design variables are permitted to take any real values,
the optimization problem is called a real–valued programming problem.

Strictly speaking, if in an LP problem one restricts the design vector x to non-negative integers,
the problem becomes nonlinear. But it should be more realistic to call it an integer linear pro-
gramming because the form of the constraints and the objective function remain linear if the
restrictions on x are ignored.

A systematic method for handling the integer programming problem consists in ignoring the re-
strictions on x solving it as an ordinary LP problem, and then introducing additional constraints
one by one to cut out the region near the solution point till an integer solution is obtained. The-
oretically the method converges, but in practice the number of iterations may be very large. Also
the method increases the number of constraints and even an original small–sized problem may
become very large. When the answers are in the neighborhood of large integers, the method gives
a satisfactory result. But if the answer is in the neighborhood of small integers, such rounding
off may lead to a totally wrong answer.

Nonlinear Programming Problem

If one or all of the functions among the objective and constraint functions in equation (5.1) is
nonlinear, the problem is said to be of a nonlinear programming (NLP). This is the most general
programming problem, which can be used to solve any optimization problem. All other problems
can be considered as special cases of the nonlinear programming problem.

In general, nonlinear programming presents much greater mathematical difficulties than linear
programming. Even the case when all the constraints are linear and only the objective function
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is nonlinear is often quite complicated.

Quadratric Programming

The quadratic programming (QP) problem is the simplest case of nonlinear programming problem
when the objective function is quadratic and the constraints are linear. It is usually formulated
as follows:

Find x which minimizes f(x) = c +
n∑

i=1

qixi +
n∑

i=1

rijxixj

subject to
m∑

i=1

aijxi = bj , j = 1, 2, ... ,m

xi ≥ 0 , i = 1, 2, ... , n





(5.58)

where c, qi, rij , aij and bj are constants.

Stochastic Programming

A stochastic programming problem is an optimization problem in which some of the design vari-
ables and/or preassigned parameters are described by probabilistic (nondeterministic or stochas-
tic) distributions (Sengupta, 1972).

Multiobjective Programming

A multiobjective programming problem can be stated as follows:

Find x which minimizes f1(x), f2(x), . . . , fk(x)

subject to gj(x) ≤ 0 , j = 1, 2, ... , m



 (5.59)

where f1, f2, ... , fk denote the objective functions to be minimized simultaneously.

Theory of Games

When two or more candidate designs are competing for the achievement of conflicting goals,
a competitive goal exists. Generally, in such problems the losses of one candidate signify the
gains of the others. Naturally, the objective function depends on a set of controlled as well as
uncontrolled variables where the uncontrolled variables depend on the strategy of the competitor.
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Dynamic Programming

The method of dynamic programming (DP) was developed in the fifties through the work of Bell-
man who is still the doyen of research workers in this field. The essential feature of the method is
that a multivariate optimization problem is decomposed into a series of stages, optimization being
done at each stage with respect to one variable only. Bellman gave it rather the non–descriptive
name dynamic programming, whereas a more significant name would be recursive optimization.

Both discrete and continuous problems can be amenable to this method; also deterministic as well
as stochastic models can be handled. The complexities increase tremendously with the number of
constraints. A single constraint problem is relatively simple, but even more than two constraints
problem can be formidable.

Network Methods

Networks are familiar diagrams in electrical theory; even though they are easily visualized in
transportation systems like roads, railways or pipelines. A large variety of intricate mathematical
problems challenging mathematicians are presented by networks. Many problems, particularly
those which involve sequential operations or different but related states or stages, are conveniently
described as networks. Sometimes a problem with no such apparent structure assumes a mathe-
matical form which is best understood and solved by interpreting it as a network.

A network, in its more generalized and abstract sense, is called a graph. In last decades graph
theory has found more and more applications in diverse areas. In the field of operation research
graph theory plays a particularly important role as quite often the problem of finding an optimal
solution can be looked upon as a problem of choosing the best sequence of operations out of a
finite number of alternatives which can be represented as a graph.

The critical path methods (CPM) and the programme evaluation and review technique (PERT)
are network methods which are useful in planning, scheduling and controlling a project. These
methods belong to network methods since in both the methods, the various operations necessary
to complete the project and the order in which the operations are to be performed are shown
in a graph called a network. CPM is useful for projects in which the durations of the various
operations are known exactly, whereas PERT is designed to deal with projects in which there is
uncertainty regarding the durations of various operations.
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5.6 Linear Programming: Simplex Method

Linear programming is an optimization method applicable for the solution of problems in which
the objective function and the constraints appear as linear functions of the decision variables.
The constraint equations in a linear programming problem may be in the form of equalities or
inequalities. The linear programming type of optimization problem was first recognized in the
1930s by economists while developing methods for the optimal allocation of resources. During
the Second World War the United States Air Force sought more effective procedures of allocating
resources and turned to linear programming. Dantzig (1947), who was a member of the Air Force
group, formulated the general linear programming problem and devised the simplex method of
solution. This has become a significant step in bringing the linear programming into wider usage.

Afterwards, much progress has been made in the theoretical development and in the practical
applications of linear programming. Among all the works, the theoretical contributions made
by Kuhn and Tucker had a major impact in the development of the duality theory in linear
programming. The works of Charnes and Cooper were responsible for paving the path to the
industrial applications of linear programming; their number has been dramatically large that it
is not possible to describe all of them.

One of the early industrial applications of linear programming has been made in the petroleum
refineries. In general, an oil refinery has a choice of buying crude oil from several different sources
with differing compositions and at differing prices. It can manufacture different products like
aviation fuel, diesel fuel and gasoline in varying quantities. The constraints may be due to the
restrictions on quantity of the crude oil available from a particular source, the capacity of the
refinery to produce a particular product, etc. A mix of the purchased crude oil and the manufac-
tured products is sought that gives the maximum profit.

In food processing industry, linear programming has been used to determine the optimal shipping
plan for the distribution of a particular product from the different manufacturing plants to the
various warehouses. In the iron and steel industry, the linear programming was used to decide the
types of products to be made in their rolling mills to maximize the profit. Metal working industries
use linear programming for shop loading and for determining the choice between producing and
buying a part. The optimal routing of aircraft and ships can also be decided by using linear
programming.

5.6.1 Graphical Representation

The concept of linear programming can be grasped in a preliminary way by observing a graphical
solution when the number of variablesis three or less. One can graph the set of feasible solutions
together with the level sets of the objective function. Then, it is usually a trivial matter to write
down the optimal solution. To illustrate, consider the following problem:
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Maximize 4x1 + x2

subject to 2x1 + x2 ≥ 2 4x1 − 3x2 ≥ −3

2x1 + 3x2 ≤ 21 4x1 − x2 ≤ 16

x1 ≥ 0 , x2 ≥ 0





(5.60)

Each constraint (including the nonnegativity constraints on the variables) is a half-plane. These
half–planes can be determined by first graphing the equation one obtains by replacing the inequal-
ity with an equality. The inequality lines are plotted in Figure 5.12 as solid lines, whereas lines
representing several values of objective function are shown dashed. The optimization surface is a
plane, and once any contour line for the objective function is drawn, it is clear that the optimum
is that the vertex of the feasible region (shown shaded) through which the line representing the
largest value of the objective function can pass; in this case the optimum solution is

f∗ = 23.43 ; x∗1 = 4.93 , x∗2 = 3.71

Figure 5.12: The set of feasible solutions together with level sets of the objective function

An alternate way to locate f∗ would be to start at any corner and jump to the adiacent corner
having a higher value of f , continuing this until no higher adjacent corner can be found.

5.6.2 Standard Form of a Linear Programming Problem

In linear programming the objective is always to maximize or to minimize some linear function
of the decision variables. The general linear programming problem can be stated in the following
standard form:
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Scalar form

Minimize f (x1, x1, . . . , xn) = c1x1 + c2x2 + . . . + cnxn

subject to a11x1 + a12x2 + . . . + a1nxn = b1

a21x1 + a22x2 + . . . + a2nxn = b2

am1x1 + am2x2 + . . . + amnxn = bm

xi ≥ 0





(5.61)

where cj , bj and aij (i = 1, 2, . . . , m; j = 1, 2, . . . , n) are known constants, and xj are the decision
variables.

The linear programming problem in scalar form may also be stated in a compact form by using
the summation sign as

Minimize f (x1, x1, . . . , xn) =
n∑

j=1

cjxj

subject to
n∑

j=1

aijxj = bi , i = 1, 2. . . . , m

xj ≥ 0 i = 1, 2, . . . , n





(5.62)

Matrix form

Minimize cTx

subject to ax = b

x ≥ 0





(5.63)

where

x = {x1, x2, . . . , xn} ; b = {b1, b2, . . . , bn} ; c = {c1, c2, . . . , cn}

a =




a11 a12 . . . a1n

a21 a22 . . . a2n
...

am1 am2 . . . amn




and the superscript T is used to indicate the transpose.

The characteristics of the linear programming problem stated in the standard form are:

• the objective function is of the minimization type;
• all the constraints are of the equality type;
• all the decision variables are nonnegative.

It is shown below that any linear programming problem can be put in the standard form by the
use of the following transformations.
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1. Also in LP problems the maximization of a function f(x1, x2, . . . , xn) is equivalent to the
minimization of the negative of the same function. For example. the objective function

minimize f = c1x1 + c2x2 + . . . + cnxn

is equivalent to

maximize f ′ = −f = −c1x1 − c2x2 − . . .− cnxn

Consequently, the objective function can be stated in the minimization form in any linear
programming problem.

2. In most of the engineering optimization problems, the decision variables represent some
physical dimensions and hence the variables xj have to be nonnegative. However, a variable
may be unrestricted in sign in some problems. In such cases, an unrestricted variable
(which can take a positive, negative or a zero value) can be written as the difference of two
nonnegative variables. Thus, if xj is unrestricted in sign, it can be written as xj = x

′
j − x

′′
j

where

xj ≥ 0 and x”
j ≥ 0

It can be seen that xj will be negative, zero or positive depending on whether x
′′
j is greater

than, equal to or less than x
′
j .

3. If a constraint appears in the form of a ‘less than’ type of inequality as

ak1x1 + ak2x2 + . . . + aknxn ≤ bk

it can be converted into the equality form by adding a nonnegative slack variable xn+1 as
follows

ak1x1 + ak2x2 + . . . + aknxn + xn+1 = bk

Similarly, if the constraint is in the form of a ‘greater than’ type of inequality as

ak1x1 + ak2x2 + . . . + aknxn ≥ bk

it can be converted into the equality form by subtracting a variable as

ak1x1 + ak2x2 + . . . + aknxn − xn+1 = bk

where xn+1 is a nonnegative variable known as the surplus variable.

It can be seen that m denotes the number of equations and n denotes the number of decision
variables.

A proposal of specific values for the decision variables is called a solution with values {x1, x2, . . . , xn.
A solution is called feasible if it satisfies all the constraints. One may assume that m < n, for if
m > n, then there would be (m − n) redundant equations which could be eliminated. The case
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n = m is of no interest, for then there is either a unique solution x which satisfies constraints in
equations (5.64), in which case there can be no optimization, or no feasible solution, in which case
at least one constraint is contradicted. The case m < n corresponds to an unbounded problem
with an underdetermined set of linear equations which, if they have one feasible solution, have an
infinite number of solutions. The problem of linear programming is to find one of these solutions
satisfying equations (5.62) and (5.63) and yielding the minimum of f .

5.6.3 Definitions and Theorems

The geometrical characteristics of linear programming problems can be proved mathematically.
Some of the more powerful methods for solving linear programming problems take advantage of
these characteristics. The terminology used in linear programming and some of the most impor-
tant related theorems are considered below.

1. Point in n–dimensional space

A point x in an n–dimensional space is characterized by an ordered set of n values or coor-
dinates (x1, x2, . . . , xn). The coordinates of x are also called the components of x.

2. Line segment in n-dimensions (L)

If the coordinates of two points A and B are given by x
(1)
j and x

(2)
j (j = 1, 2, ..., n), the line

segment L joining these points is the collection of points x (λ) whose coordinates are given
by xj = λx

(1)
j + (1− λ) x

(2)
j , j = 1, 2, . . . , n , where 0 ≤ λ ≤ 1. Thus

L = {x |x = λx(1) + (1− λ)x(2)) (5.64)

In one dimension, for example, it is easy to see from Figure 5.13 that the definition is in
accordance with experience.

x (λ)− x(1) = λ (x(2) − x(1)) , 0 ≤ λ ≤ 1 (5.65)

whence

x (λ) = (1− λ) x(1) + λx(2) (5.66)

Figure 5.13: A line segment

3. Hyperplane

In n–dimensional.space, the set of points whose coordinates satisfy a linear equation

a1x1 + a1x1 + . . . + anxn = aTx = b (5.67)

is called a hyperplane.
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Thus, the hyperplane H is given by

H(a, b) = {x | aTx = b} (5.68)

A hyperplane has (n−1) dimensions in n–dimensional space (En). For example, in a three–
dimensional space, it is a plane, and in two–dimensional space, it is a line. The set of points
whose coordinates satisfy a linear inequality like a1x1 + . . . + anxn ≤ b is called a closed
half–space; closed due to the inclusion of equality sign in the above inequality.

A hyperplane partitions En into two closed half–spaces so that

H+ = {x |aTx ≥ b} (5.69)

and

H− = {x |aTx ≤ b} (5.70)

This is illustrated in Figure 5.14 in the case of a two–dimensional space (E2).

Figure 5.14: Hyperplane in two dimensions

4. Convex set

It is a set of points such that if x(1) and x(2) are any two points in the set, the line segment
joining them is also in the set .

If S denotes the convex set, it can be defined mathematically as follows:

If x(1) ,x(2) ∈ S , then x ∈ S

where

x = αx2 + (1− α)x1 , 0 ≤ α ≤ 1

As an assumption the set containing only one point is convex. Some examples of convex
sets in two dimensions are shown shaded in Figure 5.15.
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Figure 5.15: Convex sets

On the other hand, the sets depicted by the shaded region in Figure 5.16 are not convex.

Figure 5.16: Nonconvex sets

The L–shaped zone, for example, is not a convex set because it is possible to find two points
a and b in the set such that not all points on the line joining them belong to the set.

5. Convex polyhedron

It is a set of points common to one or more half–spaces.

In particular, a convex polygon is the intersection of one or more half planes. Thus, Figure
5.17(a) shows a 2D convex polygon, while Figure 5.17(b) represents a 3D convex polyhedron.

Figure 5.17: Convex polyhedron

6. Vertex (extreme point)

It is a point in the convex set which does not lie on a line segment joining two other points
of the set .

Thus, for example, every point on the circumference of a circle and each corner point of a
polygon can be called a vertex or extreme point.
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7. Feasible solution

In a linear programming problem, any solution which satisfies the constraints

ax = b for x ≥ 0 (5.71)

is called a feasible solution.

8. Basic solution

It is a solution in which (n−m) variables are set equal to zero.

The basic solution can be obtained by setting (n − m) variables to zero and solving the
constraint equations (5.71) simultaneously.

9. Basis

The set of variables not set equal to zero to obtain the basic solution is the basis.

10. Basic feasible solution

It is a basic solution which satisfies the nonnegativity conditions of equation (5.63)

11. Non–degenerate basic feasible solution

It is a basic feasible solution which has got exactly m positive xi.

12. Optimal solution

A feasible solution which optimizes the objective function is called an optimal solution.

13. Optimal basic solution

It is a basic feasible solution for which the objective function is optimal .

The basic theorems in linear programming can now be stated.

Theorem 10. The intersection of any number of convex sets is also convex .

Physically, the theorem states that if there are a number of convex sets represented by R1, R2,
. . ., then the set of points R common to all these sets will also be convex. Figure 5.18 illustrates
the meaning of this theorem for the case of two convex sets.

Figure 5.18: Intersection of two convex scts
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Theorem 11. The feasible region of a linear programming problem is convex .

Theorem 12. Any local minimum solution is global for a linear programming problem.

Theorem 13. Every basic feasible solution is an extreme point of the convex set of feasible so-
lutions.

Theorem 14. Let S be a closed, bounded convex polyhedron with xi, i = 1, 2, . . . , p as the set
of its extreme points. Then any vector x ∈ S can be written as

x =
p∑

i=1

λi xi with λ ≥ 0 ,
p∑

i=1

λi = 1

Theorem 15. Let S be a closed convex polyhedron. Then the minimum of a linear function
over S is attained at an extreme point of S.

5.6.4 Solution of a System of Linear Simultaneous Equations

Before studying the most general method of solving a linear programming problem, it will be use-
ful to review the methods of solving a system of linear equations. Hence some of the elementary
concepts of linear equations are reviewed.

Consider the following square system of n–equations in n unknowns

a11x1 + a12x2 + . . . + a1nxn = b1 E1

a21x1 + a22x2 + . . . + a2nxn = b2 E2

a31x1 + a32x2 + . . . + a3nxn = b3 E3

...
...

an1x1 + an2x2 + . . . + annxn = bn En





(5.72)

Assuming that this set of equations possesses a unique solution, one way of solving the system
consists of reducing the equations to a form known as canonical form.

It is well known from elementary algebra that the solution of equations (5.72) will not be altered
under the following elementary operations: (i) any equation Er is replaced by the equation k Er,
where k is a nonzero constant, and (ii) any equation Er is replaced by the equation Er + k Es ,
where Es is any other equation of the system. By making use of these elementary operations, the
system of equations (5.72) can be reduced to a convenient equivalent form as follows. Let select
some variable xi and try to eliminate it from all the equations except the j–th one (for which aji

is nonzero). This can be accomplished by dividing the j–th equation by aji and subtracting aki

times the result from each of the other equations, k = 1, 2, . . . , j − 1, j + 1, . . . , n. The resulting
system of equations can be written as
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a
′
11x1 + a

′
12x2 + . . . + a

′
1,i−1xi−1 + 0·xi + a

′
1,i+1xi+1 + . . . + a

′
1nxn = b

′
1

a
′
21x1 + a

′
22x2 + . . . + a

′
2,i−1xi−1 + 0·xi + a

′
2,i+1xi+1 + . . . + a

′
2nxn = b

′
2

...
a
′
j−1,1x1 + . . . + a

′
j−1,i−1xi−1 + 0·xi + a

′
j−1,i+1xi+1 + . . . + a

′
j−1,nxn = b

′
j−1

a
′
j,1x1 + a

′
j,2x2 + . . . + a

′
j,i−1xi−1 + 1·xi + a

′
j,i+1xi+1 + . . . + a

′
jnxn = b

′
j

a
′
j+1,1x1 + . . . + a

′
j+1,i−1xi−1 + 0·xi + a

′
j+1,i+1xi+1 + . . . + a

′
j+1,nxn = b

′
j+1

...
a
′
n1x1 + an2x2 + . . . + . . . + a

′
n,i−1xi−1 + 0·xi + a

′
n,i+1xi+1 + . . . + a

′
n,nxn = b

′
n





(5.73)

where the primes indicate that the a
′
ij and b

′
j are changed from the original system. This pro-

cedure of eliminating a particular variable from all but one equation is called a pivot operation.
The system of equations (5.73) produced by the pivot operation have exactly the same solution
as the original set of equations (5.72). That is, the x which satisfies equations (5.72) satisfies
equations (5.73) and vice versa.

In the next step, if one takes the system of equations (5.73) and performs a new pivot operation
by eliminating xs, s 6= i, in all the equations except in the tth equation, t 6= j, the zeroes or the
1 in the i–th column will not be disturbed. This pivotal operations can be repeated by using a
different variable and equation each time until the system of equations (5.72) is reduced to the
form

1.x1 + 0.x2 + 0.x3 + . . . + 0.xn = b
′′
1

0.x1 + 1.x2 + 0.x3 + . . . + 0.xn = b
′′
2

0.x1 + 0.x2 + 1.x3 + . . . + 0.xn = b
′′
3

...
0.x1 + 0.x2 + 0.x3 + . . . + 1.xn = b

′′
n





(5.74)

The system of equations (5.74) is said to be in canonical form and has been obtained after carrying
out n pivot operations. From the canonical form, the solution vector can be directly obtained as

xi = b
′′
i ; i = 1, 2, . . . , n (5.75)

Since the set of equations (5.74) has been obtained from equations (5.72) only through elementary
operations, the system of equations (5.74) is equivalent to the system of equations (5.72). Thus
the solution given in equation (5.75) is the desired solution for equations (5.72).

5.6.5 Pivotal Reduction of a General System of Equations

Instead of a square system, let consider a system of m equations in n variables with n > m
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a11x1 + a12x2 + . . . + a1nxn = b1

a21x1 + a22x2 + . . . + a2nxn = b2

...
am1x1 + am2x2 + . . . + amnxn = bm





(5.76)

This system of equations is assumed to be consistent so that it will have at least one solution. The
solution vectors x which satisfy the system are not evident from equations (5.76). However, it is
possible to reduce this system to an equivalent canonical system from which at least one solution
can be readily deduced. If pivotal operations, with respect to any m variables, say, x1, x2, . . . , xm

are carried out, the resulting set of equations can be written as follows

1·x1 + 0·x2 + . . . + 0·xm + a
′′
1,m+1xm+1 + . . . + a

′′
1nxn = b

′′
1

0·x1 + 1·x2 + . . . + 0·xm + a
′′
2,m+1xm+1 + . . . + a

′′
2nxn = b

′′
2

...
0·x1 + 0·x2 + . . . + 1·xm + a

′′
m,m+1xm+1 + . . . + a

′′
mnxn = b

′′
m





(5.77)

One special solution which can always be deduced from the system of equations (5.77) is

xi = b
′′
i , i = 1, 2, . . . , m

xi = 0 , i = m + 1, m + 2, . . . , n



 (5.78)

This solution is called a basic solution since the solution vector contains no more than m nonzero
terms. The pivotal variables xi, i = 1, 2, . . . ,m are called basic variables and the remaining vari-
ables xi, i = m+1,m+2, . . . , n are called non-pivotal, or independent, or nonbasic variables. Of
course, the basic solution is not the only solution, but it is the one most readily deduced from equa-
tions (5.77). If all b

′′
i , i = 1, 2, . . . , m in the solution given by equations (5.78) are nonnegative, it

satisfies all the constraints in equations (5.64), and hence it can be called a basic feasible solution.

It is possible to obtain the other basic solutions from the canonical system of equations (5.77).
One can perform an additional pivotal operation on the system after it is in canonical form, using
a
′′
pq (which is nonzero) as the pivot term, q > m, and using any row p (among 1,2, . . ., m). The

new system will still be in canonical form, but with xq as the pivotal variable in place of xp. The
variable xp, which was a basic variable in the original canonical form, will no longer be a basic
variable in the new canonical form. This new canonical system yields a new basic solution (which
may or may not be feasible) similar to that of equations (5.78). It is to be noted that the values
of all the basic variables change, in general, as one goes from one basic solution to another, but
only one zero variable (which is nonbasic in the original canonical form) becomes nonzero (which
is basic in the new canonical system) and vice versa.
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5.6.6 Why the the Simplex Method?

Given a system in canonical form corresponding to a basic solution, it was shown how to move
to a neighboring basic solution by a pivot operation. Thus, one way to find the optimal solution
of a linear programming problem is to generate all the basic solutions and pick the one which is
feasible and corresponds to the optimal value of the objective function. This can be done because
the optimal solution, if one exists, always occurs at an extreme point or vertex of the feasible
domain. If there are m equality constraints in n variables with n > m, a basic solution can be
obtained by setting any of the (n − m) variables equal to zero. The number of basic solutions
to be inspected is thus equal to the number of ways in which m variables can be selected from a
group of n variables, i.e.

n!
(n−m)!m!

=
(

n
m

)

For example, if n = 10 and m = 5, there are 252 basic solutions and if n = 20 and m = 10, one
gets approximately 184700 basic solutions. Usually, one does not have to inspect all these basic
solutions since many of them will be infeasible. However, for large n and m, this is still a very
large number for inspecting one by one. Hence, what one really needs is a computational scheme
that examines a sequence of basic feasible solutions, each of which corresponds to a lower value
of the objective function f until a minimum is reached.

The simplex method of Dantzig is a powerful scheme for obtaining a basic feasible solution; if
the solution is not optimal, the method provides for finding a neighboring basic feasible solution
which has a lower or equal value of f . The process is repeated until, in a finite number of steps,
an optimum is found.

The first step involved in the simplex method is to construct an auxiliary problem by introducing
certain variables known as artificial variables into the standard form of the linear programming
problem. The primary aim of adding the artificial variables is to bring the resulting auxiliary
problem into a canonical form from which its basic feasible solution can be immediately obtained.
Starting from this canonical form, the optimal solution of the original linear programming problem
is sought in two phases. The first phase is intended to find a basic feasible solution to the original
linear programming problem. It consists of a sequence of pivot operations which produces a
succession of different canonical forms from which the optimal solution of the auxiliary problem
can be found. This also enables us to find a basic feasible solution, if one exists, of the original
linear programming problem. The second phase is intended to find the optimal solution of the
original linear programming problem. It consists of a second sequence of pivot operations which
enables to move from one basic feasible solution to the next of the original linear programming
problem. In this process, the optimal solution of the problem, if one exists, will be identified. The
sequence of different canonical forms that is necessary in both the phases of the simplex method
is generated according to the simplex algorithm described below. That is, the simplex algorithm
forms the kernel of the simplex method.
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5.6.7 Simplex Algorithm

The starting point of the simplex algorithm is always a set of equations, which includes the
objective function along with the equality constraints of the problem in canonical form. Thus the
objective of the simplex algorithm is to find the vector x ≥ 0 which minimizes the function f(x)
and satisfies the system of equations

1·x1 + 0·x2 + . . . + 0·xm + a
′′
1,m+1xm+1 + . . . + a

′′
1nxn = b

′′
1

0·x1 + 1·x2 + . . . + 0·xm + a
′′
2,m+1xm+1 + . . . + a

′′
2nxn = b

′′
2

...
0·x1 + 0·x2 + . . . + 1·xm + a

′′
m,m+1xm+1 + . . . + a

′′
mnxn = b

′′
m

0·x1 + 0·x2 + . . . + 0·xm − f + c
′′
m+1xm+1 + . . . + c

′′
mnxn = −f

′′
o





(5.79)

where a
′′
ij , c

′′
j , b

′′
j , and f

′′
o are constants. Notice that (−f) is treated as a basic variable in

the canonical form of equations (5.79). The basic solution which can be readily deduced from
equations (5.79) is

xi = b
′′
i , i = 1, 2, . . . , m

f = f
′′
o

xi = 0 , i = m + 1,m + 2, . . . , n





(5.80)

If this basic solution is also feasible, the values of xi, i = 1, 2, . . . , n are non–negative and hence

b
′′
i ≥ 0 , i = 1, 2, . . . , m

In the first phase of the simplex method, the basic solution corresponding to the canonical form
obtained after the introduction of the artificial variables must be feasible for the auxiliary prob-
lem. As it has been stated earlier, the second phase of the simplex method starts with a basic
feasible solution of the original linear programming problem. Hence the initial canonical form at
the start of the simplex algorithm will always be a basic feasible solution.

It is known from theorem 15 that the optimal solution of a linear programming problem lies at
one of the basic feasible solutions. Since the simplex algorithm is intended to move from one basic
feasible solution to the other through pivotal operations, it must be made sure that the present
basic feasible solution is not the optimal solution before moving to the next basic feasible solu-
tion. By merely glancing at the numbers c

′′
j , i = 1, 2, . . . , n it sis possible to ascertain whether

the present basic feasible solution is optimal or not. The following theorem provides a means of
identifying the optimal point.

Identifying an optimal point: theorem 16.

A basic feasible solution is an optimal solution with a minimum objective function value of f
′′
o if

all the cost coefficients c
′′
j , j = m + 1,m + 2, . . . , n in equations (5.79) are non-negative.
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A glance over c
′′
j can also show if there are multiple optima. Let all c

′′
i > 0, i = m + 1,m +

2, . . . , k − 1, k + 1, . . . , n and let c
′′
k = 0 for some nonbasic variable xk. Then if the constraints

allow that variable to be made positive (from its present value of zero), no change in f results,
and there are multiple optima. It is possible however, that the variable may not be allowed by
the constraints to become positive; this may occur in the case of degenerate solutions.

Thus, as a corollary to the above discussion, one can state that a basic feasible solution is the
unique optimal feasible solution if c

′′
i > 0 for all nonbasic variables xj , j = m + 1,m + 2, . . . , n.

If, after testing for optimality, the current basic feasible solution is found to be non-optimal, an
improved basic solution is to be obtained from the present canonical form as follows.

Improving a non-optimal basic feasible solution

From the last row of equations (5.79), the objective function can be written as

f = f
′′
o +

m∑

i=1

c
′′
i xi +

n∑

j=m+1

c
′′
j xj = f

′′
o (5.81)

for the solution given by equations (5.80).

If at least one c
′′
j is negative, the value of f can be reduced by making the corresponding xj > 0.

In other words, the nonbasic variable xj , for which the cost coefficient c
′′
j is negative, is to be

made a basic variable in order to reduce the value of the objective function. At the same time,
due to the pivotal operation, one of the current basic variables will become nonbasic and hence
the values of the new basic variables are to be adjusted in order to bring the value of f less than
f
′′
o . If there are more than one c

′′
j < 0, the index s of the nonbasic variable xs which is to be

made basic is chosen such that

c
′′
s = minimum c

′′
j < 0 (5.82)

Although this may not lead to the greatest possible decrease in f (since it may not be possible to
increase xs very far), this is intuitively at least a good rule for choosing the variable to become
basic. It is the one generally used in practice because it is simple and it usually leads to fewer
iterations than just choosing any c

′′
j < 0. If there is a tie in applying (5.82), i.e., if more than

one c
′′
j have the same minimum value, one selects one of them as c

′′
s arbitrarily.

Having decided on the variable xs to become basic, one increases it from zero holding all other
nonbasic variables zero, and observes the effect on the current basic variables. By equations
(5.79), these are related as

x1 = b
′′
1 − a

′′
1sxs , b

′′
1 ≥ 0

x2 = b
′′
2 − a

′′
2sxs , b

′′
2 ≥ 0

...
xm = b

′′
m − a

′′
msxs , b

′′
m ≥ 0





(5.83)

f = f
′′
o + c

′′
sxs , c

′′
s < 0 (5.84)
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Since c
′′
s < 0, equation (5.84) suggests that the value of xs should be made as large as possible

in order to reduce the value of f as much as possible. However, in the process of increasing the
value of xs, some of the variables xi (i = 1, 2, . . . ,m) in equations (5.83) may become negative.
It can be seen that if all the coefficients a

′′
is < 0, i = 1, 2, . . . , m, then xs can be made infinitely

large without making any xi < 0, i = 1, 2, . . . , m. In such a case, the minimum value of f is
minus infinity and the linear programming problem is said to have an unbounded solution.

On the other hand, if at least one a
′′
is is positive, the maximum value that xs can take without

making any xi negative is (b
′′
i /a

′′
is). If there are more than one a

′′
is > 0. the largest value x∗s that

xs can take is given by the minimum of the ratios (b
′′
i /a

′′
is) for which a

′′
is > 0. Thus

x∗s =
b
′′
r

a′′rs

= min
a
′′
is>0

b
′′
i

a
′′
is

(5.85)

The choice of r in the case of a tie, assuming that all b
′′
i > 0, is arbitrary. If any b

′′
i , for which

a
′′
is > 0, is zero in equations (5.83), then xs cannot be increased by any amount. Such a solution

is called a degenerate solution.

In the.case,of.a non–degenerate basic feasible solution, a new basic feasible solution can be con-
structed with a lower value of the objective function as follows. By substituting the value of x

′′
s

given by equation (5.85) into equations (5.83) and (5.84), one obtains

xs = x∗s

xi = b
′′
i − a

′′
isx

∗
s , i = 1, 2, . . . , m and i 6= r

xr = 0

xj = 0 , j = m + 1,m + 2. . . . , n and j 6= s





(5.86)

f = f
′′
o + c

′′
sx∗s ≤ f

′′
o (5.87)

which can readily be seen to be a feasible solution different from the previous one. Since a
′′
rs > 0

in equations (5.85), a single pivot operation on the element a
′′
rs in the system of equations (5.79)

will lead to a new canonical form from which the basic feasible solution of equations (5.86) can
easily be deduced. Also, equation (5.87) shows that this basic feasible solution corresponds to a
lower objective function value compared to that of equations (5.80). This basic feasible solution
can again be tested for optimality by seeing whether all c

′′
i > 0 in the new canonical form. If

the solution is not optimal, the whole procedure of moving to another basic feasible solution
from the present one has to be repeated. In the simplex algorithm, this procedure is repeated
in an iterative manner until the algorithm finds either (i) a class of feasible solutions for which
f → −∞, or (ii) an optimal basic feasible solution with all c

′′
i > 0, i = 1, 2, . . . , n. Since there are

only a finite number of ways to choose a set of m basic variables out of n variables, the iterative
process of the simplex algorithm will terminate in a finite number of cycles. The iterative process
of the simplex algorithm is shown as a flowchart in Figure 5.19.
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Figure 5.19: Searching the optimal solution by the simplex algorithm

5.6.8 Phases of the Simplex Method

The problem is to find non–negative values for the variables x1, x2, . . . , xn which satisfy the
constraint equations

a11x1 + a12x2 + . . . + a1nxn = b1

a21x1 + a22x2 + . . . + a2nxn = b2

...
am1x1 + am2x2 + . . . + amnxn = bm





(5.88)



184 CHAPTER 5. OPTIMIZATION METHODS

and minimize the objective function given by

f = c1x1 + c2x2 + . . . + cnxn (5.89)

The two–phase simplex method can be used to solve this problem. The difficulties encountered
in solving this problem are:

• an initial feasible canonical form may not be readily available; this is the case when the
linear programming problem does not have slack variables for some of the equations or when
the slack variables have negative coefficients.

• the problem may have redundancies and/or inconsistencies, and may not be solvable in
non–negative numbers.

The first phase of the simplex method uses the simplex algorithm itself to find whether the linear
programming problem has a feasible solution. If a feasible solution exists, it provides a basic
feasible solution in canonical form ready to initiate the second phase of the method.

The second phase, in turn, uses the simplex algorithm to find whether the problem has a bounded
optimum. If a bounded optimum exists, it finds the basic feasible solution which is optimal .

The simplex method is described in the following steps

1. Arrange the original system of equations (5.88) so that all constant terms bi are positive or
zero by changing, where necessary, the signs on both sides of any of the equations.

2. Introduce to this system a basic set of artificial variables y1, y2, . . . , ym where each yi ≥ 0
so that it becomes

a11x1 + a12x2 + . . . + a1nxn + y1 = b1

a21x1 + a22x2 + . . . + a2nxn + y2 = b2

...
am1x1 + am2x2 + . . . + amnxn + ym = bm





(5.90)

with bi ≥ 0.

The objective function of equation (5.89) can be written as

c1x1 + c2x2 + . . . + cnxn + (−f) = 0 (5.91)

3. First phase of the method . Define a quantity w as the sum of the artificial variables

w = y1 + y2 + . . . + ym (5.92)

and use the simplex algorithm to find xi ≥ 0 (i = 1, 2, . . . , n) and yi ≥ 0 (i = 1, 2, . . . , m)
which minimize w and satisfy the equations (5.90) and (5.91).
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Consequently, consider the array

a11x1 + a12x2 + . . . + a1nxn + y1 = b1

a21x1 + a22x2 + . . . + la2nxn + y2 = b2

...
am1x1 + am2x2 + . . . + amnxn + ym = bm

c1x1 + c2x2 + . . . + cnxn + (−f) = 0

y1 + y2 + . . . + ym + (−w) = 0





(5.93)

This array is not in canonical form; however, it can be rewritten as a.canonical system with
basic variables y1, y2, . . . , ym,−f and −w by subtracting the sum of the first m equations
from the last one to obtain the new system

a11x1 + a12x2 + . . . + a1nxn + y1 = b1

a21x1 + a22x2 + . . . + a2nxn + y2 = b2

...
am1x1 + am2x2 + . . . + amnxn + ym = bm

c1x1 + c2x2 + . . . + cnxn + (−f) = 0

d1x1 + d2x2 + . . . + dnxn + (−w) = −wo





(5.94)

where

di = −(a1i + a2i + . . . + ami) for i = 1, 2, . . . , n (5.95)

and

−wo = −(b1 + b2 + . . . + bm) (5.96)

Equations (5.94) provide the initial basic feasible solution that is necessary for starting the
first phase.

4. The quantity w is called the infeasibility form and has the property that if, as a result of
the first phase, minimum of w > 0, then no feasible solution exists for the original linear
programming problem stated in equations (5.90) and (5.91), and thus the procedure is ter-
minated. On the other hand, if minimum of w = 0, then the resulting array will be in
canonical form. So initiate the second phase, eliminating the w equation from the array as
well as the columns corresponding to each of the artificial variables y1, y2, . . . , ym.

5. Second phase of the method . Apply the simplex algorithm to the adjusted canonical system
at the end of the first phase to obtain a solution, if a finite one exists, which optimizes the
value of f .

The flowchart for the two-phase simplex method is given in Figures 5.20 and Figures 5.21, which
are to be read sequentially and simultaneously.
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Figure 5.20: Flowchart for the two phase simplex method (A)
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Figure 5.21: Flowchart for the two phase simplex method (B)
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5.7 Nonlinear Programming: One–Dimensional
Minimization Methods

On Section 5.4 it was shown that if the expressions for the objective function and the constraints
are fairly simple in terms of design variables, the classical methods of optimization can be used
to solve the problem. On the other hand, if the optimization problem involves the objective
functions and/or the constraints which are nonlinear and/or are not stated as explicit functions
of the design variables or which are too complicated to manipulate, it cannot be solved by using
the classical analytical methods. There are many engineering design problems which possess this
characteristic. In such cases, it is necessary to resort to the numerical, nonlinear methods of
optimizatiion.

The basic philosophy of most of the numerical methods of optimization is to produce a sequence
of improved approximations to the optimum according to the following scheme:

1. start with an initial trial point xi

2. find a suitable direction Si (i =1 to start with) which points in the general direction of
minimum;

3. find an appropriate step length λ∗i for movement along the direction Si;

4. obtain the new approximation xi+1 as

xi+1 = xi + λ∗i Si (5.97)

5. test whether xi+1 is optimum; if xi+1 is optimum, stop the procedure; otherwise, set new
i = i + 1, and repeat step 2 onwards.

The iterative procedure indicated by equation (5.97) is valid for unconstrained as well as con-
strained optimization problems. The procedure is graphically represented for a hypothetical
two–variable problem in Figure 5.24.

From equation (5.97) it can be felt that the efficiency of an optimization method depends on the
efficiency with which the quantities λ∗i and Si are determined. The methods of finding the step
length λ∗i are considered in this section, whereas the methods of finding Si are considered in the
next two sections.

If f (x) is the objective function to be minimized, the problem of finding λ∗i boils down to finding
the value λi = λ∗i which minimizes f (xi+1) = f (xi + λi Si) = f (λi) for fixed values of xi and Si.
Since f becomes a function of one variable λi only, the methods of finding λ∗i in equation (5.97)
are called one-dimensional minimization methods. Several methods are available for solving the
one–dimensional minimization problem. The can be classified according to Table 5.1.
It was seen in Section 5.4 that the differential calculus method of optimization is an analytical
approach and is applicable to contnuous, twice–differentiable functions. In this method, the
calculation of the numerical value of the objective function is virtually the last step of the process.
The optimal value of the objective function is calculated after determining the optimal values
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of the decision variables. In the numerical methods of optimization, an opposite procedure is
followed in that the values of the objective function are first found at various combinations of the
decisoion variables and conclusions are then drawn regarding the optimal solution.

Numerical Methods

Elimination Methods Interpolation Methods

Unrestricted search Requiring no derivatives Requiring derivatives

Exhaustive search - Quadratic - cubic

Dichotomous search - direct root

Fibonacci method

Golden section method

Table 5.1: One–dimensional minimization methods

The elimination methods can be used for the minimization of even discontinuous functions. The
quadratic and the cubic interpolation methods involve polynomial approximations to the given
function. The direct root method interpolates the derivatives of the functions linearly.

Figure 5.22: General iterative scheme for optimization
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5.7.1 Elimination Methods

Fibonacci Method

The Fibonacci method can be used to find the minimum of a function of one variable, even if the
function is not continuous. The method, like many other elimination methods, has the following
limitations:

• the initial interval of uncertainty, in which the optimum lies, has to be known;
• the function being optimized has to be unimodal in the initial interval of uncertainty;

-22pt]

• the exact optimum cannot be located in this method; only an interval, known as the final
interval of uncertainty, will be known; the final interval can be made as small as desired by
making more computations;

• the number of function evaluations to be used in the search or the resolution required has
to be specified beforehand.

This methods makes use of the sequence of Fibonacci numbers, {Fn}, for placing the experiments.
These numbers are defined as

F0 = F1 = 1

Fn = Fn−1 + Fn−2 n = 2, 3, 4, . . .

}
(5.98)

yielding the sequence 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, .....

Procedure

Let L0 be the initial interval uncertainty defined by a ≤ x ≤ b , and n the total number of
experiments to be considered. Define

L∗2 =
Fn−2

Fn
L0 (5.99)

and place the first two experiments at the points x1 and x2 which are located at a distance of L∗2
from each end of L0

4. This gives5

x1 = a + L∗2
x2 = b− L∗2 = a + Fn−1

Fn
L0

}
(5.100)

Discard some part of the interval by using the unimodality assumption. Then there remains a
smaller interval of uncertainty L2

6 given by
4If one experiment is at a distance of (Fn−2/Fn) from one end, it will be at a distance of (Fn−1/Fn) from the

other end. Thus L∗2 = (Fn−1/Fn) L0 will also yield the same result as with L∗2 = (Fn−2/Fn) L0.
5It can be seen that

L∗2 =
Fn−2

Fn
L0 ≤ L0

2
for n ≥ 2

6The symbol Lj is used to denote the interval of uncertainty remaining after conducting j experiments, while
the symbol L∗j is used to denote the position of experiments.
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L2 = L0 − L∗2 = L0

(
1− Fn−1

Fn

)
=

Fn−1

Fn
L0 (5.101)

and with one experiment left in it. This experiment will be at a distance of

L∗2 =
Fn−2

Fn
L0 =

Fn−2

Fn−1
L2 (5.102)

from one end, and

L2 − L∗2 =
Fn−3

Fn
L0 =

Fn−3

Fn−1
L2 (5.103)

from the other end.

Now place the third experiment in the interval L2 so that the current two experiments are located
at a distance of

L∗3 =
Fn−3

Fn
L0 =

Fn−3

Fn−1
L2 (5.104)

from each end of the interval L2.

Again the unimodality property will allow to reduce the inervaal of uncertainty to L3 given by

L3 = L2 − L∗3 = l3 − Fn−3

Fn−1
L2 =

Fn−2

Fn−1
L2 =

Fn−2

Fn
L0 (5.105)

This process of discarding a certain interval and placing a new experiment in the remaining
interval can be continued, so that the location of the jth experiment and the interval of uncertainty
at the end of j experiments are, respectively, given by

L∗j =
Fn−j

Fn−(j−2)
Lj−1 (5.106)

Lj =
Fn−(j−1)

Fn−(j−2)
L0 (5.107)

The ratio of the interval of uncertainty remaining after conducting j of the n predetermined
experiments, to the initial interval of uncertainty becomes

L∗j
l0

=
Fn−(j−1)

Fn
(5.108)

which for j = n reads

L∗n
L0

=
F1

Fn
=

1
Fn

(5.109)

The ratio (Ln/L0) wull permit to determine n, the required number of experiments, to obtain
any desired accuracy in locating the optimum point. Table 5.2 gives the reduction ratio in the
interval of uncertainty obtainable for difeerent number of experiments.
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Value of Fibonacci number Reduction ratio Value of Fibonacci number Reduction ratio
n Fn Ln/L0 n Fn Ln/L0

0 1 1.0 11 144 0.006944
1 1 1.0 12 233 0.004292
2 2 0.5 13 377 0.002653
3 3 0.3333 14 610 0.001639
4 5 0.2 15 987 0.001013
5 8 0.125 16 1597 0.0006406
6 13 0.07692 17 2584 0.0003870
7 21 0.04752 18 4181 0.0002392
8 34 0.02941 19 6765 0.0001479
9 55 0.01818 20 10946 0.0000914

10 89 0.01124 . . . . . . . . .

Table 5.2: Fibionacci numbers and reduction ratios

Position of the Final Experiment
In this method, the last experiment has to be placed with some care.

From equation (5.108) the following holds

L∗n
Ln−1

=
F0

F2
=

1
2

for alln (5.110)

Thus, after conducting (n− 1) experiments and discarding the appropriate interval in each step,
the remaining interval will contain one experiment precisely at its centre. However, the final
experiment, nemely, the nth experiment, is also to be placed at the centre of the present interval
of uncertainty. That is, the position of the nth experiment will be same as that of (n−1)th one and
this is true for whatever value is chosen for n. Since no new information can be gained by placing
the nth experiment, the nth experiment is placed very close to the remaining valid experiment as
in the case of dichotomous search method. This enables to obtain the final interval of uncertainty
to within 1

2Ln−1. The flowchart for implementing the Fibonacci method of maximization is given
in Figure 5.23.
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Figure 5.23: Implementation of the Fibonacci search method
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5.8 Nonlinear Programming: Unconstrained
Optimization Techniques

This section deald with the various methods of solving an unconstrained minimization prob-
lem. An unconstrained minimization problem is one where the value of the design vector x =
{x1, x2, . . . , xn} is sought that minimizes the objective function f(x). The problem can be con-
sidered as a particular case of the general constrained nonlinear programming problem. The
special characteristic of this problem is that the solution vector x needs not satisfy any con-
straint. Although rarely a practical design problem would be unconstrained; the study of this
class of problems is important because:

• there are some design problems that can be treated as unconstrained except very close to
the final minimum point;

• some of the most powerful and convenient methods of solving constrained minimization
problems involve the transformation of the problem into one of unconstrained minimization;

• the study of the unconstrained minimization techniques provides the basic understanding
necessary for the study of the constrained optimization techniques;

• these methods have emerged as powerful solution techniques for certain engineering analysis
problems.

For example, the displacement response (linear or nonlinear) of any structure under any specified
load condition can be obtained by minimizing its potential energy. Similarly, the eigenvalues and
eigenvectors of any discrete system can be found by minimizing the Rayleigh quotient, etc..

As it has already been demonstrated when discussing classical optimization techniques, a point
x∗ will be a relative minimum of f(x) if the necessary conditions

∂f(x∗)
∂xi

= 0 , i = 1, 2, . . . , n (5.111)

are satisfied. The point x∗ is guaranteed to be a relative minimum if the Hessian matrix is positive
definite, i.e.

Jx∗ =
∂2f (x = x∗)

∂xi ∂xj
= positive definite (5.112)

Equations (5.111) and (5.112) can be used to identify the optimum point during numerical com-
putations. While these properties of a minimum are useful in many problems, there are several
functions where equations (5.111) and (5.112) cannot be applied to identify the optimum point.
In all such cases, only the commonly understood notion of a minimum, namely, f(x∗) ≤ f(x) for
all x, can be used to identify a minimum point.

Several methods are available for solving an unconstrained minimization problem. These methods
can be classified into two broad categories as direct search methods and descent methods, as shown
in Table 5.3.
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Direct Search Methods Descent Methods
(do not require the derivatives (require the derivatives

of the function) of the function)

Random search method Steepest descent method

Univariate method Conjugate gradient method
(Fletcher–Reeves)

Pattern search method Newton method
- Powell method
- Hooke and Jeeves method

Rosenbrock method of Variable metric method
rotating coordinates (Davison-Fletcher-Powell)

Table 5.3: Unconstrained minimization methods

All the uncontrained minimization methods are iterative in nature and hence they start from an
initial trial solution and proceed towards the minimum point in a sequential manner. The general
iterative scheme is shown in Figure 5.24 as a flowchart.
It is important to note that all the unconstrained minimization methods require an initial point
x1 to start the iterative procedure and differ from one another only in the method of generating
the new point xi+1 (from xi), and in testing the point xi+1 for optimality.

5.8.1 Direct Search Methods

The direct search methods require only objective function evaluations and do not use the partial
derivatives of the function in finding the minimum. Hence, they are often called the non-gradient
methods, which are more suitable for simple problems involving a relatively small number of
variables. These methods are, in general, less efficient than the descent methods.

Random Search Methods

The random search methods are based on the use of random numbers in finding the minimum
point. Since most of the computer libraries have random number generators, these methods can
be used quite conveniently. These methods have the following advantages:

• they work even if the objective function is discontinuous and non–differentiable at some of
the points;

• they can be used to find the global minimum when the objective function possesses several
relative minimum points;

• they are applicable when other methods fail due to local difficulties such as sharply varying
functions and shallow regions;

• although they are not very efficient by themselves, they can be used in the early stages
of optimization to detect the region where the global minimum is likely to be found; once
this region is found, some of the more efficient techniques can be used to find the precise
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Figure 5.24: General iterative scheme for optimization

location of the global minimum point.

Random Jumping Method

Let the problem be to find the minimum of f(x) in the n–dimensional hypercube defined by

li ≤ xi ≤ ui , i = 1, 2, . . . , n (5.113)

where li and ui are the lower and the upper bounds on the variable xi. In the random jumping
method, one generates sets of n random numbers, (r1, r2, . . . , rn), that are uniformly distributed
between 0 and 1. Each set of these numbers, is used to find a point x inside the hypercube defined
by inequalities (5.113) as

x =





x1

x2

...
xn





=





l1 + r1(u1 − l1)
l2 + r2(u2 − l2)

vdots

ln + rn(un − ln)





(5.114)

and the value of the function is evaluated at this point x. By generating a number of points and
evaluating the value of the objective function at each of these points, one takes the least value of
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f(x) as the desired minimum point.

Although the random jumping method is very simple, it is not practical for problems with many
variables and is used only when efficiency is not a consideration.

Random Walk Method

The random walk method is more efficient than the random jumping method. It is based on gen-
erating a sequence of improved approximations to the minimum, each derived from the preceding
approximation. Thus if xi is the approximation to the minimum obtained in the (i - 1)–th step,
the new or improved approximation in the i-th stage is found from the relation

xi+1 = xi + λui (5.115)

where λ is a prescribed scalar step length, and ui is a unit random vector generated in the i–th
stage.

Figure 5.25: Flowchart for the random walk method
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The detailed procedure of this method is given by the following steps (see the flowchart in Figure
5.25):

1. Start with an initial point x1 and a scalar step length that is sufficiently large in relation
to the final accuracy desired; find the function value f1 = f(x1).

2. Set the iteration number, i = 1.

3. Generate a set of n random numbers and formulate the unit random vector xi.

4. Find the new value of the objective function as f = f(x1 + λu).

5. Compare the values of f and f1. If f < f1, set xi = x1 + λu, and f1 = f , and repeat steps
3 through 5. If f ≥ f1, just repeat steps 3 through 5.

6. If a sufficient large number of iterations, N , cannot produce a better point, xi+1, reduce
the scalar step length λ and go to step 3.

7. If an improved point could not be generated even after reducing the value of λ below a
small number ε, take the current point x1 as the desired optimum, and stop the procedure.

Univariate Method

In this method, only one variable at a time is changed in order to try producing a sequence
of improved approximations to the minimum point. By starting at a base point xi in the i–th
iteration, one fixes the values of (n − 1) variables and varies the remaining variable. Since only
one variable is changed, the problem becomes a one-dimensional minimization problem and any
of the methods previously discussed can be used to produce a new base point xi+1. The search
is now continued in a new direction. This new direction is obtained by changing any one of
the (n − 1) variables that were fixed in the previous iteration. In fact, the search procedure is
continued by taking each coordinate direction in turn. After all the n directions are searched
sequentially, the first cycle is complete and hence the entire process of sequential minimization is
repeated. This procedure is continued until no further improvement is possible in the objective
function in any of the n directions of a cycle. The choice of the direction and the step length in
the univariate method for a n–dimensional problem can be summarized in the following procedure
(see the flowchart in Figure 5.26):

1. Choosing a starting point x1 and set i = 1.

2. Find the search direction Si as

ST
i =





(1, 0, 0, . . . , 0) for i = 1, n + 1, 2n + 1, . . .

(0, 1, 0, . . . , 0) for i = 2, n + 2, 2n + 2, . . .

(0, 0, 1, . . . , 0) for i = 3, n + 3, 2n + 3, . . .
...
(0, 0, 0, . . . , 1) for i = n, 2n, 3n, . . .

(5.116)
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Figure 5.26: Flowchart of the univariate method

3. Determine whether λi should be positive or negative. This means, for the current direction
Si, find whether the function value decreases in the positive or negative direction. For
this, one takes a small probe length, ε, and evaluates fi = f(xi), f+ = f(xi + εSi) and
f− = f(xi − εSi). If f+ < fi, Si will be the correct direction for decreasing the value of f

and if f− < fi, −Si will be the correct one. If both f+ and f− are greater than fi. xi is
taken as the minimum along the direction Si.

4. Find the optimal step length λ∗i such that

f(xi ± λ∗i Si) = min
λi

(xi ± λi Si)

where + or - sign has to be used depending upon whether Si or - Si is the direction for
decreasing the function value.

5. Set xi+1 = xi ± λ∗i Si depending on the direction for decreasing the function value, and
fi+1 = f(xi+1).

6. Set the new value of i = i+1, and go to step 2; continue this procedure until no significant
change. is achieved in the value of the objective function.
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The univariate method is very simple and it can be implemented very easily. However, it will not
converge rapidly to the optimum solution as it has a tendency to oscillate with steadily decreasing
progress towards the optimum. Hence it will be better to stop the computations at some point
near to the optimum point rather than trying to find the precise optimum point.
Theoretically this method can be applied to find the minimum of any function that possesses
continuous derivatives. However, if the function has a steep valley, the method may not even
converge. For example, consider the contours of a function of two variables with a valley as
shown in Figure 5.27. If the univariate search starts at point P , the function value cannot be
decreased either in the direction ±S1 or in the direction ±S2. Thus the search comes to a
halt and one may be misled to take the point P , which is certainly not the optimum point, as
the optimum point. This situation arises whenever the value of the probe length ε needed for
detecting the proper direction (±S1 or ±S2) happens to be less than the number of working
significant figures of the computer.

Figure 5.27: Failure of the univariate method in a steep valley

Pattern Search Methods

In the univariate method, one searches for the minimum along directions parallel to the coordinate
axes. It is worth noticing that this method may not converge in some cases and, even if it
converges, its convergence will be very slow while approaching the optimum point. These problems
can be avoided by changing the directions of search in some favorable manner instead of retaining
them always parallel to the coordinate axes. To understand this idea, consider the contours of
a function shown in Figure . The points 1, 2, 3, .. indicate the successive points found by the
univariate method. It can be noticed that the lines joining the alternate points of the search
(like 1̄3; 2̄4; 3̄5; 4̄6; . . . ) lie in the general direction of the minimum. It can be proved that
if the function being minimized is quadratic in two variables, all such lines pass through the
minimum. In other words, al1 1ines like 1̄3; 2̄4; 3̄5; 4̄6 move toward the common center of the
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family of ellipses which are the contours of the quadratic objective function. Unfortunately, this
characteristic does not carry through directly to higher dimensions even for quadratic objective
functions. However, this idea can still be used to achieve rapid convergence while finding the
minimum of a n–variable function.

Figure 5.28: Lines defined by the alternate points lie in the general direction of the minimum

This is the basic idea used in several direct search methods, which are known collectively as the
pattern search methods. Two of the well–known pattern search methods, namely the Hooke and
Jeeves method and the Powell method , will be discussed below. In general, a pattern search
method takes m univariate steps (m = n if there are n variables in the problem) and then
searches for the minimum along the direction Si defined by

Si = xi − xi−m (5.117)

where xi, is the point obtained at the end of m univariate steps and xi−m is the starting point
before taking the m univariate steps. The direction defined by equation (5.117) is calle4 a pattern
direction and hence the methods that make use of the pattern direction are called pattern search
methods. Actually, the directions used prior to taking a move along a pattern direction need not
be univariate directions. The general pattern search method is shown in Figure 5.29.

One important point is to be noted while using equation (5.117). If the point xi is already a min-
imum point on the line Si, no improvement can be achieved even by searching along the pattern
direction Si. Hence whenever the optimal step length, λ∗i , along the pattern direction Si, is found
to be zero, the corresponding starting point xi can be taken as the optimum point. Of course, the
other convergence requirements are also to be verified before actually terminating the procedure.
In some cases, the direction Si may give a direction of ascent and in such cases the optimum
step length will be negative. This situation can be handled by providing an appropriate logic
for determining the proper direction Si, or −Si, before proceeding to solve the one–dimensional
minimization problem.
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Figure 5.29: Flow chart for pattern search method

Hooke and Jeeves Method

The simple and very effective technique called Hooke and Jeeves direct search method is a sequen-
tial technique each step of which consists of two kinds of moves, one called the exploratory move
and the other called the pattern move. The first kind of move has to explore the local behavior
of the objective function, while the second kind of move has to take advantage of the pattern
direction. The general procedure can be described by the following steps:

1. Select an arbitrarily starting point x = x1, x2, . . . , xn called the initial base point , and a
small predetermined step length ∆xi, in each of the coordinate directions ui, i = 1, 2, . . . , n.
Set k = 1.

2. Compute fk = f(xk). Set i = 1, yk,0 = xk (the point ykj indicates the temporary base
point obtained from the base point xk by perturbing the j–th component of xk) and start
the exploratory search as stated in step 3.

3. The variable xi is perturbed about the current temporary base point yk,i−1 to obtain the
new temporary base point as
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yk,i =





yk,i−1 + ∆xiui if f+ = f(yk,i−1 + ∆xiui) < f(yk,i−1)

yk,i−1 −∆xiui if f− = f(yk,i−1 −∆xiui) < f(yk,i−1)

yk,i−1 if f = f(yk, i−1) < min (f+, f−)

This process of finding the new temporary base point is continued for i = 1, 2, . . . until xn

is perturbed to find yk,n.

4. If the point yk,n remains the same as xk, reduce the step lengths ∆xi, (say, by a factor of
two), set i = 1 and go to step 3. If yk,n is different from xk, obtain the new base point as

xk+1 = yk,n

and go to step 5.

5. With the help of the base points xk and xk+1, establish a pattern direction S as

S = xk+1 − xk

and find a point yk+1, 0 as

yk+1,0 = xk+1 + λS (5.118)

where λ is the step length which can be taken as 1 for simplicity. Alternatively, one can
solve a one–dimensional minimization problem in the direction S and use the optimum step
length λ∗ in place of λ in equation (5.118).

6. Set k = k + 1, fk = f(yk0), i = 1, and repeat step 3. If at the end of step 3, f(yk,n) <

f(xk), take the new base point as xk+1 = yk,n, and go to step 5. On the other hand, if
f(yk,n) ≥ f(xk), set xk+1 = yk, reduce the step lengths ∆xi, and go to step 2.

7. The process is assumed to have converged whenever the step length falls below a predeter-
mined small quantity ε. Thus the process is terminated if

max
i

∆xi < ε

Powell Method

The Powell method is an extension of the basic pattern search method. It is the most widely
accepted direct search methods and it can be proved to be a method of conjugate directions.
As it will be shown later, a conjugate directions method will minimize a quadratic function in
a finite number of steps. Powell has suggested some modifications to facilitate the convergence
of this method when applied to non-quadratic objective functions. The Powell method is a very
powerful method and has been proved to be superior to some of the descent methods.
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The basic idea of the Powell method can be understood with the help of Figure 5.30.

Figure 5.30: Progress of Powell method

Let the given two–variable function be minimized once along each of the coordinate directions,
and then in the corresponding pattern direction. This gives point 4. For the next cycle of mini-
mization, one of the coordinate directions (x1–direction in the present case) is discarded in favor
of the pattern direction. Thus minimization is searched along u2 and S1 and the point 6 is ob-
tained. Then a new pattern direction S2 is generated. For the next cycle of minimization, one of
the previously used coordinate directions is discarded. (u2-direction in this case) in favor of the
newly generated pattern direction. Then, by starting from point 7, minimization is performed
along the directions S1 and S2 thereby obtaining points 8 and 9, respectively. For the next cycle
of minimization, since there is no coordinate direction to discard; the whole procedure is restarted
by minimizing along directions parallel to the coordinate axes. This procedure is continued until
the desired minimum point is found.

The flowchart for the simplest version of the Powell method is given in Figure 5.31. Note that
accordingly the search will be made sequentially in the directions Sn; S1, S2, S3, . . . , Sn−1,
Sn, S1

p; S2, S3, S4, . . . , Sn−1, Sn, S(1)
p , S(2)

p ; S3, S4, . . . ,Sn−1, Sn; S(1)
p ; S(2)

p ; S(3)
p ; . . . until

the minimum point is found. Here Si indicates the coordinate direction ui, while S(j)
p denotes

the j–th pattern direction. In Figure 5.31 the previous base point is stored as the vector Z in
block A, and the pattern direction is constructed by subtracting the previous base point from the
current one in block B. The pattern direction is then used in the previous cycle as a minimization
direction in blocks C and D. For the next cycle, the first direction used in the previous cycle is
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discarded in favor of the newly generated pattern direction: This is achieved by updating the
numbers of the search directions as shown in block E. Thus both the points Z and X used in
block B for the construction of pattern direction are points that are minima along Sn in the first
cycle, the first pattern direction S(1)

p in the second cycle, the second pattern direction S(2)
p in the

third cycle, and so forth.

Figure 5.31: Flowchart for the Powell method

Definitions

Conjugate directions: Let A be an n × n symmetric matrix. A set of n vectors (or directions)
Si are said to be conjugate (more accurately A-conjugate) if

ST
i ASj for all i 6= j, i = 1, 2, . . . , n and j = 1, 2, . . . , n (5.119)

Quadratically convergent method. If a minimization method always locates the minimum of a
general quadratic function in no more than a predetermined number of operations and if the
limiting number of operations is directly related to the number of variables n, then the method
is said to be quadratically convergent.
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Theorem 17. If a quadratic function

Qx =
1
2
xTA x + BT x + C (5.120)

is minimized sequentially, once along each direction of a set of n linearly independent, A–
conjugate directions, the global minimum of Q will be located at or before the n–th step regardless
of the starting point .

Such a method is known as a quadratically convergent method.

5.8.2 Descent Methods

The descent techniques require, in addition to objective function evaluations, the evaluation of
first and possibly higher order derivatives of the objective function. Since more information
about the function being minimized is used through the use of derivatives, the descent methods
are generally more efficient compared to the direct search techniques. The descent techniques are
also known as gradient methods.

Gradient of a Function

The partial derivatives of a function f with respect to each of the n variables are collectively
called the gradient of the function, which is denoted by ∇f :

∇f =





∂f/∂x1

∂f/∂x2
...

∂f/∂xn





(5.121)

The gradient is a n–component vector and it has a very important property. If one moves along
the gradient direction from any point in n–dimensional space, the function value increases at the
fastest rate. Hence the gradient direction is called the direction of steepest ascent . Unfortunately,
the direction of steepest ascent is a local property and not a global one. This is illustrated in Fig-
ure 5.32 where the gradient vectors∇f evaluated at the points 1, 2, 3 and 4 lie along the directions
11’ , 22’ , 33’ and 44 , respectively. Thus the function value increases at the fastest rate in the
direction 11’ at point 1, but not at point 2. Similarly, the function value increases at the fastest
rate in the direction 22’ (33’) at point 2 (3), but not at point 3 (4). In other words, the direction of
steepest ascent generally varies from point to point, and if one makes infinitely small moves along
the direction of steepest ascent, the path will be a curved line like the curve 1 2 3 4 in Figure 5.32.

Since the gradient vector represents the direction of steepest ascent, the negative of the gradient
vector denotes the direction of steepest descent . Thus, any method which makes use of the
gradient vector can be expected to give the minimum point faster than the one which does not
make use of the gradient vector. All the descent methods make use of the gradient vector, either
directly or indirectly, in finding the search directions. Before considering the descent methods of
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minimization, it is necessary to prove that the gradient vector represents the direction of steepest
ascent.

Figure 5.32: Steepest ascent directions

Theorem 18 The gradient vector represents the direction of steepest ascent

Evaluation of the gradient

As stated earlier, all the descent methods are based on the use of gradient in one form or other.
Assuming that the function is differentiable, the gradient at any point xm can be evaluated as

∇f |xm= ∇fm =





∂f/∂x1

∂f/∂x2
...

∂f/∂xn





xm

However there are three situations where the evaluation of the gradient poses certain problems:

• the function is differentiable at all the points, but the calculation of the components of the
gradient, ∂f/∂xi, is either impractical or impossible;

• the expressions for the partial derivatives ∂f/∂xi; can be derived, but they require large
computational time for evaluation;

• the gradient ∇f is not defined at all the points.

In the first case, the forward finite difference formula can be used

∂f

∂xi
|xm'

f(xm + ∆xi ui)− f(xm)
∆xi

, i = 1, 2, . . . , n (5.122)

to approximate the partial derivative ∂f/∂xi at xm. If the function value at the base point xm

is known, this formula requires one additional function evaluation to find (∂f/∂xi) |xm . Thus
it requires n additional function evaluations to evaluate the approximate gradient ∇f |xm . For
better results, one can use the central finite difference formula to find the approximate partial
derivative of (∂f/∂xi) |xm

(
∂f

∂xi

)

xm

' f(xm + ∆xiui)− f(xm −∆xiui)
∆xi

, i = 1, 2, . . . , n (5.123)
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This formula requires two additional function evaluations for each of the partial derivatives. In
equations (5.122) and (5.123), ∆xi is a small scalar quantity and ui is a vector of order n whose
i–th component has a value of one, and all other components have a value of zero. In practical
computations, the value of ∆xi has to be chosen with some care. If ∆xi is too small, the difference
between the values of the function evaluated at (xm + ∆xi ui) and (xm − ∆xi ui) may be very
small and numerical round off error may predominate. On the other hand, if ∆xi is too large,
the truncation error may predominate in the calculation of the gradient.

In the second case also, the use of the finite difference formulae is preferred whenever the exact
gradient evaluation requires more computational time than the one involved in using equations
(5.122) and (5.123).

Figure 5.33: Gradient not defined at xm

In the third case, the finite difference formulae cannot be used since the gradient is not defined
at all the points. For example, consider the function shown in Figure 5.33. If equation (5.123)
is used to evaluate the derivative ∂f/∂x at xm, one obtains a value of α1 for a step size ∆x1

and a value of α2 for a step size ∆x2. Since, in reality, the derivative does not exist at the point
xm, the use of finite difference formulae might lead to a complete breakdown of the minimization
process. In such cases, the minimization can only be done by any of the direct search techniques
discussed earlier.

Rate of change of a function along a direction

In most of the optimization techniques, one will be interested in finding the rate of change of a
function with respect to a parameter λ along some specified direction Si, away from a given point
xi. Any point in the specified direction away from the point xi can be expressed as x = xi +λSi.
The interest is to find the rate of change of the function along the direction Si (characterized by
the parameter λ), that is

df

dλ
=

n∑

j=1

∂f

∂xj

∂xj

∂λ
(5.124)
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where xj is the j–th component of x. But

df

dλ
=

∂xj

∂λ
=

∂

∂λ
(xij + λ sij) = sij (5.125)

where xij and sij are the j–th components of xi and Si, respectively. Hence

df

dλ
=

n∑

j=1

∂f

∂xj
sij = ∇fT Si (5.126)

If λ∗ minimizes f in the direction Si, one obtains

df

dλ
|λ=λ∗= ∇f |Tλ∗ Si (5.127)

at the point xi + λ∗ Si.

Steepest Descent Method

The use of the negative of the gradient vector as a direction for minimization was first made by
Cauchy (1847). In this method, one starts from an initial trial point x1 and iteratively move
towards the optimum point according to the rule

xi+1 = xi + λ∗i Si = xi − λ∗i ∇fi (5.128)

where λ∗i is the optimal step length along the search direction Si = −∇fi. The flowchart for this
method is given in Figure 5.34.

Figure 5.34: Flowchart for the stepeest descent method
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The method of steepest descent may appear to be the best unconstrained minimization technique
since each one–dimensional search starts in the ‘best’ direction. However, owing to the fact that
the steepest descent direction is a local property, the method is not really effective in most of the
problems.

In two–dimensional problems, the application of the steepest descent method leads to a path
made up of parallel and perpendicular segments as shown in Figure 5.35. It can be seen that the
path is a zig-zag in much the same way as the univariate method. In higher dimensions, the path
may not be made up of parallel and perpendicular segments and hence the method may have
different characteristics than the univariate method. For functions with significant eccentricity,
the method settles into a steady n–dimensional zig–zag and the process will be hopelessly slow.
On the other hand, if the contours of the objective function are not very much distorted, the
method may converge faster as shown in Figure 5.35.

Figure 5.35: Convergence of the steepest descent method

The following criteria can be used to terminate the iterative process:

| f(xi+1)− f(xi)
f(xi)

| ≤ ε1 (5.129)

∣∣∣∣
∂f

∂xi

∣∣∣∣ ≤ ε2 , i = 1, 2, . . . , n (5.130)

| xi+1 − xi | ≤ ε3 (5.131)

Variable Metric Method

Significant developments have taken place in the area of the descent techniques with the intro-
duction of the variable metric method by Davidon (1959). This method was extended by Fletcher
and Powell (1963), so becoming the Davidon-Fletcher-Powell method . This method is the best
general purpose unconstrained optimization technique making use of the derivatives. The itera-
tive procedure of this method can be stated as follows:

1. Start with an initial point x1 and a n× n positive definite symmetric matrix H1. Usually
H1 is taken as the identity matrix I. Set iteration number as i = 1.
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2. Compute the gradient of the function, ∇fi, at the point xi, and set

Si = −Hi∇fi (5.132)

taking into account that for the first iteration, the search direction S1 will be the same as
the steepest descent direction , i.e. S1 = −∇f1, if H1 = I.

3. Find the optimal step length λ∗i in the direction Si and set

xi+1 = xi + λ∗i Si (5.133)

4. Test the new point xi+1 for optimality. If xi+1 is optimal, terminate the iterative process;
otherwise, go to the next step.

5. Update the H matrix as

Hi+1 = Hi + Mi + Ni (5.134)

where

Mi = λ∗i
Si ST

i

ST
i Qi

(5.135)

Ni = −(Hi Qi)(Hi Qi)T

QT
i Hi Qi

(5.136)

Qi = ∇f(xi+1)−∇f(xi) = ∇fi+1 −∇fi (5.137)

6. Set the new iteration number l = i + 1, and go to step 2.

The method was originally considered to be a variable metric method by Davidon. It can be
thought of as a quasi–Newton method and also as a conjugate gradient method. This method
is very powerful and converges quadratically since it is a conjugate gradient method. It is very
stable and continues to progress towards the minimum even while minimizing highly distorted
and eccentric functions. The stability of this method can be attributed to the fact that it carries
the information obtained in previous iterations through the matrix Hi. It can be shown that Hi

will always remain positive definite and will be an approximation to the inverse of the matrix of
second partial derivatives of the objective function.
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5.9 NLP: Constrained Optimization Techniques

This section deals with the optimization techniques that are applicable for the solution of a con-
strained nonlinear optimization problem.

There are many techniques available for the solution of a constrained nonlinear programming
problem, which can be classified into two broad categories, namely, the direct methods and indirect
methods as shown in Table 5.4.

Direct Methods Indirect Methods

(a) Heuristic search method (a) Transformation of variables
- complex method

(b) Constraint approximation methods (b) Penalty function methods
- cutting plane method - interior penalty function method
- approximate programming method - exterior penalty function method

(c) Methods of feasible directions
- Zountendijk’s method
- Gradient projection method

Table 5.4: Constrained Optimization Techniques

Direct Methods

In the direct methods, the constraints are handled in an explicit manner, whereas in most of the
indirect methods the constrained problem is solved as a sequence of unconstrained minimization
problems.

Heuristic Search Methods

The heuristic search methods are mostly intuitive and do not have much theoretical support. The
complex method , which can be considered to be similar to the simplex method, may be studied
under this category.

Constraint Approximation Methods

In these methods, the nonlinear objective function and the constraints are linearized about some
point and the approximating linear programming problem is solved by using linear programming
techniques.

The resulting optimum solution is then used to construct a new linear approximation which will
again be solved by using LP techniques. This procedure is continued until the specified conver-
gence criteria are satisfied. There are two methods, namely, the cutting plane method and the
approximate programming method , which work on this principle.
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Methods of Feasible Directions

The methods of feasible directions are those which produce an improving succession of feasible
vectors xi, by moving in a succession of usable feasible directions. A feasible direction is one
along which at least a small step can be taken without leaving the feasible domain.

A usable feasible direction is a feasible direction along which the objective function value can
be reduced at least by a small amount. Each iteration consists of two important steps in the
methods of feasible directions. The first step consists of finding a usable feasible direction at a
specified point and the second step consists of determining a proper step length along the usable
feasible direction found in the first step. The Zoutendijk method of feasible directions and Rosen
gradient projection method can be considered as particular cases of general methods at feasible
directions.

IndirectMethods

Two basic types of indirect optimization methods are dealt with.

Transformation of Variables

Some of the constrained optimization problems have their constraints expressed as simple and
explicit functions of the decision variables. In such cases, it may be possible to make a change
of variables such that the constraints are automatically satisfied. In some other cases, it may be
possible to know, in advance, which constraints will be active at the optimum solution. In these
cases,the particular constraint equation, gj(x) = 0, can be used to eliminate some of the variables
from the problem. Both these approaches will be discussed under the heading transformation of
variables.

Penalty Function Methods

There are two types of penalty function methods, namely, the interior penalty function method
and the exterior penalty function method . In both types of methods, the constrained problem is
transformed into a sequence of unconstrained minimization problems such that the constrained
minimum can be obtained by solving the sequence of unconstrained minimization problems.

In the interior penalty function methods, the sequence of unconstrained minima lie in the feasible
region and thus it converges to the constrained minimum from the interior of the feasible region.
In the exterior methods, the sequence of unconstrained minima lie in the infeasible region and
converges to the desired solution from the exterior of the feasible region.

Before discussing various types of constrained minimization techniques stated, it is worth seeing
some of the important characteristics of a constrained problem.
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5.9.1 Characteristics of a Constrained Problem

The presence of constraints in a nonlinear programming problem creates more problems while
finding the minimum. Several situations can be identified depending on the effect of constraints
on the objective function. The simplest situation is when the constraints do not have any influ-
ence on the minimum point. However, it is necessary to proceed with the general assumption
that the constraints will have some influence on the optimum point.

A general case would appear as the case shown in Figure 5.36. Here the minimum value of f

corresponds to the contour of the lowest value having at least one point in common with the
constraint set. If the problem is a LP problem, the optimum point will always be an extreme
point.

Figure 5.36: Constrained minimum occurring on a nonlinear constraint

It should be noted that ∇f is not equal to zero at the optimum point x∗, but at least one of the
constraints, gj(x), will be zero at x∗. It can be seen from Figure 5.36 that the negative of the
gradient must be expressed as

∇f = λ∇gj , λ > 0

at an optimum point. This condition can easily be identified as a particular case of the Kuhn–
Tucker necessary conditions to be satisfied at a constrained optimum point.

Another situation is one where the minimization problem has two or more local minima. If
the objective function has two or more unconstrained local minima and if at least one of them is
contained in a feasible region, then the constrained problem would have at least two local minima.

In summary, the minimum of a nonlinear programming problem will not be, in general, an extreme
point of the feasible region, and may not even be on the boundary. Also the problem may
have local minima even if the corresponding unconstrained problem is not having local minima.
Further, none of the local minima may correspond to the global minimum of the unconstrained
problem. All these characteristics are direct consequences of the introduction of constraints.
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5.9.2 Direct Methods

Methods of Feasible Directions

The methods of feasible directions are based on the same philosophy as the methods of uncon-
strained minimization, but are constructed to deal with inequality constraints. The basic idea is
to choose a starting point satisfying all the constraints and to move to a better point according
to the iterative scheme

xi+1 = xi + λSi (5.138)

where xi is the starting point for the i–th iteration, Si is the direction of movement, λ is the
distance of movement (step length) and xi+1 is the final point obtained at the end of the i–th
iteration. The value of λ is always chosen so that xi+1 lies in the feasible region. The search
direction Si is found such that (i) a small move in that direction violates no constraint, and (ii)
the value of the objective function can be reduced in that direction. The new point xi+1 is taken
as the starting point for the next iteration and the whole procedure is repeated several times until
a point is obtained such that no direction satisfying both (i) and (ii) can be found. In general,
such a point denotes the constrained local minimum of the problem. This local minimum needs
not be a global one unless the problem is a convex programming problem. A direction satisfying
the property (i) is called feasible, while a direction satisfying both the properties (i) and (ii) is
called a usable feasible direction. This is the reason, why these methods are known as methods of
feasible directions. There are many ways of choosing usable feasible directions and hence there
are many different methods of feasible directions.

Situations for feasible directions will depend on the geometry of constraint functions; that is, in
Figure 5.37(a) g1 and g2 are convex, in Figure 5.37(b) g1 is convex and g2 is linear; in Figure
5.37(c) g1 is convex and g2 is concave.

Figure 5.37: Feasible directions S

A direction S will be feasible at a point xi if it satisfies the relation

d

dλ
gj(xi + λS) |λ=0 = ST ·∇gj(xi) ≤ 0 (5.139)

where the equality sign holds true only if a constraint is linear or strictly concave as shown in
Figures 5.37(b) and 5.37(c).
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The geometrical meaning of equation (5.139) is that the vector S must make an obtuse angle
with all the constraint normals except that, for the linear or concave constraints, the angle may
go to as less as 90o. Any feasible direction satisfying the strict inequality sign of equation (5.139)
lies at least partly in the feasible region. By moving along such a direction from xi one will be
able to find another point xi+1, which also lies in the feasible region.

A vector S will be a usable feasible direction if it satisfies the relations

d

dλ
f(xi + λS |λ=0= ST ·∇f(xi) ≤ 0 (5.140)

d

dλ
gj(xi + λS |λ=0= ST ·∇gj(xi) ≤ 0 (5.141)

It is possible to reduce the value of the objective function at least by a small amount by taking
a step length λ > 0 along such a direction.

The iterative procedure of the methods of feasible directions is shown graphically in Figure
5.38. Let x1 be the starting feasible point and let the initial usable feasible direction chosen be
S1 = −∇f (x1). A step length λ > 0 is to be taken along the direction S1 so as to minimize f

along the direction S2 without violating any of the constraints. This procedure gives x2 as the
new point.

Figure 5.38: Iterative procedure of the methods of feasible directions

Proceeding in the direction of the negative gradient of the objective function at x2 violates the
constraints. Hence a usable feasible direction S2 is found at the point x2 such that it makes an
angle greater than 90o with ∇g2 and an angle lesser than 90o with ∇f2. Several usable feasible
directions can be generated at this point x2. The locally best feasible direction may be selected
along which the value of f decreases most rapidly, that is, along which −ST

2 ∇f(x2) is maxi-
mized. This is the feasible direction which makes the smallest angle with −∇f(x2) = −∇f2.
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By moving along the direction S2 by the maximum possible distance, the point x3 is obtained.
A new usable feasible direction S3 at x3 is obtained along which to move as much as possible
to obtain the point x4. At this point, the negative of the gradient of the objective function is
−∇f4 and no usable feasible direction can be found. In other words, no feasible direction at x4

makes an angle of less than 90o with −∇f4. Thus the point x4 will be taken as a local minimum.
It can be seen that this local minimum is same as the global minimum of f over the constraint set.

It may not always be possible to obtain the global minimum of f . For example, if the process
starts with point y1 shown in Figure 5.38, the iterative procedure leads to the local minimum y3,
which is different from the global minimum x4. This problem of local minima is common to all
methods and one can be sure of avoiding them only in the case of convex programming problems.

5.9.3 Indirect Methods

Transformation Techniques

Change of Variables

If the constraints gj(x) are explicit functions of the variables xi and have certain simple forms, it
may be possible to make a transformation of the independent variables such that the constraints
are automatically satisfied. Thus it may be possible to convert a constrained optimization problem
into an unconstrained one by making change of variables. One of the frequently encountered
constraints, which can be satisfied in this way, is that when the variable is bounded below and
above by certain constants

li ≤ xi ≤ ui (5.142)

where li, and ui, are, respectively, the lower and the upper limits on xi. These constraints can
be satisfied by transforming the variable xi as

xi = li + (ui − li) sin2 yi (5.143)

where yi is the new variable which can take any value.

In the particular case when the variable xi is restricted to lie in the interval (0, 1), any of the
following transformations can be used

xi = sin2 yi ; xi = cos2 yi ; xi = eyi/(eyi + e−yi) ; xi = y2
i /(1 + y2

i )

If the variable xi is constrained to take only positive values, the transformation has to be as
follows

xi =| yi | ; xi = y2
i ; xi = eyi

On the other hand, if the variable is restricted to take values lying only in between -1 and 1, the
transformation is given by

xi = sin yi ; xi = cos yi ; xi =
2yi

1 + y2
i
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After applying these transformations, the unconstrained minimum of the objective function is
sought with respect to the new variables yi.

The following points are to be noted in applying this transformation technique:

• the constraints gj(x) have to be very simple functions of xi;
• for certain constraints it may not be possible to find the necessary transformation;
• if it is not possible to eliminate all the constraints by making change of variables, it may

be better not to use the transformation at all; the partial transformation may, sometimes,
produce a distorted objective function which might be more difficult to minimize than the
original function.

Elimination of Variables

If an optimization problem has m inequality constraints, all of them may not be active 7 at the
optimum point. If it is known, in advance, which constraints are going to be active at the opti-
mum point, those constraint equations can be used to eliminate the variables from the problem.
Thus if r (< n) specific constraints are known to be active at the optimum point, any r variables
can be eliminated from the problem and a new problem is obtained involving only (n−r) variables
and (m− r) constraints. This problem will be, in general, much easier to solve compared to the
original problem.

The major drawback of this method is that it will be very difficult to know, before hand, which
of the constraints are going to be active at the optimum point. Thus, in a general problem with
m constraints, it is needed to check (i) the minimum of f (x) with no constraints (assuming that
no constraint is active at the optimum point), (ii) the minimum of f (x) by taking one constraint
at a time with equality sign (assuming that one constraint is active at the optimum point), (iii)
the minimum of f (x) by taking all possible combinations of constraints taken two at a time
(assuming that two constraints are active at the optimum point), etc. If any of these solutions
satisfies the Kuhn–Tucker necessary conditions, it is likely to be a local minimum of the original
optimization problem. It can be seen that, in the absence of a prior knowledge about which
constraints are going to be active at the optimum point, the number of problems to be solved is
given by

1 + m +
m (m− 1)

2!
+

m (m− 1) (m− 2)
3!

+ . . . +
m!

(m− n)!n!
=

n∑

k=0

m!
k! (m− k)!

For example, if the original optimization problem has m = 5 variables and n = 10 constraints,
the number of problems to be solved will be 638, which can be seen to be very large.

However, in LP problems, it is known that exactly (n−m) variables will be zero at.the optimum
point. In such cases, it is necessary to solve only n!/[(n − m)!m!] problems to identify the
optimum solution. For example, if m = 5 and n = 10, the number of problems to be solved will
be 252, which is still a 1arge number in terms of practical computations. Hence this approach
is not feasible even for solving LP problems. The simplex method can be seen to be much more

7A constraint, which is satisfied with equality sign, is called an active constraint
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efficient than this technique because it moves from one basic feasible solution to an improved
neighboring basic feasible solution in a systematic manner.

Penalty Function Methods: Basic Approach

The penalty function methods transform the basic optimization problem into alternative formula-
tions such that numerical solutions are sought by solving a sequence of unconstrained minimiza-
tion problems. Let the basic optimization problem be of the form

Find x which minimizes f(x)

subject to gj(x) ≤ 0 , j = 1, 2, ..., m



 (5.144)

This problem is converted into an unconstrained minimization problem by constructing a function
of the form

φk = φ(x, rk) = f(x) + rk

m∑

j=1

Gj [gj(x)] (5.145)

where Gj is some function of the constraint gj and rk is a positive constant known as the penalty
parameter . The second term on the right side of equation (5.145) is called the penalty term and
its significance will be seen later. If the unconstrained minimization of the φ–function is repeated
for a sequence of values of the penalty parameter rk (k = 1, 2, . . .), the solution may be brought
to converge to that of the original problem stated in equation (5.144). This is the reason why the
penalty function methods are also known as sequential unconstrained minimization techniques
(SUMT).

The penalty function formulations for inequality constrained problems can be divided into two
categories, namely, the interior penalty function method and the exterior penalty function method .
In the interior formulations some of the popularly used forms of Gj are given by

Gj = − 1
gj(x)

(5.146)

or

Gj = log [−gj(x)] (5.147)

In the case of exterior penalty function formulations, some of the commonly used forms of the
function Gj are

Gj = max [0, gj(x)] (5.148)
or

Gj = {max [0, gj(x)]}2 (5.149)

In the interior methods, all the unconstrained minima of φk lie in the feasible region and converge
to the solution of equations (5.144) as rk is varied in a particular manner. In the exterior methods,
all the unconstrained minima of φk lie in the infeasible region and converge to the desired solution
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from the outside as rk is changed in a specified manner. The convergence of the unconstrained
minima of φk is illustrated in Figure 5.39 for the simple problem

Find x = {x1

which minimizes f(x) = α x1

subject to g1(x) = β − x1 ≤ 0





(5.150)

It can be seen from Figure 5.39(a) that the unconstrained minima of φ(x, rk) converge to the
optimum point x∗ as the parameter rk is increased sequentially. On the other hand, the interior
method shown in Figure 5.39(b) gives convergence as the parameter rk is decreased sequentially.

Figure 5.39: Penalty function methods: (a) exterior method; (b) interior method

There are several reasons for the appeal of the penalty function formulations. One main reason,
which can be observed from Figure 5.39 is that the sequential nature of the method allows a
gradual or sequential approach to criticality of the constraints. In addition, the sequential process
permits a graded approximation to be used in the analysis of the system. This means that if the
evaluation of f and gj , and hence φ(x, rk), for any specified design vector x is computationally
very difficult, one can use coarse approximations during the early stages of optimization (when the
unconstrained minima of φk are far away from the optimum) and finer or more detailed analysis
approximation during the final stages of optimization. Another reason is that the algorithms for
the unconstrained minimization of rather arbitrary functions have been well studied and generally
are quite reliable.
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5.9.4 Interior Penalty Function Method

As indicated previously, in the interior penalty function method, a new function (φ-function) is
built by adding a penalty term to the objective function. The penalty term is chosen such that
its value will be small at points away from the constraint boundaries and will tend to infinity as
the constraint boundaries are approached. Hence the values of the φ-function also ‘blows up’ as
the constraint boundaries are approached. This behavior can also be seen from Figure 5.39(b)
Thus, once the unconstrained minimization of φ(x, rk) is started from any feasible point x1,
the subsequent points generated will always lie within the feasible domain since the constraint
boundaries act as barriers during the minimization process. This is the reason why the interior
penalty function methods are also known as ‘barrier methods’.

The φ–function defined originally by Carroll (1981) is

φ(x, rk) = f(x)− rk

m∑

j=1

1
gj(x)

(5.151)

It can be seen that the value of the function φ will always be greater than f since gj(x) is negative
for all feasible points x. If any constraint gj(x) is satisfied critically (with equality sign), the value
of φ tends to infinity. It is to be noted that the penalty form in equation (5.151) is not defined
if x is infeasible. This introduces serious shortcoming while using equation (5.151). Since this
problem does not allow any constraint to be violated, it requires a feasible starting point for the
search towards the optimum point. However, in many engineering problems, it may not be very
difficult to find a point satisfying all the constraints, gj(x) ≤ 0, at the expense of large values
of the objective function f(x). If there is any difficulty in finding a feasible starting point, the
method described below can be used to find a feasible point. Since the initial point as well as
each of the subsequent points generated in this method lies inside the acceptable region of the
design space, the method is classified as the interior penalty function formulation. The iteration
procedure of this method is illustrated below.

Iterative Process

1. Start with an initial feasible point x1 satisfying all the constraints with strict inequality
sign, that is, gj(x1) < 0 for j = 1, 2, . . . ,m, and an initial value of r1 > 0. Set k = 1.

2. Minimize φ(x, rk) by using any of the unconstrained minimization methods and obtain the
solution x∗k.

3. Test whether x∗k is the optimum solution of the original problem. If x∗k is found to be
optimum, terminate the process; otherwise, go to the next step.

4. Find the value of the next penalty parameter, rk+1, as

rk+1 = c·rk where c < 1

5. Set the new value of k = k + 1, take the new starting point as xi = x∗k and go to step 2.



222 CHAPTER 5. OPTIMIZATION METHODS

These steps are shown in the form of a flowchart in Figure 5.40.

Figure 5.40: Flowchart for the interior penalty function method

Although the algorithm is straightforward, there are a number of points to be considered in im-
plementing the method. These are:

• the starting feasible point x1 may not be readily available in some cases;

• a suitable value of the initial penalty parameter r1 has to be found;

• a proper value has to be selected for the multiplication factor c;

• suitable convergence criteria have to be chosen to identify the optimum point;

• the constraints have to be normalized so that each one of them vary between -1 and 0 only.

Feasible starting point

In most of the engineering problems, it will not be very difficult to find an initial point x1 satis-
fying all the constraints, gj(x1) < 0. In most of the practical problems, a feasible starting point
may be found even at the expense of a large value of the objective function. However, there may
be some situations where the feasible design points could not be found so easily. In such cases,
the required feasible starting points can be found by using the interior penalty function method
itself as follows:
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1. Choose an arbitrary point x1 and evaluate the constraints gj(x) at the point x1. Since the
point x1 is arbitrary, it may not satisfy all the constraints with strict inequality sign. If r

out of a total of m constraints are violated, renumber the constraints such that the last r

constraints will become the violated ones; that is,

gj(x) < 0 j = 1, 2, . . . , m− r

gj(x) ≥ 0 j = m− r + 1,m− r + 2, . . . ,m



 (5.152)

2. Identify the constraint which is violated most at the point x1, that is, find the integer k

such that

gk(x1) = max [gj(x1)] for j = m− r + 1,m− r + 2, . . . , m (5.153)

3. Now formulate a new optimization problem as:

Findx which minimizes gk(x)

subject to gj(x) ≤ 0 j = 1, 2, . . . ,m− r

and gj(x)− gk(x1) ≤ 0 j = m− r + 1,m− r + 2, . . . , k − 1, k + 1, . . . , m





4. Solve the optimization problem formulated in step 3. by taking the point x1 as a feasi-
ble starting point using the interior penalty function method. Note that this optimization
method can be terminated whenever the value of the objective function gk(x) drops below
zero. Thus the solution obtained xM will satisfy at least one more constraint than did the
original point x1.

5. If all the constraints are not satisfied at the point x∗, set the new starting point as x1 = x∗
and renumber the constraints such that the last r constraints will be the unsatisfied ones
(this value of r will be different from the previous value), and go to step 2.

This procedure is repeated until all the constraints are satisfied, and a point x1 = xM is obtained
for which gj(x1) < 0, j = 1, 2, . . . ,m.

If the constraints are consistent, it should be possible to obtain, by applying the above procedure,
a point x1 that satisfies all the constraints.

However, there may exist situations in which the solution of the problem formulated in step 3.
gives the unconstrained or constrained local minimum of gk(x) that is positive. In such cases,
one has to restart the procedure with a new point x1 from step 1 onwards.

Initial value of the penalty parameter

Since the unconstrained minimization of φ(x, rk) is to be carried out for a decreasing sequence of
rk, it might appear that by choosing a very small value of r1, one can avoid an excessive number
of minimization of the function φ. But, from computational point of view, it will be easier to
minimize the unconstrained function φ(x, rk) if rk is large. This can be seen qualitatively from
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Figure 5.39(b). It can be seen that as the value of rk becomes smaller, the value of the function
φ changes more rapidly in the vicinity of the minimum φ∗k. Since it is easier to find the minimum
of a function whose graph is smoother, the unconstrained minimization of φ will be easier if rk

is large. However, the minimum of φk, x∗k, will be farther away from the desired minimum x∗ if
rk is large. Thus it requires an excessive number of unconstrained minimization of φ(x, rk) (for
several values of rk) to reach the point x∗ if r1 is selected to be very large. Thus a ‘moderate’
value has to be chosen for the initial penalty parameter r1. In practice, a value of r1, which
gives the value of φ(x1, r1) approximately equal to 1.1 to 2.0 times the value of f(x1), has been
found to be quite satisfactory in achieving quick convergence of the process. Thus, for any initial
feasible starting point x1, the value of r1 can be taken as

r1 ' (0.1÷ 1.0)
f(x1)

−
m∑

j=1

1
gj(x1)

(5.154)

Subsequent values of the penalty parameter

Once the initial value of rk is chosen, the subsequent values of rk have to be chosen such that

rk+1 < rk (5.155)

For convenience, the value of rk are chosen according to the relation

rk+1 = c·rk where c < 1 (5.156)

The value of c can be taken as 0.1 or 0.2 or 0.5, etc.

Convergence criteria

Since the unconstrained minimization of φ (x, rk) has to be carried out for a decreasing sequence
of values rk, it is necessary to use proper convergence criteria to identify the optimum point
and to avoid an unnecessary large number of unconstrained minimization. The process can be
terminated whenever the following conditions are satisfied:

1. The relative difference between the values of the objective function obtained at the end of
any two consecutive unconstrained minimization falls below a small number ε, i.e.

| f(x∗k)− f(x∗k−1)
f(x∗k)

|≤ ε1 (5.157)

2. The difference between the optimum points x∗k and x∗k−1 becomes very small. This can be
judged in several ways. Some of them are given below:

| (∆x)i |≤ ε2 (5.158)

where ∆x = x∗k − x∗k−1, and (∆x)i is the i–th component of the vector ∆x.
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max | (∆x)i |≤ ε3 (5.159)

| (∆x) |= [(∆x2
1) + (∆x2

2) + . . . + (∆x2
n)]1/2 ≤ ε4 (5.160)

Note that the values of ε1 to ε4 have to be chosen depending on the characteristics of the problem
at hand.

Normalization of constraints

A structural optimization problem, for example, might be having constraints on the deflection,
δ, and the stress, σ, as

g1(x) = δ(x)− δmax ≤ 0 (5.161)

g2(x) = σ(x)− σmax ≤ 0 (5.162)

where the maximum allowable values are given by δmax = 0.5 cm, and σmax = 3,000 kg/cm2. If a
design vector x1 gives the values of g1 and g2 as -0.2 and -2000, the contribution of g1 will be much
larger than that of g2 (by an order of 104) in the formulation of the φ–function given by equations
(5.151). This will badly effect the convergence rate during the minimization of φ–function. Thus,
it is advisable to normalize the constraints so that they vary between -1 and 0 as far as possible.
For the constraints shown in equations (5.161) and (5.162), the normalization can be done as

g
′
1(x) =

g1(x)
δmax

=
δ(x)
δmax

− 1 ≤ 0 (5.163)

g
′
2(x) =

g2(x)
σmax

=
σ(x)
σmax

− 1 ≤ 0 (5.164)

If the constraints are not normalized as shown in equations (5.163) and (5.164), the problem can
still be solved effectively by defining different penalty parameters for different constraints as

φ(x, rk) = f(x)− rk

m∑

j=1

Rj

gj(x)
(5.165)

where R1, R2, . . ., Rm are selected such that the contributions of different gj(x) to the φ–function
will be approximately same at the initial point x1. When the unconstrained minimization of
φ(x, rk) is carried for a decreasing sequence of values of rk, the values of R1, R2, . . ., Rm will
not be altered; however, they are expected to be effective in reducing the disparities between the
contributions of the various constraints to the φ function.
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Chapter 6

Design of Experiments

Sir Ronald Fisher was the innovator in the use of statistical methods in design of experiments
(DoE). He developed the analysis of variance as the primary method of statistical analysis in
experimental design. While Fisher was clearly the pioneer, there have been many other signifi-
cant contributors to the techniques of experimental design, including Yates, Bose, Kempthorne,
Cochran, and Box.

Many of the early applications of experimental design methods were in the agricultural and bio-
logical sciences, and as a result, much of the terminology of the field is derived from this heritage.
However, the first industrial applications of experimental design began to appear in the 1930s,
initially in the British textile and woolen industry. After the Second World War, experimental
design methods were introduced to the chemical and process industries in the United States and
Western Europe. The semiconductor and electronics industry has also used experimental design
methods for many years with considerable success. In recent years, there has been a revival of
interest in experimental design in the United States because many industries discovered that their
Asiatic competitors have been using designed experiments for many years and that this has been
an important factor in their competitive success.

The day is approaching when all engineers will receive formal training in experimental design as
part of their undergraduate education. The successful integration of experimental design into the
engineering profession is expected to become a key factor in the future competitiveness of the
European industrial base.

6.1 General

Experiments are performed by investigators in virtually all industrial sectors. Literally, an exper-
iment is a test. A designed experiment is, therefore, a test or series of tests in which purposeful
changes are made to the input variables of an industrial process or technical system so that the
reasons for changes in the output response may be identified.

The process under study can be represented by the model shown in Figure 6.1. One can usually
visualize the process as a combination of machines, methods, engineers, computers, and other
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resources that transforms some input into an output that has one or more observable responses.
Some of the process variables x1, x2, . . . , xp are controllable, whereas other variables z1, z2, . . . , zp

are uncontrollable.

Figure 6.1: General model of a process

Experimental design methods play an important role in design and process development as well as
in process trouble shooting to improve manufacturing performance. The objective in many cases
may be to develop a robust design and/or a robust process, that is, a process affected minimally
by external sources of variability (the noise parameters z’s).

Experimental design methods have found broad application in many disciplines. In engineer-
ing, experimentation may be viewed as part of the scientific process and as one of the ways the
experimenter learns about how technical systems or manufacturing processes work. Generally,
the experimenter learns through a series of activities in which he/she makes conjectures about a
process or a physical phenomenon, perform experiments to generate data from the process, and
then uses the information from the experiment to establish new conjectures, which lead to new
experiments, and so on.

Experimental design methods are critically important tools in the engineering world for improving
the performance of a manufacturing process. The application of experimental design techniques
early in manufacturing process development can result in

• improved product and process outcomes;
• reduced variability and closer conformance to nominal or target requirements;
• reduced development time;
• reduced overall costs.

Experimental design methods also play a major role in engineering design activities, where new
products are developed and existing ones improved. Some applications include:

• evaluation and comparison of conceptual and basic design configurations;
• selection of design parameters so that the technical product will work well under a wide

variety of environmental conditions, that is, so that the product is robust;
• determination of key product design variables that impact product performance.
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The use of experimental design in these areas can result in products that are easier to manufac-
ture, products that enhance technical performance and reliability together with lower product
cost, and shorter product design and development time.

Finally, the objectives of an experiment may include the following determinations:

• which variables are most influential on the response, y;

• where to set the influential x’s so that y is almost always near the desired nominal value;

• where to set the influential x’s so that variability in y is small;

• where to set the influential x’s so that the effects of the uncontrollable variables z1, z2, . . . , zn

are minimized.

6.1.1 Basic Principles

The statistical approach to experimental design is mandatory if one wishes to draw meaningful
conclusions from the data. collected from a physical experiment and from numerical analysis of
a phisical phenomenon or process. In order to perform the design experiment most efficiently, a
scientific approach to planning the experiment must be employed. To reach valid and objective
conclusions by means of the statistical design of experiments, the investigator may plan the
experiment by collecting data appropriately,
When the problem involves data that are subject to experimental errors, statistical methodology
is the only objective approach to analysis. Thus, there are two aspects to any experimental prob-
lem: the design of the experiment and the statistical analysis of the data. These two subjects are
closely related since the method of analysis depends directly on the design method employed.

There are three basic principles of experimental design; namely, replication, randomization, and
blocking .

Replication is intended as a repetition of the basic experiment. It has two important properties.
First, it allows the experimenter to obtain an estimate of the experimental error. This estimate
of error becomes a basic unit of measurement for determining whether observed differences in the
data are really statistically different. Second, if the sample mean, ȳ, is used to estimate the effect
of a factor in the experiment, then replication permits the experimenter to obtain a more precise
estimate of this effect. For example; if σ2 is the variance of the data, and there are n replicates,
then the variance of the sample mean is

σ2
ȳ =

σ2

n

The practical implication of this fact is that, if the experimenter has n = 1 replicates and many
observations, he/she would probably be unable to make satisfactory inferences about the effect
of variables, that is, the observed difference could be the result of an experimental error. On
the other hand, if n is reasonably large, and the experimental error is sufficiently small, then the
experimenter will be reasonably safe in his/her conclusions.
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Randomization is the cornerstone underlying the use of statistical methods in experimental de-
sign. By randomization it is meant that both the allocation of the experimental data and the
order in which the individual runs or trials of the experiment are to be performed are randomly
determined. Randomization usually makes it valid the assumption that statistical methods re-
quire the observations (or errors) be independently distributed random variables. By properly
randomizing the experiment, the investigator is also helped in ‘averaging out’ the effects of ex-
traneous, imprecise and ambiguoius factors that may be present.

Blocking is a technique used to increase the precision of an experiment. A block is a portion of
the experimental data that should be more homogeneous than the entire set of data. Blocking
involves making comparisons among the conditions of interest in the experiment within each
block.

6.1.2 Guidelines for Designing Experiments

To use the statistical approach in designing and analyzing a design experiment, the investigator
must have a clear idea in advance of exactly which phenomenon or process is to be modelledd,
how the data are to be collected, and at least a qualitative understanding of how these data are
to be analyzed. The recommended procedure is outlined through the following steps:

1. Recognition and statement of the problem. This may seem to be a rather obvious point, but
in practice it is often not so simple to develop a clear and generally accepted statement of
the problem. Usually, it is important to press for cooperation from all concerned parties.
A clear statement of the problem often contributes substantially to a better understanding
of the phenomenon or process and to reach a sound solution.

2. Choice of the variables and levels. The experimenter must choose the variables (factors) to
be varied in the experiment, the ranges over which these factors will be varied, and the spe-
cific levels at which runs will be made. Thought must also be given to how these factors are
to be controlled at the desired values and how they are to be measured. The experimenter
will also have to decide on the range over which each factor will be varied and on how many
levels of each variable to use. It is important to investigate all variables that may be of
importance; particularly when the investigator is in the early stages of experimentation.
When the objective is factor screening or process characterization, it is usually best to keep
the number of factor levels low (most often two attributes are used).

3. Selection of the response. In selecting the response variable, the experimenter should be
certain that this variable really provides useful information about the phenomenon under
study. Most often, the average or standard deviation (or both) of the measured character-
istic will be the response variable.

4. Choice of the experimental design. If the first three steps are done correctly, this step is
relatively easy. Selection of the appropriate design involves consideration of sample size,
selection of a suitable run order for the experimental trials, and determination of whether or
not blocking or other randomization restrictions are involved, while keeping the experimen-
tal objectives in mind. In many engineering experiments, the investigator already knows
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at the outset that some of the factor levels will result in different values for the response.
Consequently, he/she has to identify which factors cause this difference and to estimate the
magnitude of the response variation.

5. Performing the experimental design. Errors in experimental procedure at this stage will
usually destroy experimental validity. It is easy to underestimate the planning aspects of
running a designed experiment in a complex research and development environment.

6. Data analysis. Statistical methods should be used to analyze the data so that results and
conclusions are objective in nature. If the experiment has been designed correctly and if it
has been performed according to the design, then the statistical methods required are not
elaborate. There are many excellent software packages designed to assist in data analysis,
and simple graphical methods play an important role in data interpretation. Residual anal-
ysis and model adequacy checking are important analysis techniques. Notice that statistical
methods cannot prove that a factor has a particular effect. They only provide guidelines
as to the reliability and validity of results. Properly applied, statistical methods allow to
measure the likely error in a conclusion or to assign a level of confidence to a statement. The
primary advantage of statistical methods is that they add objectivity to the decision–making
process. Statistical techniques coupled with good engineering knowledge will usually lead
to sound conclusions.

7. Conclusions and recommendations. Once the data have been analyzed, the experimenter
must draw practical conclusions about the results. Graphical methods are often useful in
this stage, particularly in presenting the results. Follow–up runs and confirmation testing
should also be performed to validate the conclusions from the experiment. Throughout this
entire process, it is important to keep in mind that experimentation is an important part of
the 1earning process. This suggests that experimentation is iterative: it is usually a major
mistake to design a single, large, comprehensive experiment at the start of a study. A suc-
cessful experiment requires knowledge of the primary factors, the ranges over which these
factors should be varied, the appropriate number of levels to use, and the proper units of
measurement for these variables. As an experimental program progresses, the experimenter
often drops some input variables, adds others, changes the region of exploration for some
factors, or adds new response variables.

6.1.3 Statistical Techniques in Design Experiments

Much of the research in engineering, science, and industry is empirical and makes extensive use
of (numerical) experimentation. Statistical methods can greatly increase the efficiency of ex-
periments and often strengthen the conclusions so obtained. The intelligent use of statistical
techniques in experimental designs requires that the investigator keeps the following points in
mind:

1. Use non-statistical knowledge of the problem. In some fields there is a large body of physical
theory on which to draw in explaining the relationships between factors and responses. This
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type of nonstatistical knowledge is invaluable in choosing factors, determining factor levels,
deciding how many replicates to run, interpreting the results of the analysis, and so forth.
Using statistics is no substitute for thinking about the problem.

2. Keep the design and analysis as simple as possible. Do not exagerate in the use of com-
plex, sophisticated statistical techniques. Relatively simple design and analysis methods
are almost always the best. If the investigator builds the experimental design carefully and
correctly, the analysis will almost always be relatively straightforward.

3. Recognize the difference between practical and statistical significance. Just because two ex-
perimental conditions produce mean responses that are statistically different, there is no
assurance that this difference is large enough to have any practical value.

4. Experiments are usually iterative. Remember that, in most situations, it is unwise to design
too comprehensive an experiment at the start of a study. This argues in favor of the iterative
or sequential approach. Of course, there are situations where comprehensive experiments
are entirely appropriate, but as a general rule, most experiments should be iterative.

6.2 Simple Comparative Experiments

In this section, experiments to compare two conditions or formulations (treatments) are consid-
ered; they are often called simple comparative experiments. The discussion leads to a review
of several basic statistical concepts, such as random variables, probability distributions, random
samples, sampling distributions, and tests of hypotheses.

Start with an example of an experiment performed to determine whether two different formula-
tions of a product give equivalent results. The tension bond strength of portland cement mortar
is an important characteristic of the product. An engineer is interested in comparing the strength
of a modified formulation in which polymer latex emulsions have been added during mixing to the
strength of the unmodified mortar. The experimenter has collected 10 observations of strength
for the modified formulation and other 10 observations for the unmodified formulation. The two
different formulations can be referred as two treatments or levels of the factor formulations. The
data from this experiment are plotted in Figure 6.2. This display is called a dot diagram.

Figure 6.2: Dot diagram for the tension bond strength

Visual examination of these data give the immediate impression that the response of the unmod-
ified formulation is greater than the response of the unmodified formulation. This impression is
supported by comparing the average response, ȳ1 = 16.76 kgf/cm2 for the modified formulation
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and ȳ2 = 17.92kgf/cm2 for the unmodified formulation. The average responses in these two
samples differ by what seems to be a nontrivial amount.

However, it is not obvious that this difference is large enough to imply that the two formulations
are really different. Perhaps this observed difference in average strengths is the result of sampling
fluctuation and the two formulations are really identical. Possibly other two samples would give
opposite results, with the strength of the modified formulation exceeding that of the unmodified
formulation. A technique of statistical inference called hypothesis testing , or significance testing ,
can be used to assist the experimenter in comparing two formulations. Hypothesis testing allows
the comparison of the two formulations to be made on objective terms, with a knowledge of the
risks associated with reaching the wrong conclusion. To present procedures for hypothesis testing
in simple comparative experiments, however, it is first necessary to develop and review some
elementary statistical concepts.

6.2.1 Basic Concept of Probability

Engineers must deal with uncertainty, which is an all–pervading and dominant characteristic of
engineering practice. Engineering uncertainty may occur in three basic ways.

Uncertainty occurs when the investigator measures something or makes predictions of dependent
variables from measured/computed quantities. Engineers are inclined to assume that this kind of
uncertainty does not exist at all. They tend to treat problems of this type as deterministic, and
overdesign to compensate for uncertainty. This must be considered as a rather crude treatment
of this kind of uncertainty. It is necessary to tackle the problem in a more rational way, using the
concepts of probability theory . For example, in the case of a towing resistance experiment, naval
architects would expect that the measurement could be repeated with very consistent results.
This is typical of engineering measurements, in which the discrimination of the instrument’s scale
corresponds to its inherent variation, and one gets the impression that the measurement is exact,
or almost exact. However, substantial uncertainty about the true value of the towing resistance
may really exists. It may be due to a bias in the measurement technique, or variations in tem-
perature and humidity conditions in the model basin. Furthermore, the equation predicting total
resistance in full scale may be empirical, with considerable uncertainty about the ‘correct‘ value
of scaling coefficients. Or the predictive law may be a poor model for the true behavior, to an
uncertain degree.

The second basic type of engineering uncertainty occurs when engineers are concerned with an
event that may or may not occur, or the time of its occurrence may be uncertain. Typical of this
would be hydrodynamic loads on a ship structure, or the frequency of occurrence a seakeeping
phenomenon reaches a critical level.

Designers may also be uncertain about the validity of a hypothesis or theory that is to be used to
predict performance of a technical system or subsystem. This is similar to the case mentioned in
the discussion of the first type of uncertainty, the question of a poor model for the design analy-
sis. However, designers are concerned there about whether or not a model, which was known to
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have good validity in certain circumstances, was applicable to a particular design for which the
circumstances are uncertain. Here designers are concerned with the validity of one or perhaps
alternative models when the circumstances are well defined or well controlled.

To deal with uncertainty in a rational, ordered manner, engineers must be able, in a sense, to
measure it. The term event will be used to designate all the kinds of things engineers are uncer-
tain about. The measure of the degree of uncertainty about the likelihood of an event occurring is
probability . In an attempt to measure probability the experimenter begins by arbitrarily defining
its range as 0 to 1, or 0 to 100%. If he/she is certain that an event will not occur, one says that
it has a probability of 0; if he/she is certain that an event will occur, it has a probability of 1.
In general engineers are faced with the problem of measuring intermediate values of probability
where the measure is obvious from the real situation or known a priori. Situations in which a
priori probabilities may be assumed, represent a rather special type of situation quite unreprese-
nattive of engineering problems.

Designers are concerned with random or unpredictable events; so, they have to understand what
is really meant by the likelihood of an event occurring. In this respect, there are in fact several
meanings. One straughtforward meaning uses the frequency concept, which is clear enough for
repeatable events with a priori probabilities. Therefore, probability can be defined as a mea-
sure of the number of times one expects an event to occur. There are other apparently different
meanings for probability. The first and rather simple meaning defining probability as the rela-
tive frequency of occurrence of an event should be examined a little more closely because of the
difficulty experienced by many investigators in being forced to say that the probability measure
gives about the frequency of occurrence of events in a sample. Experience shows that a series of
a given number of trials or measurements of an event will not yield exactly the same frequency
of occurrence each time. Experience also shows that variation in frequency becomes less as the
sample increases. Probability can be defined in this sense more precisely as the limit of the ratio
of the number of occurrences to the number of trials, as the number of trials increases without
limit .

Probability is also a measure of risk that an event will or will not occur, a measure of uncertainty
about the occurrence of an event, and a measure of the degree of a designer’s belief that an event
will occur. These are closely related concepts, and represent successive increases in generality of
the concept of probability.

6.2.2 Basic Statistical Concepts

Each observation in an experiment is called a run. Notice that the individual runs differ, so there
is fluctuation or noise in the results. This noise is usually called experimental error or simply
error . It is a statistical error since it arises from variations that are uncontrolled, unpredictable
and generally unavoidable. The presence of error or noise implies that the response variable is a
random variable.

Random variables may be discrete or continuous. If the set of all possible values of the random
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variable is either finite or countably infinite, then the random variable is discrete, whereas if the
set of all possible values of the random variable is an interval, then the random variable is con-
tinuous. Discrete random design variables are rather rare in the design of technical componenets,
but are not uncommon in design of technical systems. Environmental random discrete variables
also occur.

In engineering the concern is with the probability of occurrence of events, and the experimenter
must relate random variables to events. If the variable is discrete, the event is the occurrence of
any given value. The set of events defined by the random variable is predetermined in size and
mutually exclusive and collectively exhaustive. On the other hand, for continuous variables, it
is not possible to enumerate a finite number of events having a specific value, and therefore an
event is defined as the occurrence of a value within a specified interval. A set of events in this
case needs not be defined. The experimenter may only be interested, for example, in the event
that a continuous variable have a value greater than some specification.

Sample of Data

Because of the fundamental importance of the probability density function (PDF) in probabilistic
design it is extremely important to illustrate its concept. The PDF is the basic tool for codifying
and communicating uncertainty about a value of a continuously varying variable.

There are several ways of developing the concept of a density function. Simple graphical methods
are often used to assist in analyzing the data from an experiment. The dot diagram, illustrated
in Figure 6.2, is a very useful device for displaying a small body of data (say up to about 20
observations). The dot diagram enables the experimenter to see quickly the general location or
central tendency of the observations and their spread.

If the data are fairly numerous, then the dots in a dot diagram become difficult to distinguish,
and a histogram may be preferable. If a sample of values of a random variable is analyzed to give
frequencies in specified intervals, the results can be plotted as a histogram, as shown in Figure
6.3. The histogram shows the central tendency, spread, and general shape of the probabilistic
distribution of the data.
The box plot (or box and whisker plot) is a very useful way to display data. A box plot displays
the minimum, the maximum, the lower and upper quartiles (the 25th percentile and the 75th
percentiles, respectively), and the median (the 50th percentile) on a rectangular box aligned ei-
ther horizontally or vertically. The box extends from the lower quartile to the upper quartile,
and a line is drawn through the box at the median. Lines (or whiskers) extend from the ends of
the box to the minimum and maximum values.

Figure 6.4 presents the box plots for the two samples of tension bond strength in the portland
cement mortar experiment. This display clearly reveals the difference in mean strength between
the two formulations. It also indicates that both formulations produce reasonably symmetric
distributions of strength with similar variability or spread.
Dot diagrams, histograms, and box plots are useful for summarizing the information in a sample
of data. To describe the observations that might occur in a sample more completely, the concept
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Figure 6.3: Frequency histogram

Figure 6.4: Box plots

of the probability distribution is used.

Probability Distributions

The probability structure of a random variable, say y, is described by its probability distribution.
If the random variable is discrete, the probability distribution of y, say p(y) = f(y), is often
called the probability function of y and is represented directly by a probability mass dunction as
illustrated in Figure 6.5. The function f(y) now represents the actual probability of the value y

occurring; it is its height that represents probability.
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Figure 6.5: Discrete probability distribution

If y is continuous, the probability distribution of y, say f(y), is often called the probability density
function (PDF) for y. Figure 6.6 illustrates a hypothetical continuous probability distribution
together with its relationship with the cumulative distribution function Fy. It is the area under
the curve f(y) associated with a given interval that represents probability.

Figure 6.6: Continuous probability distribution

The properties of probability distributions may be summarized quantitatively as follows:

if y discrete 0 ≤ p(yj) ≤ 1 for all values of yj

P (y = yj) = p(yj) for all values of yj

n∑

j=1

p (yj)
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if y continuous f(y) ≥ 0

P (a ≤ y ≤ b) =
∫ b

a
f(y) dy

∫ ∞

−∞
f(y) dy = 1

Characteristic Measures of a Random Variable

The random nature of a variable is commonly represented in a limited way by a central measure
and a ‘scatter’ measure. The central measure may be the mean, median, or mode.

The mean value is a weighted average, in which the weighting factors are the probabilities as-
sociated with each value. It is a measure of the central tendency or location of a probability
distribution. The mean is commonly designated µ, and is defined mathematically by

µ =





∫ ∞

−∞
y ·f(y) dy if y continuous

n∑

j=1

yj ·p(yj) if y discrete
(6.1)

where n is the set size, yj is the jth discrete value, and p(yj) is the probability mass function.

The mean may also be called the expected value of y, designated E(y), or the long–run average
value of the random variable y; it is defined as

µ = E(y) =





∫ ∞

−∞
y ·f(y) dy if y continuous

n∑

j=1

y ·p(y) if y discrete
(6.2)

where E denotes the expected value operator .

The median is that value of the random variable for which any other sampled value is equally
likely to be above or below. Mathematically it is defined by means of the cumulative distribution
function as

0.5 =
∫ ỹ

−∞
f(y) dy = F (ỹ) (6.3)

where ỹ is the median. This can be generalized to give fractiles or percentiles

ξ =
∫ ỹξ

−∞
f(y) dy = F (ỹξ) (6.4)



6.2. SIMPLE COMPARATIVE EXPERIMENTS 241

Thus y0.25 is the value for y corresponding to a cumulative distribution function value of 0.25, or
25% probability that a sampled y value will be less than y0.25; it is called the 25 percentile.

The mode is the most likely value of the random variable, and corresponds to the maximum
value of the probability density function, or probability mass function for a discrete variable. A
density function can be multimodal, usually as a result from combining two different populations.

The spread or dispersion of a probability distribution can be measured by the variance, also
called second central moment, defined as

σ2 =





∫ ∞

−∞
(y − µ)2 ·f(y) dy if y continuous

n∑

j=1

(y − µ)2 · p(y) if y discrete
(6.5)

The square root of the variance is the standard deviation, σ, which is the commonly used char-
acteristic measure of dispersion, or ‘width’ of the density function.

Notice that the variance can be expressed entirely in terms of expectation since

σ2 = E[(y − µ)2] (6.6)

Finally, the variance is used so extensively that it is convenient to define a variance operator V

such that

V (y) = E[(y − µ)2] = σ2 (6.7)

The concepts of expected value and variance are used extensively in statistics, and it may be
helpful to review several elementary results concerning these operators. If y is a random variable
with mean µ and variance σ2 and c is a constant, then

• E(c) = c

• E(y) = µ

• E(cy) = cE(y) = c µ

• V (c) = 0

• V (y) = σ2

• V (cy) = c2 V (y) = c2 σ2

• If there are two random variables, for example, y1 with E(y1) = µ1 and , V (y1) = σ2
1 , and

y2 with E(y2) = µ2 and V (y2) = σ2
2, then

E(y1 + y2) = E(y1) + E(y2) = µ1 + µ2
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• It is possible to show that

V (y1 + y2) = V (y1) + V (y2) + 2Cov(y1, y2)

where
Cov(y1, y2) = E[(y1 − µ1)·(y2 − µ2)]

is the covariance of the random variables y1 and y2. The covariance is a measure of the
linear association between y1 and y2. More specifically, it may be shown that if y1 and y2

are independent, then Cov(y1, y2) = 0.

• It may also be shown that

V (y1 − y2) = V (y1) + V (y2)− 2Cov(y1, y2)

• If y1 and y2 are independent, then

V (y1 − y2) = V (y1) + V (y2) = σ2
1 + σ2

2

and

E(y1 ·y2) = E(y1)·E(y2) = µ1 ·µ2

• However, note that, in general,

E

(
y1

y2

)
6= E(y1)

E(y2)

regardless of whether or not y1 and y2 are independent..

6.2.3 Sampling and Sampling Distributions

Random Sampling, Sample Mean, and Sample Variance

The objective of statistical inference is to draw conclusions about a population using a sample
from that population. Most of the statistical inference methods assume that random samples are
used. That is, if the population contains N elements and a sample of n of them is to be selected,
then if each of the N !/(N − n)!n! possible samples has an equal probability of being chosen, the
procedure employed is called random sampling .

Statistical inference makes considerable use of quantities computed from the observations in the
sample. Statistic is defined as any function of the observations in a sample that does not contain
unknown parameters. For example, suppose that y1, y2, . . . , yn represents a sample. Then the
sample mean

ȳ =

n∑

i=1

yi

n
(6.8)
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and the sample variance

S2 =

n∑

i=1

(yi − ȳ)2

n− 1
(6.9)

are both statistics. These quantities are measures of the central tendency and dispersion of
the sample, respectively. Sometimes S =

√
S2, called the sample standard deviation, is used as a

measure of dispersion. Engineers often prefer to use the standard deviation to measure dispersion
because its units are the same as those for the variable of interest y.

Properties of the Sample Mean and Sample Variance

The sample mean ȳ is a point estimator of the population mean µ, and the sample variance
S2 is a point estimator of the population variance σ2. In general, an estimator of an unknown
parameter is a statistic that corresponds to that parameter. Note that a point estimator is a
random variable. A particular numerical value of an estimator, computed from sample data, is
called an estimate.

There are several properties required for good point estimators. Two of the most important are
the following:

1. The point estimator should be unbiased. That is, the long–run average or expected value of
the point estimator should be the parameter that is being estimated. Although unbiased-
ness is desirable, this property alone does not always make an estimator a good one.

2. An unbiased estimator should have minimum variance. e.g. a variance that is smaller than
the variance of any other estimator of that parameter.

It may be easily shown that ȳ and S2 are unbiased estimators of µ and σ2, respectively. First
consider ȳ. Using the properties of expectation

E(ȳ) = E




n∑

i=1

yi

n




=
1
n

n∑

i=1

E(yi) =
1
n

n∑

i=1

µ = µ (6.10)

since the expected value of each observation yi is µ. Thus, ȳ is an unbiased estimator of µ.

Now consider the sample variance S2; one has

E(S2) = E




n∑

i=1

(yi − ȳ)2

n− 1




=
1

n− 1
E

[
n∑

i=1

(yi − ȳ)2
]

=
1

n− 1
E(SS)

where SS =
∑

(yi − ȳ)2 is the corrected sum of squares of the observations yi. Since

E(SS) = E

[
n∑

i=1

(yi − ȳ)2
]

= E

[
n∑

i=1

y2
i − nȳ2

]
=

n∑

i=1

(µ2+σ2)−n (µ2+σ2/n) = (n−1)σ2 (6.11)
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the expected sample variance reads

E(S2) =
1

n− 1
E(SS) = σ2 (6.12)

and it can be seen that S2 is an unbiased estimator of σ2.

Degrees of Freedom

The quantity (n− 1) in equation (6.11) is called the number of degrees of freedom of the sum of
squares SS. This is a very general result; that is, if y is a random variable with variance σ2 and
SS =

∑
(yi − ȳ)2 has ν degrees of freedom, then

E

(
SS

ν

)
= σ2 (6.13)

The number of degrees of freedom of a sum of squares is equal to the number of independent
elements in that sum of squares.

Theoretical Continuous Distributions

Theoretical distributions tend to be used because of their convenienece, despite rather limited
physical justification. There is little need for this in design applications, but purely numerical
representation of distributions can be quite adequate when numerical simulations are used. How-
ever, if there is evidence that a theoretical distribution can be fitted well to a random variable,
this is useful information, and more confidence can be placed in small–place information used to
define the distribution parameters.

It is often possible, therefore, to determine the probability distribution of a particular statistic if
one knows the probability distribution of the population from which the sample was drawn. The
probability distribution of a statistic is called a sampling distribution. Several useful sampling
distributions are briefly discussed below.

Gamma Function

It may be recalled that for a Poisson process, with a mean rate of occurrence per unit interval of
λ, the mass probability function is

f (y;λ, t) =
(λt)y ·e−λt

y!
(6.14)

and it gives the probability that y events will occur in a given interval t, where λ is the mean
occurrence rate (events per unit interval) and y is the random variable.

Now envisage a situation, still with a Poisson process, when the experimenter wishes to consider
t as the random variable rather than y. To achieve this let y be k, now a constant. It must be
noticed also that f (y; λ, t) is a probability, and cannot be converted directly to a density function
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by simply redefining the variable. The transformation is made by working with the cumulative
distribution function for the random variable t.

By definition

P (t) = P (k occurrences in interval t or less)

The complement to this is

1− P (t) = P (not having k occurrences in t or less) =

P (0 occurrences in t or 1 occurrence in t . . . or k − 1 occurrences in t) =

P (0 occurrences in t) + P (1 occurrence in t) + . . . + P (k − 1 occurrences in t)

These probabilities are given by the Poisson distribution; thus

F (t) = 1−
k−1∑

y=0

(λt)y ·e−λt

y!

The derivative of the Poisson distribution gives the gamma density function

f (t) =
λ (λt)k−1 ·e−λt

(k − 1)!

whose mean and variance are respectively

µ =
k

λ
, σ2 =

k

λ2

The gamma density function can also be generalized for noninteger k. It can be shown that it
has the form

f (t) =
λ(λt)k−1 ·e−λt

Γ(k)
(6.15)

where Γ(k) is the standard gamma function

Γ(k) =
∫ ∞

0
sk−1e−s ds (6.16)

Normal Distribution

The normal or Gaussian function is historically the dominant theoretical probability function in
the theory of statistics, and has a central role in the theory of statistical inference. Although it
has been widely used in scientific work to represent populations arising from natural phenomena,
and in error theory, its use in engineering work is much more limited. Its main disavantages are
that it must be symmetrical, and the tails go to infinity at both ends.
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If y is a normal random variable, then the probability density function of y has the form

f(y) =
1

σ
√

2π
e−(y−µ)2/σ2 −∞ < y < ∞ (6.17)

where −∞ < µ < ∞ is the mean value of the distribution and σ > 0 is the standard deviation.
The normal distribution is shown in Figure 6.7.

Because sample runs that differ as a result of experimental errors are often well described by
a normal distribution, the normal distribution plays a central role in the analysis of data from
designed experiments. Many important sampling distributions may also be defined in terms of
normal random variables. The notation y ∼ N(µ, σ2) is often used to denote that y is distributed
normally with mean µ and variance σ2.

Figure 6.7: The normal distribution

An important special case of the normal distribution is the standard normal distribution; that.is,
µ = 0 and σ2 = 1. It is evident that if y ∼ N(µ, σ2), then the random variable

z =
y − µ

σ
(6.18)

follows the standard normal distribution, denoted z ∼ N(0, 1). The operation demonstrated in
equation (6.18) is often called standardizing the normal random variable y.

The normal distribution may be theoretically justified in certain rather limited circumstances by
the central limit theorem.

The Central Limit Theorem

If y1, y2, . . . , yn is a sequence of n independent and identically distributed random variables with
E(yi) = µ and V (yi) = σ2 (both finite) and x = y1 + y2 + . . . + yn is the sum of a large number
of independent elements, each of which has a small effect on the sum, then the distribution of the
variable

zn =
x− nµ√

nσ2

tends to be normal. In other terms, the statistic zn has an approximate N(0.1) distribution in
the sense that, if Fn(z) is the distribution function of zn and Φ(z) is the distribution function of
the N(0, 1) random variable, then

lim
n→∞[Fn(z)/Φ(z)] = 1
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This result states essentially that the sum of of n independent and identically distributed random
variables is approximately normally distributed. In many cases this approximation is good for
very small n, say n < 10, whereas in other cases large n is required, say n > 100. Frequently, the
experimenter thinks of the error in an experiment as arising in an additive manner from several
independent sources; consequently, the normal distribution becomes a plausible model for the
combined experimental error.

Chi–square Distribution

Many statistical techniques assume that the random variable is normally distributed. An im-
portant sampling distribution that can be defined in terms of normal random variables is the
chi-square or χ2 distribution. If z1, z2, . . . , zk are normally and independently distributed ran-
dom variables with mean 0 and variance 1, denoted NID(0, 1), then the random variable

χ2
k = z2

1 + z2
2 + . . . + z2

k

follows the chi-square distribution with k degrees of freedom.

The probability density function of chi-square is

f(χ2) =
1

2k−2 Γ
(

k

2

) (χ2)(k/2)−1 · e−χ2/2 (6.19)

where Γ is the standard gamma function.

Several chi-square distributions are shown in Figure 6.8.

Figure 6.8: Several chi–square distributions

The distribution is asymmetric or skewed , with mean and variance given respectively as

µ = k , σ2 = 2k

As an example of a random variable that follows the chi-square distribution, suppose that
y1, y2, . . . , yn is a random sample from an N(µ, σ2) distribution.
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Then

SS

σ2
=

n∑

i=1

(yi − ȳ)2

σ2
∼ χ2

n−1 (6.20)

that is, a sum of squares in normal random variables when divided by σ2 follows the chi-square
distribution.

As many of the statistical techniques involve the computation and manipulation of sums of
squares, the result given in equation (6.20) is extremely important and occurs repeatedly.

Examining equation (6.9), the sample variance can be written as

S2 =
SS

n− 1
(6.21)

If the observations in the sample are NID(µ, σ2), then the distribution of S2 is [σ2/(n− 1)]χ2
n−1

.
Thus, the sampling distribution of the sample variance is a constant times the chi-square distri-
bution if the population is normally distributed.

t distribution

If z and χ2
k are independent standard normal and chi-square random variables, respectively, then

the random variable

tk =
z√

χ2
k/k

(6.22)

follows the t distribution with k degrees of freedom, denoted tk.

Figure 6.9: Several t distributions
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The density function of t is

f(t) =
Γ[(k + 1)/2]√

kπ Γ(k/2)
· 1
[(t2/k) + 1](k+1)/2

−∞ < t < ∞ (6.23)

and the mean and variance of t are µ = 0 and σ2 = k/(k− 2) for k > 2, respectively. Several t

distributions are shown in Figure 6.9. Note that if k = ∞, the t distribution becomes the standard
normal distribution. If y1, y2, . . . , yn is a random sample from the N(µ, σ2) distribution, then the
quantity

t =
ȳ − µ

S/
√

n
(6.24)

is distributed as t with (n− 1) degrees of freedom.

F distribution

The final sampling distribution considered is the F distribution. If χ2
u and χ2

v are two inde-
pendent chi-square random variables with u and v degrees of freedom, respectively, then the
ratio

Fu,v =
χ2

u/u

χ2
u/v

(6.25)

follows the F distribution with u numerator degrees of freedom and v denominator degrees of
freedom. The probability distribution of F is

h(F ) =
Γ

(
u + v

2

) (
u

v

)u/2

F (u/2)−1

Γ
(

u

2

)
Γ

(
v

2

) [(
u

v

)
F + 1

](u+v)/2
(6.26)

Several F distributions are shown in Figure 6.10. This distribution is very important in the
statistical analysis of designed experiments.

Figure 6.10: Several F distributions
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6.2.4 Inferences about the Differences in Means, Randomized Designs

In this subsection it will be discussed how the data from a simple comparative experiment can be
analyzed using hypothesis testing and confidence interval procedures for comparing two treatment
means. It will be assumed that a completely randomized experimental design is used. In such a
design, the data are viewed as if they were a random sample from a normal distribution.

Hypothesis Testing

A statistical hypothesis is a statement about the parameters of a probability distribution. This
may be stated formally as

H◦ : µ1 = µ2

H1 : µ1 6= µ2

where µ1 and µ2 are the mean values of the two treatments. The statement H◦ : µ1 = µ2 is
called the null hypothesis and H1 : µ1 6= µ2 is called the alternative hypothesis. The alternative
hypothesis specified here is called a two–sided alternative hypothesis since it would be true either
if µ1 < µ2 or if µ1 > µ2.

To test a hypothesis a procedure is devised for taking a random sample, computing an appro-
priate test statistic, and then rejecting or failing to reject the null hypothesis H◦. Part of this
procedure is specifying the set of values for the test statistic that leads to rejection of H◦. This
set of values is called the critical region or rejection region for the test.

Two kinds of errors may be committed when testing hypotheses. If the null hypothesis is rejected
when it is true, then a type I error has occurred. If the null hypothesis is not rejected when it is
false, then a type II error has been made. The probabilities of these two errors are given special
symbols:

α = P (type I error) = P (rejectH◦ | H◦ is true)

β = P (type II error) = P (fail to rejectH◦ | H◦ is false)

}

Sometimes it is more convenient to work with the power of the test, where

Power = 1− β = P (rejectH◦ | H◦ is false)

The general procedure in hypothesis testing is to specify a value of the probability of type I error
α, often called the significance level of the test, and then design the test procedure so that the
probability of type II error β has a suitably small value.

Suppose that it could be assumed that the variances of two treatments were identical for both
formulations. Then an appropriate test statistic to use for comparing two treatment means in
the completely randomized design is

t◦ =
ȳ1 − ȳ2

Sp

√
1
n1

+
1
n2

(6.27)
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where ȳ1 and ȳ2 are the sample means, n1 and n2 are the sample size, S2
p is an estimate of the

common variance σ2
1 = σ2

2 = σ2 computed from

S2
p =

(n1 − 1)S2
1 + (n2 − 1)S2

2

n1 + n2 − 2
(6.28)

and S2
1 and S2

2 are the two individual sample variances.

To determine whether to reject the hypothesis H◦ : µ1 = µ2, the experimenter would compare
t◦ to the t distribution with (n1 + n2 − 2) degrees of freedom. If | t◦ | > tα/2,n1+n2−2 , where
tα/2,n1+n2−2 is the upper α/2 percentage point of the t distribution with (n1 + n2 − 2) degrees
of freedom, the experimenter would reject H◦ and conclude that the mean values of the two
treatments of an experiment differ.

In some problems, the experimenter may wish to reject the hypothesis H◦ only if one mean is larger
than the other. Thus, he/she would specify a one–sided alternative hypothesis H1 : µ1 > µ2

and would reject H◦ only if t◦ > tα,n1+n2−2. If the experimenter wants to reject H◦ only if µ1

is less than µ2, then the alternative hypothesis is H1 : µ1 < µ2 and he/she would reject H◦ if
t◦ < −tα,n1+n2−2.

Choice of Sample Size

Selection of an appropriate sample size is one of the most important aspects of any experimental
design problem. The choice of sample size and the probability of type II error β are closely
connected. Suppose that the experimenter is testing the hypothesis

H◦ : µ1 = µ2

H1 : µ1 6= µ2

and that the means are not equal so that δ = µ1 − µ2. Since the hypothesis H◦ : µ1 = µ2 is
not true, one is concerned about wrongly failing to reject H◦. The probability of type II error
depends on the true difference in means δ. A graph of β versus δ for a particular sample size
is called the operating characteristic curve for the test. The β error is also a function of sample
size. Generally, for a given value of δ, the β error decreases as the sample size increases. That is,
a specified difference in means is easier to detect for larger sample sizes than for smaller ones.

A set of operating characteristic curves for the hypotheses

H◦ : µ1 = µ2

H1 : µ1 6= µ2

for the case where the two population variances σ2
1 and σ2

2 are unknown but equal (σ2
1 = σ2

2 =
σ2 ) and for a level of significance of α = 0.05 is shown in Figure 6.11. The curves also assume
that the sample sizes from the two populations are equal; that is, n1 = n2 = n. The parameter
on the horizontal axis in Figure 6.11 is

d =
| µ1 − µ2 |

2σ
=
| δ |
2σ



252 CHAPTER 6. DESIGN OF EXPERIMENTS

Dividing |δ | by 2σ allows the experimenter to use the same set of curves, regardless of the value
of the variance (the difference in means is expressed in standard deviation units). Furthermore,
the sample size used to construct the curves is actually n∗ = 2n− 1.

From examining these curves, the following is noted:

• the greater the difference in means, µ1 − µ2, the smaller the probability of type II error for
a given sample size and the probability α; that is, for a specified sample size and α, the
test will detect large differences more easily than small ones;

• as the sample size gets larger, the probability of type II error gets smaller for a given differ-
ence in means and α; that is, to detect a specified difference δ, the experimenter may make
the test more powerful by increasing the sample size.

Figure 6.11: Operating characteristics curves for the two–sided t-test with α = 0.05

Operating characteristic curves are often helpful in selecting a sample size to use in an exper-
iment. They often play an important role in the choice of sample size in experimental design
problems. For a discussion of the uses of operating characteristic curves for other simple compar-
ative experiments similar, see Hines and Montgomery (1990).

Confidence Intervals

Although hypothesis testing is a useful procedure, it sometimes does not tell the entire story. It
is often preferable to provide an interval within which the value of the parameter or parameters
in question would be expected to lie. These interval statements are called confidence intervals.
In many engineering and industrial experiments, the experimenter already knows that the means
µ1 and µ2 differ; consequently, hypothesis testing on µ1 = µ2 is of little interest. The experi-
menter would usually be more interested in a confidence interval on the difference in means µ1−µ2.
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To define a confidence interval, suppose that θ is an unknown parameter. To obtain an interval
estimate of θ, the experimenter needs to find two statistics L and U such that the following
probabilistic probability statement holds

P (L ≤ θ ≤ U) = 1− α (6.29)

where the interval

L ≤ θ ≤ U (6.30)

is called a 100 (1−α) percent confidence interval for the parameter θ. The interpretation of this
interval is that if, in repeated random samplings, a large number of such intervals are constructed,
100 (1−α) percent of them will contain the true value of θ. The statistics L and U are called the
lower and upper confidence limits, respectively, and (1 − α) is called the confidence coefficient .
If α = 0.05, then equation (6.30) is called a 95 percent confidence interval for θ. Note that
confidence intervals have a frequency interpretation; that is, the experimenter does not know if
the statement is true for this specific sample, but he/she does know that the method used to
produce the confidence interval yields correct statements 100 (1− α) percent of the times.

Case where σ2
1 6= σ2

2

If the experimenter is testing the hypothesis

H◦ : µ1 = µ2

H1 : µ1 6= µ2

and cannot reasonably assume that the variances σ2
1 and σ2

1 are equal, then the two–sample t test
must be modified slightly. The test statistic becomes

t◦ =
ȳ1 − ȳ2√
S2

1

n1
+

S2
2

n2

(6.31)

This statistic is not distributed exactly as t. However, the distribution of t◦ is well approximated
by t if one uses

v =

(
S2

1

n1
+

S2
2

n2

)2

(S2
1/n1)2

n1 − 1
+

(S2
2/n2)2

n2 − 1

(6.32)

as the degrees of freedom.
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Case where σ2
1 and σ2

2 are known

If the variances of both populations are known, then the hypothesis

H◦ : µ1 = µ2

H1 : µ1 6= µ2

may be tested using the statistic

Z◦ =
ȳ1 − ȳ2√
σ2

1

n1
+

σ2
2

n2

(6.33)

If both populations are normal, or if the sample sizes are large enough so that the central limit
theorem applies, the distribution of Z◦ is N(0, 1) if the null hypothesis is true. Thus, the critical
region would be found using the normal distribution rather than the t distribution. Specifically,
the experimenter would reject H◦ if |Z◦ | > Zα/2 , where Zα/2 is the upper α/2 percentage point
of the standard normal distribution.

Unlike the t test as considered previously, the test on means with known variances does not re-
quire the assumption of sampling from normal populations. One can use the central limit theorem
to justify an approximate normal distribution for the difference in sample means ȳ1 − ȳ2.

The 100 (1− α) percent confidence interval on µ1 − µ2, where the variances are known, is

ȳ1 − ȳ1 − Zα/2

√
σ2

1

n1
+

σ2
1

n1
≤ µ1 − µ2 ≤ ȳ1 − ȳ1 + Zα/2

√
σ2

1

n1
+

σ2
1

n1
(6.34)

As noted previously, the confidence interval is often a useful supplement to the hypothesis testing
procedure.

Comparing a Single Mean to a Specified Value

Some experiments involve comparing only one popuiation mean µ to a specified value, say µ◦.
The hypotheses are

H◦ : µ1 = µ2

H1 : µ1 6= µ2

If the population is normal with known variance, or if the population is nonnormal but the sample
size is large enough so that the central limit theorem applies, then the hypothesis may be tested
using a direct application of the normal distribution. The test statistic is

Z◦ =
ȳ − µ◦
σ/
√

n
(6.35)

If the hypothesis H◦ : µ1 = µ2 is true, then the distribution of Z◦ is N(0, 1). Therefore, the
decision rule for H◦ : µ1 = µ2 is to reject the null hypothesis if |Z◦ | > Zα/2. The value of the
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mean µ◦ specified in the null hypothesis is usually determined in one of three ways. It may result
from past evidence, knowledge, or experimentation. It may be the result of some theory or model
describing the situation under study. Finally, it may be the result of contractual specifications.
The 100 (1− α) percent confidence interval on the true population mean is

ȳ − Zα/2 ·σ/
√

n ≤ µ ≤ ȳ + Zα/2 ·σ/
√

n (6.36)

6.3 Experiments with a Single Factor

In previous section, methods have been discussed for comparing two conditions or treatments.
Another way to describe an experiment is to consider it as a single–factor experiment with a

levels of the factor (variable), where the factor is formulation of the phenomenon (property) and
the levels are the different formulation methods.

6.3.1 Analysis of Variance

Suppose there are a treatments or different levels of a single factor that the experimenter wishes
to compare. The observed response from each of the a treatments is a random variable. Generally,
the data would appear as in Table 6.1 where each entry, yij , represents the jth observation taken
under treatment i. There will be, in general, n observations under the ith treatment.

Level Observations Totals Averages

1 y11 y12 . . . y1n y1 ȳ1

2 y21 y22 . . . y2n y2 ȳ2

...
...

... . . .
...

...
...

a ya1 ya2 . . . yan ya ȳa

y ȳ

Table 6.1: Typical data for a single-factor experiment

It may be useful to describe the observations by means of a linear statistical model:

yij = µ + τi + εij

{
i = 1, 2, . . . , a

j = 1, 2, . . . , n
(6.37)

where µ is a parameter common to all treatments called the overall mean, τi is a parameter
unique to the ith treatment called the ith treatment effect , and εij is a random error component.
The objectives are to test appropriate hypotheses about the treatment effects and to estimate
them. For hypothesis testing, the model errors are assumed to be normally and independently
distributed random variables with mean zero and variance σ2 which is assumed to be constant
for all levels of the factor.
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This model is called the one-way or single-factor analysis of variance because only one vari-
able is investigated. Furthermore, it is required that the experiment be performed in random
order so that the environment in which the treatments are used (often called the experimental
units) is as uniform as possible. Thus, the experimental design is a completely randomized design.

Actually, the statistical model, equation (6.37), describes two different situations with respect to
the treatment effects. First, the a treatments could have been specifically chosen by the experi-
menter when he/she wishes to test hypotheses about the treatment means. In this situation the
conclusions will apply only to the factor levels considered in the analysis and cannot be extended
to similar treatments that were not explicitly considered. The experimenter might also wish to
estimate the model parameters (µ, τi, σ2). This is called the fixed effects model .

Alternatively, the a treatments could be a random sample from a larger population of treatments.
In this situation the experimenter should like to be able to extend the conclusions (which are
based on the sample of treatments) to all treatments in the population, were they explicitly
considered in the analysis or not. Here the τi are random variables, and knowledge about the
particular ones investigated is relatively useless. Instead, the experimenter tests hypotheses about
the variability of the τi and try to estimate this variability. This is called the random effects model
or components of variance model .

6.3.2 Fixed Effects Model

In the fixed effects model the treatment effects τi are usually defined as deviations from the overall
mean, so

a∑

i=1

τi = 0 (6.38)

Let yi represent the total of the observations under the ith treatment and ȳi represent the average
of the observations under the ith treatment (Table 6.1). Similarly, let y represent the grand
total of all the observations and ȳ represent the grand average of all the observations. Expressed
symbolically

yi. =
n∑

j=1

yij ȳi. = yi./n i = 1, 2, . . . , n

y.. =
a∑

i=1

n∑

j=1

yij ȳ.. = y../N

(6.39)

where N = an is the total number of observations, whereas the ‘dot’ subscript notation implies
summation over the subscript that it replaces.

The mean of the ith treatment is E(yij) = µi = µ + τi , i = 1, 2, . . . , a. Thus, the mean of the
ith treatment consists of the overall mean plus the ith treatment effect. The experimenter is
interested in testing the equality of the a treatment means; that is,
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H◦ : µ1 = µ2 = . . . = µa

H1 : µi 6= µj for at least one pair (i, j)

}

Note that if the hypothesis H◦ is true, all treatments have a common mean µ. An equivalent way
to write the above hypotheses is in terms of the treatment effects τi, say

H◦ : τ1 = τ2 = . . . = τa = 0

H1 : τi 6= 0 for at least one i

}

Thus, it is equivalent to speak of testing the equality of treatment means or testing that the
treatment effects (the τi) are zero. The appropriate procedure for testing the equality of a

treatment means is the analysis of variance.

Decomposition of the Total Sum of Squares

The term analysis of variance is derived from a partitioning of total variability into its component
parts. The total corrected sum of squares

SST =
a∑

i=1

n∑

j=1

(yij − ȳ..)2

is used as a measure of overall variability in the data. Intuitively, this is reasonable since, if the
experimenter were to divide SST by the appropriate number of degrees of freedom (in this case,
an−1 = N−1), he/she would have the sample variance of the y’s, which is, of course, a standard
measure of variability.

Notice that the total corrected sum of squares SST may be written as

a∑

i=1

n∑

j=1

(yij − ȳ..)2 =
a∑

i=1

n∑

j=1

[(ȳi. − ȳ..) + (yij − ȳi.)]2

= n
a∑

i=1

(ȳi. − ȳ..)2 +
a∑

i=1

n∑

j=1

(yij − ȳi.)2 + 2
a∑

i=1

n∑

j=1

(ȳi. − ȳ..)·(yij − ȳi.)

However, the cross–product term in equation (6.40) is zero, since
n∑

j=1

(yij − ȳi.) = yi. − n ȳi. = yi. − n (yi./n) = 0

Therefore, the fundamental analysis of variance identity is obtaimed as
a∑

i=1

n∑

j=1

(yij − ȳ..)2 = n
a∑

i=1

(ȳi. − ȳ..)2 +
a∑

i=1

n∑

j=1

(yij − ȳi.)2 (6.40)
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Equation (6.40) states that the total variability in the data, as measured by the total corrected
sum of squares, can be partitioned into a sum of squares of the differences between the treatment
averages and the grand average, plus a sum of squares of the differences of observations within
treatments from the treatment averages. Now, the difference between the observed treatment
averages and the grand average is a measure of the differences between treatment means, whereas
the differences of observations within a treatment from the treatment average can be due only to
random error. Thus, equation (6.40) can be written symbolically as

SST = SSTreatments + SSE

where SSTreatments is called the sum of squares due to treatments (i.e., between treatments), and
SSE is called the sum of squares due to error (i.e., within treatments). There are an = N

total observations; thus, SST has (N − 1) degrees of freedom. There are a levels of the factor
(and a treatment means), so SSTreatments has (a − 1) degrees of freedom. Finally, within any
treatment there are n replicates providing (n− 1) degrees of freedom with which to estimate the
experimental error. Since there are a treatments, there are a (n− 1) = an − a = N − a degrees
of freedom for error.

It is helpful to examine explicitly the two terms on the right–hand side of the fundamental analysis
of variance identity. e.g. equation (6.40). From the error sum of squares SSE , combination of a
sample variances gives an estimate of the common variance within each of the a treatments as
follows

MSE =
SSE

N − a
=

a∑

i=1




n∑

j=1

(yij − ȳi.)2



a∑

i=1

(n− 1)

Similarly, if there were no differences between the a treatment means, one could use the differences
of the treatment averages from the grand average to estimate σ2. Specifically,

MSTreatments =
SSTreatments

a− 1
=

n
a∑

i=1

(ȳi. − ȳ..)2

a− 1

is an estimate of σ2 if the treatments means are equal.

It may be observed that the analysis of variance identity, given by equation (6.40), provides the
experimenter with two estimates of σ2: one based on the inherent variability within treatments
and one based on the variability between treatments. If there are no differences in the treat-
ment means, these two estimates should be very similar, and if they are not, the experimenter
should suspect that the observed difference must be caused by differences in the treatment means.
Although an intuitive argument has been used to develop this result, a somewhat more formal
approach can be taken.
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The quantities MSTreatments and MSE are called mean squares. Their expected values when
introducing the linear statistical model given by equation (6.37) into previous equations are
obtained respectively as

E (MSTreatments) = σ2 +

n
a∑

i=1

τ2
i

a− 1

and

E (MSE) = σ2

Thus MSE = SSE/(N − a) estimates σ2, and, if there are no differences in treatment means
(which implies that τi = 0), MSTreatments = SSTreatments/(a−1) also estimates σ2. However, note
that if treatment means do differ, the expected value of the treatment mean square is greater
than σ2.

It seems clear that a test of the hypothesis of no difference in treatment means can be performed
by comparing MSTreatments and MSE . Therefore, it will be illustrated how this comparison may
be made.

Statistical Analysis

As a test of the hypothesis of no difference in treatment means can be performed by comparing
MSTreatments and MSE , it is proper to investigate how a formal test of the hypothesis of no differ-
ences in treatment means (H◦ : µ1 = µ2 = . . . = µa, or equivalently, H◦ : τ1 = τ2 = . . . = τa = 0)
can be performed. Since it has been assumed that the errors εij are normally and independently
distributed with mean zero and variance σ2, the observations yij are normally and independently
distributed with mean µ + τi and variance σ2. Thus, SST is the total sum of squares in nor-
mally distributed random variables; consequently, it can be shown that SST /σ2 is chi–square
distributed with (N − 1) degrees of freedom. Furthermore, it can be shown that also SSE/σ2 is
chi–square with (N − a) degrees of freedom and that SSTreatments/σ2 is chi-square with (a − 1)
degrees of freedom if the null hypothesis H◦ : τi = 0 is true. However, all three sums of squares
are not independent since SSTreatments and SSE add to SST .

However, since according to Cochran’s theorem SSTreatments/σ2 and SSE/σ2 are independently
distributed chi–square random variables, if the null hypothesis of no difference in treatment means
is true, the statistic ratio

F◦ =
SSTreatments/(a− 1)

SSE/(N − a)
=

MSTreatments

MSE
(6.41)

is distributed as F with (a − 1) and (N − a) degrees of freedom. Equation (6.41) is the test
statistic for the hypothesis of no differences in treatment means.

From the expected mean squares it may be noticed that, in general, MSE is an unbiased estimator
of σ2. Also MSTreatments is an unbiased estimator of σ2 under the null hypothesis. However, if the
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null hypothesis is false, then the expected value of MSTreatments is greater than σ2. Therefore,
under the alternative hypothesis, the expected value of the numerator of the test statistic in
equation (6.41) is greater than the expected value of the denominator, and the experimenter
should reject H◦ on values of the test statistic that are too large. This implies an upper–tail,
one–tail critical region. The experimenter would reject H◦ if

F◦ > Fα, a−1. N−a

where F◦ is computed from equation (6.41).

Computation of formulas for the sums of squares may be obtained by rewriting and simplifying
the definitions of SSTreatments and SST in equation (6.40). This yields

SST =
a∑

i=1

n∑

j=1

y2
ij −

y2
..

N
(6.42)

and

SSTreatments =
a∑

i=1

y2
i.

n
− y2

..

N
(6.43)

The error sum of squares is obtained by subtraction as

SSE = SST − SSTreatments (6.44)

The test procedure is summarized in Table 6.2, which is called an analysis of variance table.

Source of Sum of Degrees of Mean
Variation Squares Freedom Square F◦

Between treatments SSTreatments a− 1 MSTreatments
MSTreatments

MSE

Error (within treatments) SSE N − a MSE

Total SST N − 1

Table 6.2: Analysis of variance table for the single-factor, fixed effects model

Information from Computer Packages

It may be observed that the sums of squares have been defined in terms of averages; that is, for
example, from equation (6.40)

SSTreatments = n
a∑

i=1

(ȳi. − ȳ)2

but the computing formulas were developed using totals; for example, to compute SSTreatments

the analyst would use equation (6.43)
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SSTreatments =
a∑

i=1

y2
i.

n
− y2

..

N

The reason for this is numerical accuracy; the totals yi. and y.. are not subject to rounding error,
whereas the averages ȳi. and ȳ.. are. Generally, the experimenter needs not be too concerned with
computing, as there are many widely available computer programs for performing the calcula-
tions. These computer programs are also helpful in performing many other analyses associated
with experimental design (such as residual analysis, etc.).

The sum of squares corresponding to the ‘model’ is the usual SSTreatments for a single factor
design. These sums of squares are always identical for a balanced design, and in the case of a
single–factor design, they are the same as the model sum of squares.

In addition to the basic analysis of variance, the computer programs display some additional
useful information such as R2, R2

adj, std-dev, t-test, etc. The computer programs also calculate
and display the residuals.

R-square

The quantity R2, also called coefficient of determination, is calculated as

R2 =
SSR

SSTotal
= 1− SSE

SST

It is loosely interpreted as the proportion of the variability in a data set that is accounted for by
a statistical model and ‘explained’ by the analysis of variance model. In this definitiom, the term
‘variability’ stands for variance or, equivalent, sum of squares. Clearly, it must result 0 < R2 < 1,
with larger values being more desirable, e.g. values approaching 1 are valuable.

R–square is the relative predictive power of a model. If SSE is much smaller than SST , then
the model fits well. R–square can be a lousy measure of goodness–of–fit, especially when it is
misused. By definition, R2 is the fraction of the total squared error that is explained by the
model. But some data contain irreducible error, and no amount on the limiting value of R2.
Sadly, many practitioners pursue very high order polynomila models in the mistaken but widely
held belief that as the number of variables approaches the number of observations the model can
be made to pass through every point.

It must be noticed that R2 does not tell whether:

• the independent variables are a true cause of the changes in the dependent variable;
• omitted variable bias exists;
• the corrected regression was used
• the most appropriate set of independent variables has been chosen
• co–linearity is present in the data.
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Adjusted R-square

The main drawback of R–square is that it always increases as the number of variables in the
model increases The alternative technique is to look for the adjusted R-square (R2

adj) statistic.

Adjusted R-square is a modification of R2 that adjusts for the number of variables in a model.
Unlike R2, the adjusted R2 increases only if the new term improves the model. R2

adj can be even
negative, and will always be less than or equal to R2. It is defined as

R2
adj = 1− SSE/(n− p)

SST /(n− 1)
= (1−R2)− n− 1

n− p− 1

where p is the total number of variables in a linear model, and n is the sample size. In general,
the adjusted-R2 statistic will not always increase as variables are added to the model. In fact, if
unnecessary terms are added, the value of R2

adj will often decrease.

Standard Deviation

Standard deviation ‘std dev’ is the square root of the error mean square and ‘CV’ is the coefficient
of variation, defined as (

√
MSE/ȳ)·100. The coefficient of variation measures the unexplained or

residual variability in the data as a percentage of the mean of the response variable.

Student t-test

A t-test is any statistical hypothesis test for two models in which the test statistic has a Student’s
t distribution if the null hypothesis is true. The t statistic was introduced by William Sealy Gosset
for cheaply monitoring the quality of beer brews. Student was his pen name. Today, it is more
generally applied to the confidence that can be placed in judgements made frpm small samples.

Among the most frequent used t tests:

• a test of null hypothesis that the means of two normally distributed populations are equal;

• a test of whether the mean of a normally distributed population has a value specified in a
null hypothesis;

• a test of whether the slope of a regression line differs significantly from 0.

6.3.3 Model Adequacy Checking

The decomposition of the variability in observations through the fundamental analysis of vari-
ance identity, as given in equation (6.40), is a purely algebraic relationship. However, the use
of the partitioning to test formally for no differences in treatment means requires that certain
assumptions be satisfied.

Specifically, these assumptions are that the observations are adequately described by the model

yij = µ + τi + εij
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and that the errors are normally and independently distributed with mean zero and constant but
unknown variance σ2. If these assumptions are valid, then the analysis of variance procedure is
an exact test of the hypothesis of no difference in treatment means.

In practice, however, these assumptions will usually not hold exactly. Consequently, it is usu-
ally unwise to rely on the analysis of variance until the validity of these assumptions has been
checked. Violations of the basic assumptions and model adequacy can be easily investigated by
the examination of residuals. The residual for observation j in treatment i is defined as

eij = yij − ŷij (6.45)

where ŷij is an estimate of the corresponding observation yij obtained as follows

ŷij = µ̂ + τ̂j = ȳ.. + (ȳi. − ȳ..) = ȳi. (6.46)

That is, the residuals for the ith treatment are found by subtracting the treatment average from
each observation in that treatment. Model adequacy checking usually consists of plotting the
residuals as described below. Such a diagnostic checking should be a routine part of every exper-
imental design project. Equation (6.46) gives the intuitively appealing result that the estimate
of any observation in the ith treatment is just the corresponding treatment average.

Examination of the residuals should be an automatic part of any analysis of variance. If the
model is adequate, the residuals should be structureless; that is, they should contain no obvious
patterns. Through a study of residuals, many types of model inadequacies and violations of the
underlying assumptions can be discovered.

Normality Assumption

A check of the normality assumption may be made by plotting a histogram of the residuals. If the
NID(0, σ2) assumption on the errors is satisfied, then this plot should look like a sample from a
normal distribution centered at zero. Unfortunately, with small samples, considerable fluctuation
often occurs, so the appearance of a moderate departure from normality does not necessarily
imply a serious violation of the assumptions. Gross deviations from normality are potentially
serious and require further analysis.

Another useful procedure is to construct a normal probability plot of the residuals. A nor-
mal probability plot is just a graph of the cumulative distribution of the residuals on a normal
probability paper , that is, graph paper with the ordinate scaled so that the cumulative normal
distribution plots as a straight line. To construct a normal probability plot, arrange the residuals
in increasing order and plot the kth of these ordered residuals versus the cumulative probability
point Pk = (k− 1/2)/N on normal probability paper. If the underlying error distribution is nor-
mal, this plot will resemble a straight line. In visualizing the straight line, place more emphasis
on the central values of the plot than on the extremes.

The normal probability plot is shown in Figure 6.12 with the residuals plotted versus (1−Pk)×100
on the right vertical scale. Note that the bottom of this figure also gives a dot diagram of the
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residuals. The general impression from examining this display is that the error distribution may
be slightly skewed, with the right tail being longer than the left. The tendency of the normal
probability plot to bend down slightly on the left side implies that the left tail of the error
distribution is somewhat thinner than would be anticipated in a normal distribution; that is, the
negative residuals are not quite as large (in absolute value) as expected.

Figure 6.12: Normal probability plot and dot diagram of residuals

In general, moderate departures from normality are of little concern in the fixed effects analysis
of variance. An error distribution that has considerably thicker or thinner tails than the normal
is of more concern than a skewed distribution. Since the F–test is only slightly affected, it can be
said that the analysis of variance (and related procedures such as multiple comparisons) is robust
to the normality assumption. Departures from normality usually cause both the true significance
level and the power to differ slightly from the foreseen values, with the power generally being lower.

The random effects model is more severely impacted by nonnormality. In particular, the true
confidence levels on interval estimates of variance components may differ greatly from the foreseen
values.
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Analysis of Residuals

If the model is correct and if the assumptions are satisfied, the residuals should be structureless;
in particular, they should be unrelated to any other variable including the response yij . A simple
check is to plot the residuals versus the fitted values ŷij . For the single factor model, remember
that ŷij = ȳij , the ith treatment average. This plot should not reveal any obvious pattern. Figure
6.13 plots the residuals versus the fitted values for some experiment. No unusual structure is
apparent.

Figure 6.13: Plot of residuals versus fitted values

A defect that occasionally shows up on this plot is nonconstant variance. Sometimes the variance
of the observations increases as the magnitude of the observation increases. This would be the
case if the error or background noise in the experiment was a constant percentage of the size of
the observation. This commonly happens with many measuring instruments - error is a percent
of the scale reading. If this were the case, the residuals would get larger as yij gets larger, and the
plot of residuals versus ŷij would look like an outward opening funnel or megaphone. Nonconstant
variance also arises in cases where the data follow a nonnormal, skewed distribution because in
skewed distributions the variance tends to be a function of the mean.

If the assumption of homogeneity of variances is violated, the F–test is only slightly affected in
the balanced fixed effects model. However, in unbalanced designs or in cases where one variance
is very much larger than the others, the problem is more serious. For the random effects model,
unequal error variances can significantly disturb inferences on variance components even if bal-
anced designs are used.

The usual approach to dealing with nonconstant variance when it occurs for the above reasons
is to apply a variance–stabilizing transformation and then to run the analysis of variance on the
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transformed data. In this approach, it should be noticed that the conclusions of the analysis of
variance apply to the transformed populations too.

Considerable research has been devoted to the selection of an appropriate transformation. If
experimenters know the theoretical distribution of the observations, they may utilize this in-
formation in choosing a transformation. For example, if the observations follow the Poisson
distribution, then the square root transformation y∗ij = √

yij or y∗ij =
√

1 + yij would be used.
If the data follow the log–normal distribution, then the logarithmic transformation y∗ij = log yij is
appropriate. For binomial data expressed as fractions, the arcsin transformation y∗ij = arcsin√yij

is useful. When there is no obvious transformation, the experimenter usually empirically seeks
a transformation that equalizes the variance regardless of the value of the mean. In factorial
experiments another approach is to select a transformation that minimizes the interaction mean
square, resulting in an experiment that is easier to interpret. Transformations made for inequality
of variance also affect the form of the error distribution. In most cases, the transformation brings
the error distribution closer to norma.

6.3.4 Random Effects Model

Experimenters are frequently interested in factors that have a large number of possible levels. If
he/she randomly selects a of these levels from the population of factor levels, then it is said that
the factor is random. Because the levels of the factor actually used in the experiment were chosen
randomly, inferences are made about the entire population of factor levels. It is assumed that
the population of factor levels is either of infinite size or is large enough to be considered infinite.
Situations in which the population of factor levels is small enough to employ a finite population
approach are not encountered frequently.

The linear statistical model called the components of variance or random effects model is

yij = µ + τi + εij

{
i = 1, 2, . . . , a

j = 1, 2, . . . , n
(6.47)

where both τi and εij are now random variables. If τi has variance σ2
τ and is independent of εij ,

the variance of any observation is

V (yij) = σ2
τ + σ2

where the variances σ2
τ and σ2 are called variance components, and the model given in equation

(6.47).

The sum of squares identity

SST = SSTreatments + SSE (6.48)

is still valid. That is, the total variability in the observations is partitioned into a component
that measures the variation between treatments (SSTreatments) and a component that measures
the variation within treatments (SSE).
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Testing hypotheses about individual treatment effects is meaningless; so instead the experimenter
tests the hypotheses

H◦ : σ2
τ = 0

H1 : σ2
τ > 0

If σ2
τ = 0, all treatments are identical; but if σ2

τ > 0, variability exists between treatments. As
for the fixed effects model, SSE/σ2 is distributed as chi-square with (N − a) degrees of freedom,
and under the null hypothesis, SSTreatments is distributed as chi-square with (a − 1) degrees of
freedom. Both random variables are independent. Thus, under the null hypothesis σ2

τ = 0, the
statistic ratio

F◦ =

SSTreatments

a− 1
SSE

N − a

=
MSTreatments

MSE
(6.49)

is distributed as F with (a−1) and (N−a) degrees of freedom. However, the experimenter needs
to examine the expected mean squares to fully describe the test procedure. It can be shown that

E (MSTreatments) = σ2 + nσ2
τ (6.50)

E (MSE) = σ2 (6.51)

From the expected mean squares, the experimenter can see that under the hypothesis H◦ both the
numerator and denominator of the test statistic, as in equation (6.49), are unbiased estimators
of σ2, whereas under the hypothesis H1 the expected value of the numerator is greater than the
expected value of the denominator. Therefore, the experimenter should reject H◦ for values of
F◦ that are too large. This implies an upper-tail, one-tail critical region, so he/she will reject H◦
if F◦ > Fα, a−1, N−a.

The computational procedure and analysis of the variance table for the random effects model
are identical to those for the fixed effects model. The conclusions, however, are quite different
because they apply to the entire population of treatments.

The experimenter is usually interested in estimating the variance components (σ2 and σ2
τ ) in

the model. The procedure that is used to estimate σ2 and σ2
τ is called the analysis of variance

method because it makes use of the lines in the analysis of variance table. The procedure consists
of equating the expected mean squares to their observed values in the analysis of variance table
and solving for the variance components. In equating observed and expected mean squares in the
single–factor random effects model, one obtains

MSTreatments = σ2 + nσ2
τ

and

MSE = σ2
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Therefore, the estimators of the variance components are

σ̂2 = MSE (6.52)

σ2
τ =

MSTreatments −MSE

n
(6.53)

For unequal sample sizes, replace n in equation (6.53) by

n◦ =
1

a− 1




a∑

i=1

ni −

a∑

i=1

n2
i

a∑

i=1

ni




(6.54)

The analysis of variance method of variance component estimation does not require the normality
assumption. It does yield estimators of σ2 and σ2

τ that are best quadratic unbiased (i.e., of all
unbiased quadratic functions of the observations, these estimators have minimum variance).

Occasionally, the analysis of variance method produces a negative estimate of a variance com-
ponent. Clearly, variance components are by definition nonnegative, so a negative estimate of a
variance component has to be viewed with some concern. One course of action is to accept the
estimate and use it as evidence that the true value of the variance component is zero, assuming
that sampling variation led to the negative estimate. This has intuitive appeal, but it suffers
from some theoretical difficulties. For instance, using zero in place of the negative estimate can
disturb the statistical properties of other estimates. Another alternative is to re–estimate the
negative variance component using a method that always yields nonnegative estimates. Still an-
other alternative is to consider the negative estimate as evidence that the assumed linear model
is incorrect and reexamine the problem.

6.4 Response Surface Methodology

Response surface methodology (RSM) is a collection of statistical and mathematical techniques
useful for developing, improving, and optimizing processes. It also has important applications in
the design, development, and formulation of new technical products, as well as in the improve-
ment of existing technical systems.

The origin of RSM is the seminal paper by Box and Wilson (1951), which had a profound impact
on industrial applications of experimental design, and was the motivation of much of the research
in the field. The monograph by Myers (1976) was the first book devoted exclusively to RSM.
There are also two other full–length books on the subject: Box and Draper (1987) and Khuri and
Cornell (1996). The paper by Myers (1999) on future directions in RSM offers a view of research
needs in the field.
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The most extensive applications of RSM are in the industrial world, particularly in situations
where several input variables potentially influence some performance measure or quality charac-
teristic of the product or process. This performance measure or quality characteristic is called
the response, which is typically measured on a continuous scale, although attribute responses
and ranks are not unusual. The input variables are sometimes called independent variables, and
they are subject to the control of the engineer or scientist at least for purposes of a test or an
experiment.

Figure 6.14: Response surface (a) and contour plot (b) of a theoretical response surface

Figure 6.14 shows graphically the relationship between the response variable y in an industrial
process and the two process variables (or independent variables) ξ1 and ξ2. Note that for each
value of ξ1 and ξ2 there is a corresponding value of y, and that one may view these values of
the response as a surface lying above the ξ1 − ξ2 plane, as in Figure 6.14(a). It is this graphical
perspective of the problem environment that has led to the term response surface methodology. It
is also convenient to view the response surface in the two–dimensional plane, as in Figure 6.14(b).
In this presentation one has to look down at the ξ1 − ξ2 plane and connect all points that have
the same response values to produce contour lines of constant response. This type of display is
called a contour plot .
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Clearly, if one could easily construct the graphical displays in Figure 6.14, optimization of this
process would be very straightforward. By inspection of the plot, one may note that the response
is maximized in the vicinity of ξ1 = 4 and ξ2 = 525. Unfortunately, in most practical situations,
the true response function in Figure 6.14 is unknown. The field of response surface methodol-
ogy consists of the experimental strategy for exploring the space of the process or independent
variables, empirical statistical modelling to develop an appropriate approximating relationship
between the response and the process variables, and optimization methods for finding the levels
or values of the process variables ξ1 and ξ2 that produce desirable values of the responses.

6.4.1 Approximating Response Functions

In general, suppose that the scientist or engineer or experimenter is concerned with a product,
process, system, or physical phenomenon involving a response y that depends on the controllable
input variables β1, β2, . . . , βk. The relationship is

y = f (β1, β2, , . . . , βk) + ε (6.55)

where the form of the true response function f is unknown and perhaps very complicated, and
ε is a term that represents other sources of variability not accounted for in f . Thus ε includes
effects such as measurement error on the response, other sources of variation that are inherent in
the process or system (background noise), the effect of other variables, and so on. Generally, ε

is treated as a statistical error, often assuming it to have a normal distribution with mean zero
and variance σ2. If the mean of ε is zero, then

E (y) ≡ η = E [f (βl, β2, . . . , βk)] + E (ε) = f (β1, β2, . . . , βk) (6.56)

The variables β1, β2, , . . . , βk in equation (6.56) are usually called the natural variables, be-
cause they are expressed in the natural units of measurement, such as kilowatts, pascal, or
g/kWh. In much RSM work it is convenient to transform the natural variables to coded variables
x1, x2, . . . , xk, which are usually defined to be dimensionless with mean zero and the same spread
or standard deviation. In terms of the coded variables, the true response function (6.56) is written
as

η = f (x1, x2, . . . , xk) (6.57)

Because the form of the true response function f is unknown, it is necessary to approximate it.
In fact, successful use of RSM is critically dependent upon the experimenter’s ability to develop
a suitable approximation for f . Usually, a low–order polynomial in some relatively small region
of the independent variable space is appropriate. In many cases, either a first–order or a second–
order model is used.

For the case of two independent variables, the first–order model in terms of the coded variables
is

η = β◦ + β1 x1 + β2 x2 (6.58)



6.4. RESPONSE SURFACE METHODOLOGY 271

Figure 6.15 shows the three–dimensional response surface and the two–dimensional contour plot
for a specific first–order model. In three dimensions, the response surface is a plane lying above
the (x1, x2) space. The contour plot shows that the first–order model can be represented as
parallel straight lines of constant response in the (x1, x2) plane.

Figure 6.15: Response surface (a) and contour plot (b) for a first–order model

The first–order model is likely to be appropriate when the experimenter is interested in approxi-
mating the true response surface over a relatively small region of the independent variable space
in a location where there is little curvature in f . For example, consider a small region around the
point A in Figure 6.14(b); the first–order model would likely be appropriate here.

The form of the first–order model in equation (6.58) is sometimes called a main effects model ,
because it includes only the main effects of the two variables x1 and x2. If there is an interaction
between these variables, it can be added to the model easily to find out the first–order model with
interaction. as follows

η = β◦ + β1 x1 + β2 x2 + β12 x1 x2 (6.59)

Figure 6.16 shows the three–dimensional response surface and the contour plot for a specific case
where the interaction term β12 xl x2 introduces curvature into the response function.

Often the curvature in the true response surface is strong enough that the first–order model is
inadequate even with the interaction term included. A second-order model will likely be required
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in these situations. For the case of two variables, the second–order model is

η = β◦ + β1 xl + β2 x2 + β11 x2
1 + β22 x2

2 + β12 x1 x2 (6.60)

This model would likely be useful as an approximation to the true response surface in a relatively
small region around the point B in Figure 6.14(b), where there is substantial curvature in the
true response function f .

Figure 6.16: Response surface (a) and contour plot (b) for a first–order model with interaction

Figure 6.17 presents the response surface and contour plot for a special case of the second–order
model. Notice the mound–shaped response surface and elliptical contours generated by this
model. Such a response surface could arise in approximating a response near a maximum point
on the surface.

The second–order model is widely used in response surface methodology mainly because

• it is very flexible since it can take on a wide variety of functional forms, so it will often work
well as an approximation to the true response surface;

• it is easy to estimate the coefficients (the β’s) in the second–order model, say, by means of
the least squares method;
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• there is considerable practical experience indicating that second–order models work well in
solving real response surface problems.

Figure 6.17: Response surface (a) and contour plot (b) for a second–order model

In general, the first–order model is

η = β◦ + β1 xl + β2 x2 + . . . + βk xk (6.61)

and the second–order model is

η = β◦ +
k∑

j=1

βj xj +
k∑

j=1

βjj x2
j +

∑

i<j

k∑

j<2

βij xi xj (6.62)

Figure 6.18 shows several different response surfaces and contour plots that can be generated by
a second–order model; In some situations, approximating polynomials of order greater than two
are used.

The general motivation for a polynomial approximation for the true response function f is based
on the Taylor series expansion around the point (x10, x20, . . . , xk0).

For example, the first–order model is developed from the first–order Taylor series expansion

f = f (x10, x20, . . . , xk0) +
(

∂f

∂x1

)

x=x◦
(x1 − x10) +

(
∂f

∂x2

)

x=x◦
(x2 − x20) + . . . +

(
∂f

∂xk

)

x=x◦
(xk − xk0) (6.63)
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where x refers to the vector of independent variables and x◦ is that vector of variables at the
specific point (x10, x20, . . . , xk0). In equation (6.63) only the first–order terms are included in the
expansion, thus implying the first–order approximating model in equation (6.61). If one was to
include second–order terms in equation (6.63), this would lead to the second–order approximating
model in equation (6.62).

Figure 6.18: Examples of types of surfaces defined by the second-order model in two variables

Finally, note that there is a close connection between RSM and linear regression analysis. For
example, consider the model

y = β◦ + β1 xl + β2 x2 + . . . + βk xk + ε

The β’s are a set of unknown parameters. To estimate the values of these parameters, the
experimenter must collect data on the process or technical system under study. Regression
analysis is a branch of statistical model building that uses these data to estimate the β’s. Because,
in general, polynomial models are linear functions of the unknown β’s, one refers to the technique
as linear regression analysis. It will also noticed that it is very important to plan the data
collection phase of a response surface study carefully. In fact, special types of experimental
designs, called response surface designs, are valuable in this regard.

6.4.2 Sequential Nature of RSM

Most applications of RSM are sequential in nature. That is, at first some ideas are generated
concerning which factors or independent variables are likely to be important in the response sur-
face study. This usually leads to an experiment designed to investigate these factors with a view
toward eliminating the unimportant ones. This types of experiments are usually called screening



6.4. RESPONSE SURFACE METHODOLOGY 275

experiments. Often at the outset of a response surface study there is a rather long list of variables
that could be important in explaining the response. The objective of factor screening is to reduce
this list of candidate variables to a relatively few so that subsequent experiments will be more
efficient and require fewer runs or tests. Screening experiment is referred to as phase zero of
a response surface study. The experimenter should never undertake a response surface analysis
until a screening experiment has been performed to identify the important factors.

Once the important independent variables are identified, phase one of the response surface study
begins. In this phase, the experimenter’s objective is to determine if the current levels or settings
of the independent variables result in a value of the response that is near the optimum, such
as point B in Figure 6.14(b), or if the process is operating in some other region that is remote
from the optimum, such as point A in Figure 6.14(b). If the current settings or levels of the
independent variables are not consistent with optimum performance, then the experimenter must
determine a set of adjustments to the process variables that will move the process toward the
optimum. This phase of response surface methodology makes considerable use of the first–order
model and an optimization technique called the method of steepest ascent .

Phase two of a response surface study begins when the process is near the optimum. At this
point the experimenter usually wants a model that will accurately approximate the true response
function within a relatively small region around the optimum. As the true response surface
usually exhibits curvature near the optimum (see Figure 6.14), a second–order model (or perhaps
some higher–order polynomial) will be used. Once an appropriate approximating model has been
obtained, this model may be analyzed to determine the optimum conditions for the process.

Figure 6.19: Region of operability and region of experimentation

This sequential experimental process is usually performed within some region of the independent
variable space called the operability region. Suppose one is currently operating at the levels shown
as point A in Figure 6.19. Now it is unlikely that one would want to explore the entire region of
operability with a single experiment. Instead, one usually defines a smaller region of interest or
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region of experimentation around the point A within the larger region of operability. Typically,
this region of experimentation is either a cuboidal region, as shown around the point A in Figure
6.19, or a spherical region, as shown around point B.

The sequential nature of response surface methodology allows the experimenter to learn about the
process or system under study as the investigation proceeds. This ensures that over the course
of the RSM application the experimenter will learn the answers to questions such as

• how much replications are necessary;

• the location of the region of the optimum;

• the type of the most appropriate approximating functions;

• the proper choice of experimental design;

• whether or not changes on the responses or any of the process variables are required.

Often, when the expwerimenter is at a point on the response surface that is remote from the
optimum, such as the current operating conditions in Figure 6.14, there is little curvature in the
system and the first-order model will be appropriate. The strategic objective of RSM is to lead
the experimenter rapidly and efficiently to the general vicinity of the optimum. Once the region
of the optimum has been found, a more elaborate model such as the second–order model may be
employed, and an analysis may be performed to locate the optimum. From Figure 6.14, one can
see that the analysis of a response surface can be thought of as ‘climbing a hill’ where the top of
the hill represents the point of maximum response. If the true optimum is a point of minimum
response, then one may think of ‘descending into a valley’. The eventual objective of RSM is
to determine the optimum operating conditions for the system or to determine a region of the
factor space in which operating specifications are satisfied. RSM is not used primarily to gain
understanding of the physical mechanism of the system, although RSM may assist in the gaining
of such knowledge. Furthermore, note that ‘optimum’ in RSM is used in a special sense. The
’hill climbing’ procedures of RSM guarantee convergence to a local optimum only.

6.4.3 Objectives and Product Quality Improvement

Response surface methodology is useful in the solution of many types of industrial problems.
Generally, these problems fall into three categories:

1. Mapping a Response Surface over a Particular Region of Interest . Some changes to normal
operating levels might occasionally be necessary. If the true unknown response function has
been approximated over a region around the current operating conditions with a suitable
fitted response surface (say a second–order surface), then the process engineer and/or the
designer can predict in advance the changes in the response that will result from any read-
justments to the independent variables.

2. Selecting the Operating Conditions to Achieve Specifications or Customer Requirements.
In most response surface problems there are several responses that must in some sense be
simultaneously considered. In this case, one way to solve the problem is to obtain response
surfaces for all the responses and then superimpose the contours for these responses.
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3. Optimizing the Response. In the industrial world, a very important problem is determin-
ing the conditions that optimize a process or a subsystem of a technical product. An RSM
study that has begun near point A in Figure 6.14(b) would eventually lead the experimenter
to the region near point B. A second–order model could then be used to approximate the
response in a narrow region around point B, and from examination of this approximating
response surface the optimum levels or condition for the independent variables could be
chosen..

During the last 25 years, industrial organizations in the United States and Europe have become
quite interested in quality improvement. Statistical methods, including statistical process control
and design of experiments, play a key role in this activity. Quality improvement is most effective
when it occurs early in the product and process development cycle. Industries such as semi-
conductors and electronics, aerospace, automotive, biotechnology and pharmaceuticals, medical
devices, chemical, and process industries are all examples where experimental design methodology
has resulted in products that are easier to manufacture, have higher reliability, have enhanced
product performance, and meet or exceed customer requirements.

RSM is an important branch of experimental design in this respect. It is a critical technology in
developing new processes, optimizing their performance, and improving the design of new prod-
ucts. It is often an important concurrent engineering tool , in that product designers, process
developers, quality controllers, manufacturing engineers, and operations personnel often work
together in a team environment to apply RSM. The objectives of quality improvement, including
reduction of variability and improved product and process performance, can often be accom-
plished directly using RSM.

It is well known that variation in key performance characteristics can result in poor product and
process quality. During the 1980s, considerable attention was given to this problem, and method-
ology was developed for using experimental design, specifically for the following purposes:

• designing products or processes so that they are robust to environment conditions;
• designing or developing products so that they are robust to component variation;
• minimizing variability in the output response of a product around a target value.

Robust means that the product or process performs consistently on target and is relatively insen-
sitive to factors that are difficult to control. Taguchi (1981, 1883) used the term robust parameter
design to describe his approach to this important class of industrial problems. Essentially, ro-
bust parameter design methodology prefers to reduce product or process variation by choosing
levels of controllable factors that make the system insensitive (or robust) to changes in a set of
uncontrollable factors that represent most of the sources of variability. Taguchi referred to these
uncontrollable factors as noise factors. These are the environmental factors such as stowage fac-
tor levels, changes in prices of materials, fuel cost variability, interest rate on debt, and so on.
It is usually assumed that these noise factors are uncontrollable in actual operation, but can be
controlled during product or process design and development for purposes by means of DoE.

Considerable attention has been focused on the methodology advocated by Taguchi, and a number
of flaws in his approach have been discovered. However, there are many useful concepts in his
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philosophy, and it is relatively easy to incorporate these within the framework of response surface
methodology. Several attractive alternatives to the robustness studies were developed, that are
based on principles and philosophy of Taguchi, and avoid the flaws and controversy that surround
his techniques.

6.5 Building Empirical Models

6.5.1 Linear Regression Models

In the practical application of response surface methodology it is necessary to develop an approxi-
mating model for the true response surface, which is typically driven by some physical mechanism.
The approximating model is based on observed or computed data from the manufacturing process
or technical system and is an empirical model. Multiple regression is a collection of statistical
techniques useful for building the types of empirical models required in RSM.

As an example, suppose that the experimenter wishes to develop an empirical model relating the
effective lift of an airfoil to the flow speed and the incidence angle. A first-order response surface
model that might describe the relationship for an empirical model with two variables is

y = β0 + β1x1 + β2x2 + ε (6.64)

where y represents the lift, x1 represents the flow speed, and x2 denotes the incidence angle. This
is a multiple linear regression model with two independent variables. The independent variables
are often called predictor variables or regressors. The term ‘linear’ is used because equation (6.64)
is a linear function of the unknown parameters β0, β1 and β2. The model describes a plane in the
two-dimensional x1, x2 space. The parameter β0 fixes the intercept of the plane. The parameters
β1 and β2 are sometimes called partial regression coefficients, because β1 measures the expected
change in y per unit change in x1 when x2 is held constant, and β2 measures the expected change
in y per unit change in x1 when x1 is held constant.

In general, the response variable y may be related to k regressor variabies. The model

y = β0 + β1x1 + β2x2 + . . . + βkxk + ε (6.65)

is called a multiple linear regression model with k regressor variables. The parameters βj , j =
0, 1, . . . , k, are called the regression coefficients. This model describes a hyperplane in the k-
dimensional space of the regressor variables {xj}. The parameter βj represents the expected
change in response y per unit change in xj when all the remaining independent variables xi (i 6= j)
are held constant.

Models that are more complex in appearance than equation (6.65) may often still be analyzed
by multiple linear regression techniques. For example, considering adding an interaction term to
the first-order model in two variables, say

y = β0 + β1x1 + β2x2 + β12x1x2 + ε (6.66)
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If one lets x3 = x1x2 and β3 = β12, then equation (6.66) can be written as

y = β0 + β1x1 + β2x2 + β3x3 + ε (6.67)

which is a standard multiple linear regression model with three regressors.

As another example, consider the second-order response surface model in two variables:

y = β0 + β1x1 + β2x2 + β11x
2
1 + β22x

2
2 + β12x1x2 + ε (6.68)

If one lets x3 = x2
1, x4 = x2

2, x5 = x1x2, β3 = β11, β4 = β22, and β5 = β12, then equation (6.68)
becomes

y = β0 + β1x1 + β2x2 + β3x3 + β4x4 + β5x5 + ε (6.69)

which is a linear regression model.

In general, any regression model that is linear in the parameters (the β-values) is a linear regres-
sion model, regardless of the shape of the response surface that it generates.

Methods for estimating the parameters in multiple linear regression models will be illustrated.
This is often called model fitting . Also methods for testing hypotheses and constructing confidence
intervals for these models will be discussed, as well as for checking the adequacy of the model fit.
Focus is primarily on those aspects of regression analysis useful in RSM.

6.5.2 Parameters Estimation in Linear Regression Models

The method of least squares is typically used to estimate the regression coefficients in a multiple
linear regression model. Suppose that n > k projects on the response variable are available, say
y1, y1, . . . , yn. Along with each observed or computed response yi, the experimenter will have a
value on each regressor variable. Let xij denote the ith level of variable xj . The data matrix will
appear as in Table 6.3. The error term ε in the model is assumed to have E(ε) = 0 and V(ε) = σ2

and that the {ε} are uncorrelated random variables.

y x1 x2 x3 . . . xk

y1 x11 x12 x13 . . . x1k

y2 x21 x22 x23 . . . x2k

...
...

...
...

...
yn xn1 xn2 xn3 . . . xnk

Table 6.3: Data matrix for multiple linear regression

In general, the model equation (6.65) may be written in terms of the regressors in Table 6.3 as

y = β0 + β1xi1 + β2xi2 + . . . + βkxik + εi = β0 +
k∑

j=1

βixij + εi , i = 1, 2, . . . , n (6.70)
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The method of least squares chooses the β’s in equation (6.70) so that the sum of the squares of
the errors, εi, is minimized. The least squares function is

L =
n∑

i=1

ε2
i =

n∑

i=1


yi − β0 −

k∑

j=1

βjxij




2

(6.71)

The function L is to be minimized with respect to β0, β1, . . . , βk. The least squares estimators,
say b0, b1, . . . , bk, must satisfy the system of equations

(
∂L

∂β0

)

b0,b1,...,bk

= −2
n∑

i=1


yi − b0 −

k∑

j=1

βjxij


 = 0

(
∂L

∂βj

)

b0,b1,...,bk

= −2
n∑

i=1


yi − b0 −

k∑

j=1

βjxij


 xij = 0 , j = 1, 2, . . . , k





(6.72)

Simplifying equations (6.72), one obtains

nb0 + b1

n∑

i=1

xi1 + b2

n∑

i=1

xi2 + . . . + bk

n∑

i=1

xik = b1

n∑

i=1

yi

b0

n∑

i=1

xi1 + b1

n∑

i=1

x2
i1 + b2

n∑

i=1

xi1xi2 + . . . + bk

n∑

i=1

xi1xik =
n∑

i=1

xi1yi

...
...

...
...

...

b0

n∑

i=1

xik + b1

n∑

i=1

xikxi1 + b2

n∑

i=1

xikxi2 + . . . + bk

n∑

i=1

x2
ik =

n∑

i=1

xikyi





(6.73)

These equations are called the least squares normal equations. Note that there are p = k + 1
normal equations, one for each of the unknown regression coefficients. The solution to the normal
equations will be the least squares estimators of the regression coefficients β0, β1, . . . , βk.

In scalar notation, the fitted model is

ŷi = b0 +
k∑

j=1

bjxij , i = 1, 2, . . . , n

The difference between the computed value yi and the fitted value ŷi is the residual of the ith

project, say

ei = yi − ŷi
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6.5.3 Model Adequacy Checking

It is always necessary to (i) examine the fitted model to ensure that it provides an adequate
approximation to the true physical phenomenon or process and (ii) verify that none of the least
squares regression assumptions are violated. Proceeding with exploration and optimization of a
fitted response surface will likely give poor or misleading results unless the model is an adequate
fit. Several techniques for checking model adequacy are presented below.

Residual Analysis

The decomposition of the variability in observations through an analysis of variance identity -
see equation (6.40) - is a purely algebraic relationship. However, the use of the partitioning to
test formally for no differences in treatment means requires that certain assumptions be satisfied.
Specifically, these assumptions are that the observations are adequately described by the model

yij = µ + τi + εij

and that the errors are normally and independently distributed with mean zero and constant but
unknown variance σ2. If these assumptions are valid, then the analysis of variance procedure is
an exact test of the hypothesis of no difference in treatment means.

In practice, however, these assumptions will usually not hold exactly. Consequently, it is unwise to
rely on the analysis of variance until the validity of these assumptions has been checked. Violations
of the basic assumptions and model adequacy can be easily investigated by the examination of
residuals. The residual from the least square fit for the jth observation in the ith treatment,
defined as

eij = yij − ŷij (6.74)

plays an important role in judging model adequacy.

In equation (6.74) ŷij is an estimate of the corresponding experimental or computed observation
yij obtained as follows

ŷij = µ̂ + τ̂i = ȳ.. + (ȳi. − ȳ..) = ȳi. (6.75)

Equation (6.75) gives the intuitively appealing result that the estimate of any observation in the
ith treatment is just the corresponding treatment mean.

Examination of the residuals should be an automatic part of any analysis of variance. If the
model is adequate, the residuals should be structureless; that is, they should contain no obvious
patterns. Through a study of residuals, many types of model inadequacies and violations of the
underlying assumptions can be discovered.

A check of the normality assumption may be made by constructing a normal probability plot of
the residuals, as in Figure 6.20. If the residuals plot approximately along a straight line, then
the normality assumption is satisfied. Figure 6.20 reveals no apparent problem with normality.
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When this plot indicates problems with the normality assumption, the response variable is often
transformed as a remedial measure.

Figure 6.20: Normal probability plot of residuals

Figure 6.21 presents a plot of residuals ei versus the predicted response ŷi. The general impression
is that the residuals scatter randomly, suggesting that the variance of the original observations
is constant for all values of y. If the variance of the response depends on the mean level of y,
then this plot will often exhibit a funnel–shaped pattern. This is also suggestive of the need for
transformation of the response variable y.

Figure 6.21: Plot of residuals versus predicted response ŷi

Scaling Residuals

Standardized and Studentized Residuals

Many response surface analysts prefer to work with scaled residuals, in contrast to the ordinary
least squares residuals. These scaled residuals often convey more information than do the ordi-
nary residuals.
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One type of scaled residual is the standardized residual

di =
ei

σ̂
, i = 1, 2, . . . , n (6.76)

where the standard deviation σ̂ =
√

MSE is generally used in the computation. These standard-
ized residuals have mean zero and approximately unit variance; consequently, they are useful in
looking for outliers. Most of the standardized residuals should lie in the interval −3 ≤ di ≤ 3, and
any observation with a standardized residual outside of this interval is potentially unusual with
respect to its observed response. Thes outliers should be carefully examined, because they may
represent something as simple as a data recording error or something of more serious concern,
such as a region of the regressor variable space where the fitted model is a poor approximation
to the true response surface.

The standardizing process in equation (6.76) scales the residuals by dividing them by their av-
erage standard deviation. In some data sets, residuals may have standard deviations that differ
greatly. A scaling that takes this into account is presented hereafter.

The vector of fitted values ŷi corresponding to the computed values yi is

ŷ = xb = Hy (6.77)

The n × n matrix H is usually called the hat matrix because it maps the vector of computed
values into a vector of fitted values. The hat matrix and its properties play a central role in
regression analysis.

The residuals from the fitted model may be conveniently written in matrix notation as

e = y − ŷ (6.78)

There are several other ways to express the vector of residuals e that will prove useful, including

e = y −Hy = (I−H)y (6.79)

The hat matrix has several useful properties. It is symmetric (H′ = H) and idempotent
(HH = H). Similarly the matrix I−H is symmetric and idempotent.

The covariance matrix of the residuals is

V(e) = V[(I−H)y] = ((I−H)V(y) (I−H)′) = σ2 (I−H) (6.80)

because V(y) = σ2I and the matrix (I − H) is symmetric and idempotent. This matrix is
generally not diagonal, so the residuals have different variances and they are correlated.

The variance of the ith residual is

V (ei) = σ2 (1− hii) (6.81)
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where hii is the ith diagonal element of H. Because 0 ≤ hii ≤ 1, using the residual mean square
MSE to estimate the variance of the residuals actually overestimates V(ei). Furthermore, be-
cause hii is a measure of the location of the ith point in x-space, the variance of ei depends upon
where the point xi lies. Generally, residuals near the center of the x-space have larger variance
than do residuals at more remote locations. Violations of model assumptions are more likely at
remote points, and these violations may be hard to detect from inspection of ei (or di) because
their residuals will usually be smaller.

It is therefore recommended to take this inequality of variance into account when scaling the
residuals. Instead of ei (or di) it is suggested plotting the studentized residuals

ri =
ei√

σ̂2(1− hii)
, i = 1, 2, . . . , n (6.82)

with σ̂2 = MSE .

The studentized residuals have constant variance V(ri) = 1 regardless of the location of xi when
the form of the model is correct. In many situations the variance of the residuals stabilizes, par-
ticularly for large data sets. In these cases there may be little difference between the standardized
and studentized residuals. Thus standardized and studentized residuals often convey equivalent
information. However, because any point with a large residual and a large hii is potentially
highly influential on the least squares fit, examination of the studentized residuals is generally
recommended .

PRESS Residuals

The prediction error sum of squares (PRESS) proposed by Allen (1971, 1974) provides a useful
residual scaling. To calculate PRESS, select a project i. Fit the regression model to the remaining
n − 1 computations and use this equation to predict the withheld response yi. Denoting this
predicted value by ŷ(i) one may find the prediction error for point i as e(i) = yi − ŷ(i). The
prediction error is often called the ith PRESS residual. This procedure is repeated for each
project i = 1, 2, . . . , n, producing a set of n PRESS residuals e(1), e(1), . . . , e(n). Then the PRESS
statistic is defined as the sum of squares of the n PRESS residuals as in

PRESS =
n∑

i=1

e2
(i) =

n∑

i=1

[yi − ŷ(i)]
2 (6.83)

Thus PRESS uses each possible subset of n−1 observations as an estimation data set, and every
computation in turn is used to form a prediction data set. It would initially seem that calculating
PRESS requires fitting n different regressions. However, it is possible to calculate PRESS from
the results of a single least squares fit to all n observations. It turns out that the ith PRESS
residual is

e(i) =
ei

1− hii
(6.84)
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Thus, because PRESS is just the sum of the squares of the PRESS residuals, a simple computing
formula is

PRESS =
n∑

i=1

(
ei

1− hii

)2

(6.85)

From equation (6.84) it is easy to see that the PRESS residual is just the ordinary residual
weighted according to the diagonal elements of the hat matrix hii. Data points for which hii

are large will have large PRESS residuals. These computations will generally be high influence
points. Generally, a large difference between the ordinary residual and the PRESS residual will
indicate a point where the model fits the data well, but a model built without that point predicts
poorly.

The variance of the ith residual is

V[e(i)] = V
[

ei

1− hii

]
=

σ2(1− hii)
(1− hii)2

=
σ2

1− hii
(6.86)

so that standardized PRESS residual is
e(i)√
V[e(i)]

=
ei/(1− hii)√
σ2/(1− hii)

=
ei√

σ2 (1− hii)

which, if MSE is used to estimate σ2, is just the studentized residual.

Finally, one may note that PRESS can be used to compute an approximate R2 for prediction,
say

R2
prediction = 1− PRESS

SST
(6.87)

This statistic gives some indication of the predictive capability of the regression model. The
overall predictive capability of the model based on this criterion is generally satisfactory.

R Student

The studentized residual ri discussed above is often considered an outlier diagnostic. It is cus-
tomary to use MSE as an estimate of σ2 in computing ri. This is referred to as internal scaling
of the residual, because MSE is an internally generated estimate of σ2 obtained from fitting the
model to all n projects. Another approach would be to use an estimate of σ2 based on a data
set with the ith project removed. Denote the estimate of σ2 so obtained by S2

(i). It can be shown
that

S2
(i) =

(n− p) MSE − e2
i /(1− hii)

n− p− 1
(6.88)

The estimate of σ2 in equation (6.88) is used instead of MSE to produce an externally studentized
residual , usually called R-student , given by
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ti =
ei√

S2
(i)(1− hii)

, i = 1, 2, . . . , n (6.89)

In many situations, ti will differ little from the studentized residual ri. However, if the ith project
is influential, then S2

(i) can differ significantly from MSE , and thus R-student will be more sen-
sitive to this point. Furthermore, under the standard assumptions, ti has a tn−p−1 distribution.
Thus R-student offers a more formal procedure for outlier detection via hypothesis testing. How-
ever, it is generally accepted that a formal approach is usually not necessary and that only
relatively crude cut–off values need be considered. In general, a diagnostic view as opposed to a
strict statistical hypothesis-testing view is best. Furthermore, detection of outliers needs to be
considered simultaneously with detection of influential observations.

Figure 6.22 is a normal probability plot of the studentized residuals. It conveys exactly the same
information as the normal probability plot of the ordinary residuals ei in Figure 6.20. This is
because most of the hii-values are similar and there are no unusually large residuals. In some
applications, however, the hii can differ considerably, and in those cases plotting the studentized
residuals is the best approach.

Figure 6.22: Normal probability plot of studentized residuals

Influence Diagnostics

One may occasionally find that a small subset of the data exerts a disproportionate influence on
the fitted regression model. That is, parameter estimates or predictions may depend more on
the influential subset than on the majority of the data. The experimenter would like to locate
these influential points and assess their impact on the model. If these influential points are ‘bad’
values, then they should be eliminated. On the other hand, there may be nothing wrong with
these points, but if they control key model properties, the experimenter would like to know it,
because it could affect the use of the model. Several useful measure of influence are described.
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Leverage Points

The disposition of points in the design space is important in determining model properties. In
particular remote points potentially have disproportionate leverage on the parameter estimates,
the predicted values, and the usual summary statistics. The hat matrix H is very useful in iden-
tifying influential design points. As noted earlier, H determines the variances and covariances of
ŷ and e, because V (ŷ) = σ2H and V (e) = σ2(I−H). The elements hij of H may be interpreted
as the amount of leverage exerted by yj on ŷi. Thus inspection of the elements of H can reveal
points that are potentially influential by virtue of their location in x-space. Attention is usually
focused on the diagonal elements hii. Because

∑
hii = rank(H) = rank(x) = p, the average size

of the diagonal element of the matrix H is p/n. As a rough guideline, then, if a diagonal element
hii is greater than 2p/n, design point i is a high–leverage point.

Influence on Regression Coefficients

The hat diagonals will identify points that are potentially influential due to their location in the
design space. It is desirable to consider both the location of the point and the response variable
in measuring influence. Cook (1977, 1979) has suggested using a measure of the squared distance
between the least squares estimate based on all n points b and the estimate obtained by deleting
the ith point, say b(i). This distance measure can be expressed in a general form as

Di(M, c) =
(b(i) − b)′ M (b(i) − b)

c
, i = 1, 2, . . . , n (6.90)

The usual choices of M and c are M = x′x and c = p·MSE , so that equation (6.90) becomes

Di(M, c) ≡ Di =
(b(i) − b)′ x′x (b(i) − b)

p·MSE
, i = 1, 2, . . . , n (6.91)

Points with large values of Di have considerable influence on the least squares estimates b. The
magnitude of Di may be assessed by comparing it with Fα,p,n−p. If Di ' F0.5, p, n−p , then deleting
point i would move b to the boundary of a 50% confidence region for β based on the complete
data set.1 This is a large displacement and indicates that the least squares estimate is sensitive
to the ith data point. Because F0.5, p, n−p ' 1, the expermenter usually considers points for which
Di > 1 to be influential. Practical experience has shown the cutoff value of 1 works well in
identifying influential points.

The statistic Di may be rewritten as

Di =
r2
i

p
·V[ŷ(xi)]

V(ei)
=

r2
i

p
· hii

(1− hii)
, i = 1, 2, . . . , n (6.92)

1The distance measure Di is not an F random variable, but is compared with an F -value because of the similarity
of Di to the normal theory confidence ellipsoid.
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Thus it can be noted that, apart from the constant p, Di is the product of the square of the ith

studentized residual and hii/(1−hii). This ratio can be shown to be the distance from the vector
xi to the centroid of the remaining data. Thus Di is made up of a component that reflects how
well the model fits the ith computed value yi and a component that measures how far that point
is from the rest of the data. Either component (or both) may contribute to a larger value of Di.

Testing for Lack of Fit

In RSM, usually the experimenter is fitting the regression model to data from a designed exper-
iment. Aferwards, he/she may conduct a formal test for the lack of fit on the regression model.
For example, consider the data in Figure 6.23. There is some indication that the straight–line fit
is not very satisfactory, and it would be helpful to have a statistical test to determine if there is
systematic curvature present.

Figure 6.23: Lack of fit of a linear model

The lack–of–fit test requires having true replicates on the response y for at least one set of levels
on the regressors x1, x2, . . . , xk. These are not just duplicate readings or measurements of y. For
example, suppose that y is product viscosity and there is only one regressor x (temperature).
True replication consists of running ni separate experiments (usually in random order) at x = xi

and observing viscosity, not just running a single experiment at xi and measuring viscosity ni
times. The readings obtained from the latter procedure provide information mostly on the vari-
ability of the method of measuring viscosity. The error variance σ2 includes measurement error,
variability in the process over time, and variability associated with reaching and maintaining
the same temperature level in different experiments. These replicate points are used to obtain a
model–independent estimate of σ2.

Suppose that the experimenter has ni observations on the response at the ith level of the regressors
xi. Let yij denote the jth observation on the response at xi, i = 1, 2, . . . , m, and j = 1, 2, . . . , ni.
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There are n =
∑m

i=1 ni observations altogether. The test procedure involves partitioning the
residual sum of squares into two components, say

SSE = SSPE + SSLOF

where SSPE is the sum of squares due to pure error and SSLOF is the sum of squares due to lack
of fit.

To develop this partitioning of SSE , note that the (i, j)th residual is

yij − ŷi = (yij − ȳi) + (ȳi − ŷi) (6.93)

where ȳi is the average of the ni observations at xi. Squaring both sides of equation (6.93) and
summing over i and j yields

m∑

i=1

ni∑

j=1

(yij − ŷi)2 =
m∑

i=1

ni∑

j=1

(yij − ȳi)2 +
m∑

i=1

ni(ȳi − ŷi)2 (6.94)

The left–hand side of equation (6.94) is the usual residual sum of squares. The two components
on the right–hand side measure pure error and lack of fit. One can see that the pure error sum
of squares

SSPE =
m∑

i=1

ni∑

j=1

(yij − ȳi)2 (6.95)

is obtained by computing the corrected sum of squares of the repeat observations at each level of
x and then pooling over the m levels of x.

If the assumption of constant variance is satisfied, this is a model-independent measure of pure
error, because only the variability of the y’s at each xi level is used to compute SSPE . Because
there are (ni − 1) degrees of freedom for pure error at each level xi, the total number of degrees
of freedom associated with the pure error sum of squares is

m∑

i=1

(ni − 1) = n−m (6.96)

The sum of squares for lack of fit

SSLOF =
m∑

i=1

ni(ȳi − ŷi)2 (6.97)

is a weighted sum of squared deviations between the mean response ȳi at each xi level and the
corresponding fitted value. If the fitted values ŷi are close to the corresponding average responses
ȳi, then there is a strong indication that the regression function is linear. If the ŷi deviate greatly
from the ȳi, then it is likely that the regression function is not linear. There are (m− p) degrees
of freedom associated with SSLOF , because there are m levels of x but p degrees of freedom are
lost because p parameters must be estimated for the model. Computationally one usually obtains
SSLOF by subtracting SSPE from SSE .
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The test statistic for lack of fit is

F◦ =
SSLOF /(m− p)
SSPE/(n−m)

=
MSLOF

MSPE
(6.98)

The expected value of MSPE is σ2, and the expected value of MSLOF is

E(MSLOF ) = σ2 +

m∑

i=1


E(yi)− β0 −

k∑

j=1

βjxij




2

m− 2
(6.99)

If the true regression function is linear, then E(yi) = β0 +
∑k

j=1 βjxij and the second term of
equation (6.99) is zero, resulting in E(MSLOF ) = σ2. However, if the true regression function
is not linear, then E(yi) 6= β0 +

∑k
j=1 βjxij , and E(MSLOF ) > σ2. Furthermore, if the true

regression function is linear, then the statistic F0 follows the Fm−p, n−m distribution. Therefore,
to test for lack of fit, the experimenter would compute the test statistic F0 and conclude that the
regression function is not linear if F0 > Fα, m−p, n−m.

This test procedure may be easily introduced into the analysis of variance conducted for signifi-
cance of regression. If one concludes that the regression function is not linear, then the tentative
model must be abandoned and attempts made to find a more appropriate equation. Alterna-
tively, if F0 does not exceed Fα,m−p,n−m, there is no strong evidence of lack of fit, and MSPE

and MSLOF are often combined to estimate σ2.

Ideally, one finds that the F -ratio for lack of fit is not significant and the hypothesis of significance
of regression is rejected. Unfortunately, this does not guarantee that the model will be satisfac-
tory as a prediction equation. Unless the variation of the predicted values is large relative to the
random error, the model is not estimated with sufficient precision to yield satisfactory predic-
tions. That is, the model may have been fitted to the errors only. Some analytical work has been
done on developing criteria for judging the adequacy of the regression model from a prediction
point of view. See Box and Wetz (1973), Ellerton (1978), Gunst and Mason (1979), Hill and al.
(1978), and Suich and Derringer (1977). Box and Wetz’s work suggests that the observed F -ratio
must be at least four or five times the critical value from the F -table if the regression model is to
be useful as a predictor - that is, if the spread of predicted values is to be large relative to the noise.

A relatively simple measure of potential prediction performance is found by comparing the range
of the fitted values ŷ (i.e., ŷmax − ŷmin) with their average standard error. It can be shown that,
regardless of the form of the model, the average variance of the fitted values is

V (ŷ) =
1
n

n∑

i=1

V [ŷ(xi)] =
p σ2

n
(6.100)

where p is the number of parameters in the model. In general, the model is not likely to be a satis-
factory predictor unless the range of the fitted values ŷi is large relative to their average estimated
standard error

√
(pσ̂2)/n, where σ̂2 is a model–independent estimate of the error variance.
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6.5.4 Fitting a Second-Order Model

Many applications of response surface methodology involve fitting and checking the adequacy of
a second-order model. A complete example of this process is presented hereinafter.

Suppose that after a screening experiment involving several factors the two most important
variables were selected. Because the experimenter thought that the process was operating in the
vicinity of the optimum, he elected to fit a quadratic model relating the response to those two
variables. Table 6.4 shows the levels in terms of coded variables x1 and x2.

Run x1 x2 y

4 -1 -1 43
12 1 -1 78
11 -1 1 69
5 1 1 73
6 -1.414 0 48
7 1.414 0 78
1 0 -1.414 65
3 0 1.414 74
8 0 0 76
10 0 0 79
9 0 0 83
2 0 0 81

Table 6.4: Example of central composite design

Figure 6.24 shows the experimental design in Table 6.4 graphically.

Figure 6.24: Example of central composite design

This design is called a central composite design, and it is widely used for fitting a second-order
response surface. Notice that the design consists of four runs at the corners of a square, plus four
runs at the center of this square, plus four axial runs. In terms of the coded variables the corners
of the square are (x1, x2) = (-1, -1), (1, -1), (-1,1), (1,1); the center points are at (x1, x2) = (0,
0); and the axial runs are at (x1, x2) = = (-1.414, 0), (1.414, 0), (0, -1.414), (0,1.414).
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The second–order model will be fitted as

y = β0 + β1x1 + β2x2 + β11x
2
1 + β22x

2
2 + β12x1x2 + ε

using the coded variables.

The matrix x and vector y for this model are

x1 x2 x2
1 x2

2 x1x2

x =




1 −1 −1 1 1 1
1 1 −1 1 1 −1
1 −1 1 1 1 −1
1 1 1 1 1 1
1 −1.414 0 2 0 0
1 1.414 0 2 0 0
1 0 −1.414 0 2 0
1 0 1.414 0 2 0
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0




, y =




43
78
69
73
48
76
65
74
76
79
83
81




Figure 6.25: Response surface (a) and contour plot (b) of predicted response
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Notice that the variables associated with each column have been shown above that column in the
matrix x. The entries in the columns associated with x2

1 and x2
2 are found by squaring the entries

in columns x1 and x2, respectively, and the entries in the x1x2 column are found by multiplying
each entry from x1 by the corresponding entry from x2.

In many response surface problems the experimenter is interested in predicting the response y or
estimating the mean response at a particular point in the process variable space. The response
surface plots in Figure 6.25 give a graphical display of these quantities. Typically, the variance
of the prediction is also of interest, because this is a direct measure of the likely error associated
with the point estimate produced by the model.

Plots of
√

V [ŷ(x0)], with σ2 estimated by the mean square error MSE for all values of x0 in
the region of experimentation, are presented in Figure 6.26(a) and 6.26(b). Both the response
surface in Figure 6.26(a) and the contour plot of constant

√
[ŷ(x0)]] in Figure 6.26(b) show that

the
√

V [ŷ(x0)] is the same for all points x0 that are at the same distance from the center of the
design. This is a result of the spacing of the axial runs in the central composite design at 1.414
units from the origin (in the coded variables), and is a design property called rotatability . This
is a very important property for a second–order response surface design.

Figure 6.26: Response surface (a) and contour plot (b) of variance of predicted response
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6.5.5 Transformation of the Response Variable

It has been noted above that often a data transformation can be used when residual analysis
indicates some problem with underlying model assumptions, such as nonnormality or nonconstant
variance in the response variable. Here the use of data transformation is illustrated by considering
a 33 factorial experiment, taken from Box and Draper (1987), which supports a complete second–
order polynomial. Its least squares fit is

ŷ = 550.7+660x1−535.9x2−310.8x3+238.7x2
1+275.7x2

2−48.3x2
3−456.5x1x2−235.7x1x3+143x2x3

The R2 value is 0.975. An analysis of variance is given in Table 6.5. The fit appears to be
reasonable and both the first- and second–order terms appear to be necessary.

Source of Sum of Squares Degrees of Mean Square
Variability (x 10−3) Freedom (x 10−3) F0

First-order terms 14,748.5 3 4,916.2 70.0
Second-order terms 4,224.3 6 704.1 9.5
Residual 1,256.6 17 73.9

Total 20,229.4 26

Table 6.5: Analysis of the variance for a quadratic model

Figure 6.27 is a plot of residuals versus the predicted cycles to failure ŷ for this model. There is
an indication of an outward–opening funnel in this plot, implying possible inequality of variance.

Figure 6.27: Plot of residuals vs. predicted values for a quadratic model

When a natural log transformation is used for ŷ, the following model is obtained

ln ŷ = 6.33 + 0.82x1 − 0.63x2 − 0.38x3 ⇒ ŷ = e6.33+0.82x1−0.63x2−0.38x3



6.5. BUILDING EMPIRICAL MODELS 295

This model has R2 = 0.963, and has only three model terms (apart from the intercept). None of
the second–order terms are significant. Here, as in most modelling exercises, simplicity is of vital
importance. The elimination of the quadratic terms and interaction terms with the change in
response metric not only allows a better fit than the second–order model with the natural metric,
but the effect of the design variables x1, x2, and x3, on the response is clear.

Figure 6.28 is a plot of residuals versus the predicted response for the log model. There is still
some indication of inequality of variance, but the log model, overall, is an improvement on the
original quadratic fit.

Figure 6.28: Plot of residuals vs. predicted values for a log model

In the previous example, the problem of nonconstant variance in the response variable y in linear
regression was illustrated. It was noted that this is a departure from the standard least squares
assumptions. This inequality of variance problem occurs fairly often in practice, often in con-
junction with a nonnormal response variable. Examples include a count of defects on input data,
or a response variable that follows some skewed distribution (one tail of the response distribution
is longer than the other). It has been illustrated how transformation of the response variable can
be used for stabilizing the variance of the response.

Generally, transformations are used for three purposes: stabilizing the response variance, making
the distribution of the response variable closer to the normal distribution, and improving the fit of
the model to the data. This last objective could include model simplification, say by eliminating
interaction, or higher–order polynomial terms. Sometimes a transformation will be reasonably
effective in simultaneously accomplishing more than one of these objectives.

It is often found that the power family of transformations y∗ = yλ is very useful, where λ is the
parameter of the transformation to be determined (e.g., λ = 1/2 means use the square root of
the original response). Box and Cox (1964) have shown how the transformation parameter λ

may be estimated simultaneously with the other model parameters (overall mean and treatment
effects). The theory underlying their method uses the method of maximum likelihood. The actual
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computational procedure consists of performing, for various values of λ, a standard analysis of
variance on

yλ =





yλ−1

λ ẏλ−1
λ 6= 0

ẏ ln y λ = 0

(6.101)

where ẏ = ln−1[(1/n)
∑

ln y] is the geometric mean of the observations. The maximum likeli-
hood estimate of λ is the value for which the error sum of squares, say SSE(λ) is a minimum.
This value of λ is usually found by plotting a graph of SSE(λ) versus λ and then reading the
value of λ that minimizes Usually between 10 and 20 values of λ are sufficient for estimation of
the optimum value. A second iteration using a finer mesh of values can be performed if a more
accurate estimate of λ is necessary.

Notice that the experimenter cannot select a value of λ by directly comparing the error sums of
squares from analyses of variance on yλ, because for each value of λ the error sum of squares
is measured on a different scale. Furthermore, a problem arises in y when λ = 0; namely, as λ

approaches zero, yλ approaches unity. That is, when λ = 0, all the response values are a constant.
The component (yλ− 1)/λ of equation (6.101) alleviates this problem because as λ tends to zero,
(yλ − 1)/λ goes to a limit of ln y. The divisor component ẏλ − 1 in equation (6.101) rescales the
responses so that the error sums of squares are directly comparable.

In applying the Box-Cox method, it is recommended using simple choices for λ, because the
practical difference between λ = 0.5 and λ = 0.58 is likely to be small, but the square root
transformation (λ = 0.5) is much easier to interpret. Obviously, values of λ close to unity would
suggest that no transformation is necessary.

Once a value of λ is selected by the Box-Cox method, the experimenter can analyze the data
using yλ as the response, unless of course λ = 0, in which he/she can use ln y. It is perfectly
acceptable to use yλ as the actual response, although the model parameter estimates will have a
scale difference and origin shift in comparison with the results obtained using yλ (or ln y).

An approximate 100 (1− α)% confidence interval for λ can be found by computing

SS∗ = SSE(λ)

(
1 +

t2α/2,ν

ν

)
(6.102)

where ν is the number of degrees of freedom, and plotting a line parallel to the λ-axis at height
SS∗ on the graph of SSE(λ) versus λ. Then by locating the points on the λ-axis where SS∗ cuts
the curve SSE(λ), the experimenter can read confidence limits on λ directly from the graph. If
this confidence interval includes the value λ = 1, this implies that the data do not support the
need for the transformation.
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6.6 Response Surface Methods and Designs

The eventual objective of Response Surface Methodology is to determine the optimum operat-
ing conditions for the technical system or to determine a region of the variable space in which
operating specifications are satisfied. RSM is not used primarily to gain understanding of the
physical mechanism of the technical system, although RSM may assist in the gain of such knowl-
edge. Furthermore, note that ‘optimum’ in RSM is used in a special sense. The ‘hill climbing’
procedures of RSM guarantee convergence to a local optimum only.

6.6.1 Steepest Ascent Method

Frequently, the initial estimate of the optimum operating conditions for the technical system will
be far from the actual optimum. In such circumstances, the objective of the experimenter is to
move rapidly to the general vicinity of the optimum. It is desired to use a simple and economically
efficient experimental procedure. When the solution is remote from the optimum, it is usually
assumed that a first-order model is an adequate approximation to the true surface in a small
region of the x’s.

Figure 6.29: First-order response surface and path of steepest ascent

The method of steepest ascent is a procedure for moving sequentially along the path of steepest
ascent, that is, in the direction of the maximum increase in the response. Of course, if minimiza-
tion is desired, then one is talking about the method of steepest descent . The fitted first-order
model is

ŷ = β̂◦ +
k∑

i=1

β̂ixi (6.103)
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and the first-order response surface, that is, the contours of ŷ is a series of parallel lines such as
that shown in Figure 6.29. The direction of steepest ascent is the direction in which ŷ increases
most rapidly. This direction is parallel to the normal to the fitted response surface. One usually
takes as the path of steepest ascent the line through the center of the region of interest and normal
to the fitted surface. Thus, the steps along the path are proportional to the regression coefficients
{β̂i}. The actual step size is determined by the experimenter based on process knowledge or other
practical considerations.

Experiments are conducted along the path of steepest ascent until no further increase in response
is observed. Then a new first–order model may be fit, a new path of steepest ascent determined,
and the procedure continued. Eventually, the experimenter will arrive in the vicinity of the
optimum, which is usually indicated by lack of fit of a first-order model. At that time additional
experiments are conducted to obtain a more precise estimate of the optimum.

6.6.2 Analysis of a Second-Order Model

When the experimenter is relatively close to the optimum, a model of second or higher degree is
usually required to approximate the response because of curvature in the true response surface.
In most cases, the second-order model

ŷ = β̂◦ +
k∑

i=1

β̂ixi +
k∑

i=1

β̂iix
2
i +

∑

i

∑

j

β̂iixixj , i < j (6.104)

is adequate. Here the scope is to show how to use this fitted model to find the optimum set of
feasible intervals (levels) for the x’s and to characterize the nature of the response surface.

Location of the Stationary Point

Suppose the experimenter wishes to find the levels of x1, x2, . . . , xk that optimize the predicted
response. This point, if it exists, will be the set of x1, x2, . . . , xk for which the partial derivatives
∂ŷ/∂x1 = ∂ŷ/∂x2 = . . . = ∂ŷ/∂xk = 0. This point, say (x1,0, x2,0, . . . , xk,0), is called the station-
ary point . The stationary point could represent (i) a point of maximum response, (ii) a point of
minimum response, or (iii) a saddle point .

The experimenter may obtain a general solution for the stationary point by writing the second
order model in matrix notation

ŷ = β̂◦ + x′ b + x′Bx (6.105)

where

x =




x1

x2
...

xk




b =




β̂1

β̂2
...

β̂k




and B =




β̂11 β̂12/2 . . . β̂1k/2
β̂22 . . . β̂2k/2

. . .
β̂kkxk
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That is, b is a (k×1) vector of the first-order regression coefficients and B is a (k×k) symmetric
matrix whose main diagonal elements are the pure quadratic coefficients {β̂ii} and whose off–
diagonal elements are one-half the mixed quadratic coefficients {β̂ij , i 6= j}. The derivative of ŷ

with respect to the elements of the vector x equated to 0 is

∂ŷ

∂x
= b + 2Bx = 0 (6.106)

The stationary point is the solution to equation (6.106)

x◦ = − b
2B

(6.107)

Furthermore, by substituting equation (6.107) into equation (6.105), the predicted response at
the stationary point can be found as

ŷ◦ = β̂◦ +
1
2

x◦b (6.108)

Characterizing the Response Surface

Once the experimenter has found the stationary point, it is usually necessary to characterize the
response surface in the immediate vicinity of this point. That means to determine whether the
stationary point is a point of maximum or minimum response or a saddle point and the relative
sensitivity of the response to the variables x1, x2, . . . , xk.

The most straightforward way to do this is to examine a contour plot of the fitted model. If
there are only two or three independent variables (the x’s), the construction and interpretation
of this contour plot is relatively easy. However, even when there are relatively few variables, a
more formal analysis can be useful.

Figure 6.30: Canonical form of the second-order model
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It is helpful first to transform the model into a new coordinate system with the origin at the
stationary point x◦ and then to rotate the axes of this system until they are parallel to the
principal axes of the fitted response surface. This transformation is shown in Figure 6.30. It can
be shown that this results in the fitted model

ŷ = ŷ◦ + λ1w
2
1 + λ2w

2
2 + . . . + λkw

2
k (6.109)

where the {wi} are the transformed independent variables and the {λi} are constants. Equation
(6.109) is called the canonical form of the model. Furthermore, the {λi} are just the eigenvalues
or characteristic roots of the matrix B.

The nature of the response surface can be determined from the stationary point and the sign
and magnitude of the {λi}. Suppose that the stationary point is within the region of exploration
for fitting the second-order model. If the {λi} are all positive, then x◦ is a point of minimum
response; if the {λi} are all negative, then x◦ is a pont of maximum response; and if the {λi}
have different signs, x◦ is a saddle point. Furthermore, the surface is steepest in the wi direction
for which |λi | is the greatest.

Ridge Systems

It is not unusual to encounter variations of the pure maximum, minimum, or saddle point response
surfaces discussed above. Ridge systems, in particular, are fairly common. Consider the canonical
form of the second order model given previously in equation (6.109)

ŷ = ŷ◦ + λ1w
2
1 + λ2w

2
2 + . . . + λkw

2
k

Now suppose that the stationary point x◦ is within the region of experimentation; furthermore,
let one or more of the λi be very small (e.g., λi ' 0). The response variable is then very insensitive
to the variables wi multiplied by the small λi. An example is shown in Figure 6.31 for k = 2
variables with λ1 = 0; in practice, λ1 would be close to zero. The canonical model for this
response surface is theoretically

ŷ = ŷ◦ + λ2w
2
2

with λ2 negative. Notice that the severe elongation in the w1 direction has resulted in a line of
centers at ŷ = 70 and the optimum may be taken anywhere along that line. This type of response
surface is called a stationary ridge system.

If the stationary point is far outside the region of exploration for fitting the second-order model
and one (or more) λi is near zero, then the surface may be a rising ridge. Figure 6.32 illustrates
a rising ridge for k = 2 variables with λ1 near zero and λ2 negative. In this type of ridge system,
the experimenter cannot draw inferences about the true surface or the stationary point since x◦
is outside the region where the model has been fit. However, further exploration is warranted in
the w1 direction. If λ2 had been positive, this system would be called a falling ridge.
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Figure 6.31: A stationary ridge system

The distance of the stationary point from the design center is

d =

(
k∑

i=1

x2
i0

)1/2

(6.110)

where xi0, i = 1, 2, . . . , k are the coordinates of the stationary point.

Figure 6.32: A rising ridge system

When interpreting rising (or falling) ridge systems, d will usually be greater than unity; conse-
quently, attempting to draw conclusions about the behavior of the response surface at x◦ is risky.
As noted above, the best approach is to continue exploration along the ridge in the direction of
the optimum. In these cases, another canonical form may be helpful, say

ŷ = β̂◦ + θ1w1 + θ2w2 + . . . + θkwk + λ1w
2
1 + λ2w

2
2 + . . . + λkw

2
k

= β̂◦ + w′θ + w′Λw (6.111)

where θ = M′b and Λ = diag(λ1, λ2, . . . , λk ). In this canonical form, the λ’s determine the
type of fitted surface and the θ’s measure the slopes of the surface at the original origin x = 0
in the directions of the rotated axes w1, w2, . . . , wk.
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6.6.3 Experimental Designs for Fitting Response Surfaces

Fitting and analyzing response surfaces is greatly facilitated by the proper choice of an experi-
mental design. Here some desirable features in selecting appropriate designs for fitting response
surfaces are recalled:

1. providing a reasonable distribution of data points throughout the region of interest;

2. allowing model adequacy, including lack of fit, to be investigated;

3. allowing experiments to be performed in blocks;

4. allowing designs of higher–order to be built up sequentially;

5. providing an internal estimate of error;

6. not requiring a large number of runs;

7. not requiring too many levels of the independent variables;

8. ensuring simplicity of calculation of the model variables.

These features are sometimes conflicting, so subjective judgment must often be applied in response
surface design selection (see Box and Draper, 1987; Khuri and Cornell, 1987).

Designs for Fitting the First-order Model

Suppose the experimenter wishes to fit the first–order model in k variables

y = β◦ +
k∑

i=1

βixi + ε (6.112)

There is a unique class of designs that minimize the variance of the regression coefficients {β̂i}.
These are the orthogonal first–order designs. A first–order design is orthogonal if the off–diagonal
elements of the (x′x) matrix are all zero. This implies that the cross–products of the columns of
the x matrix sum to zero.

The class of orthogonal first-order designs includes the 2k factorial designs and fractional factorial
designs of the 2k series in which main effects are not aliased with each other. In using these
designs, the k factors are assumed to be coded to the standardized levels ±1. As an example,
suppose the experimenter uses a 23 design to fit the first-order model

β◦ β1 β2 β3

x =




1 −1 −1 −1
1 1 −1 −1
1 −1 1 −1
1 1 1 −1
1 −1 −1 1
1 1 −1 1
1 −1 1 1
1 1 1 1
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It is easy to verify that the off–diagonal elements of (x′x) are zero for this design.

The 2k design does not afford an estimate of the experimental error unless some runs are repeated.
A common method of including replication in the 2k design is to augment the design with several
observations at the center (the point xi = 0, i = 1, 2, . . . , k). The addition of center points to the
2k design does not influence the {β̂i} for i ≥ 1, but the estimate of β◦ becomes the grand average
of all observations. Furthermore, the addition of center points does not alter the orthogonality
property of the design.

Another orthogonal first-order design is the simplex . The simplex is a regularly sided figure with
k + 1 vertices in k dimensions. Thus, for k = 2 the simplex design is an equilateral triangle, and
for k = 3 it is a regular tetrahedron. Simplex designs in two and three dimensions are shown in
Figure 6.33.

Figure 6.33: The simplex design for k = 2 variables (a) and k = 3 variables (b)

Designs for Fitting the Second–Order Model

An experimental design for fitting a second-order model must have at least three levels of each
factor. There are many designs that could be used for fitting a second–order model; so to select
an appropriate design it is helpful to have a design criterion. For the first–order model, orthogo-
nality is the optimal design property as it minimizes the variance of the regression coefficients. As
orthogonality is also desirable in the second–order case because it results in a very nice property
for the variance of the predicted response [V (ŷ)], this property is here discussed.

Figure 6.34(a) shows the information surface and contours for a 22 factorial des!gn with four
center points used to fit a first-order model, where the information function is defined as the
reciprocal of the variance; that is,

Ix = [V (ŷ)]−1

Notice that the variance contours are concentric circles. An experimental design is said to be
rotatable if the variance of the predicted response ŷ at some point x is a function only of the
distance of the point from the design center and is not a function of direction. Furthermore, a
design with this property will leave the variance of ŷ unchanged when the design is rotated about
the center (0, 0, . . . , 0); hence, the name rotatable design.
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Figure 6.34: Information surfaces and contours for various designs

Rotability is a very important property in the selection of a response surface design. Since the
purpose of RSM is optimization and the location of the optimum is unknown prior to running
the experiment, it makes sense to use a design that provides equal precision of estimation in all
direction. Note that any first–order orthogonal design is rotatable.

Figure 6.34(b) shows the information surface and contours for a 32 factorial design used to fit a
second–order model. Notice that the 32 design is not rotatable. For this reason, 3k designs and
their fractions are not good choices for second-order response surface designs.

Figure 6.34(c) shows the information surface and contours for a second-order rotatable central
composite design consisting of eight points on a circle plus fout center points. Recall the cen-
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tral composite design consists of a 2k factorial or fractional factorial (coded to the usual ±1
notation) augmented by 2k axial points (±α, 0, 0, . . . , 0), (0,±α, 0, . . . , 0), (0, 0,±α, . . . , 0), . . .,
(0, 0, 0, . . . ,±α) and nc center points (0, 0, . . . , 0). Central composite designs for k = 2 and
k = 3 are shown in Figure 6.35. The central composite design is probably the most widely–used
experimental design for fitting a second–order response surface.

Figure 6.35: Central composite design for k = 2 and k = 3

A central composite design is made rotatable by the choice of α. The value of α for rotability
depends on the number of points in the factorial portion of the design; in fact, α = (ni)1/4 yields
a rotatable central composite design where ni is the number of points used in the factorial portion
of the design. Another useful property of the central composite design is that it may be ‘built up’
from the first–order design (the 2k design) by adding the axial points and perhaps several center
points.

k 2 3 4 5 5 6 6 7 8
rep./2 rep./2 rep./2 rep./2

ni 4 8 16 32 16 64 32 64 128

na 4 6 8 10 10 12 12 14 16

nc (up) 5 6 7 10 6 15 9 14 20

nc (orth.) 8 9 12 17 10 24 15 22 33

nc (up) 13 20 31 52 32 91 53 92 164

nc (orth.) 16 23 36 59 36 100 59 100 177

α 1.414 1.682 2.000 2.378 2.000 2.828 2.378 2.828 3.364

Table 6.6: Orthogonal and uniform-precision rotatable central composite design

Other properties of the central composite design may be controlled by the choice of the number of
center points, nc. With proper choice of nc the central composite design may be made orthogonal ,
or it can be made a uniform–precision design. In a uniform-precision design, the variance of ŷ

at the origin is equal to the variance of ŷ at unit distance from the origin. A uniform–precision
design affords more protection against bias in the regression coefficients than does an orthogo-
nal design, because of the presence of third–order and higher terms in the true surface. Table
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6.6 provides the design parameters for both orthogonal and uniform–precision rotatable central
composite designs for various values of k.

A variation of the central composite design is the face-centered central composite design, in which
α = 1. This design locates the star or axial points on the centers of the faces of the cube, as
shown in Figure 6.36 for k = 3. This variation of the central composite design is sometimes used
because it requires only three levels of each factor, and in practice it is frequently difficult to
change factor levels. However, face-centered central composite designs are not rotatable, and this
is considered a serious disadvantage.

Figure 6.36: A face-centered central composite design for k = 3

Box and Behnken (1960) have proposed some three–level designs for fitting response surfaces.
These designs are formed by combining 2k factorials with incomplete block designs. The resulting
designs are usually very efficient in terms of the number of required runs, and they are rotatable
(or nearly rotatable). Table 6.7 shows a three-variable Box-Behnken design.

Run 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

x1 -1 -1 1 1 -1 -1 1 1 0 0 0 0 0 0 0

x2 -1 1 -1 1 0 0 0 0 -1 -1 1 1 0 0 0

x3 0 0 0 0 -1 1 -1 1 -1 1 -1 1 0 0 0

Table 6.7: A three-variable Box-Behnken design

The design is shown geometrically in Figure 6.37. Notice that the Box-Behnken design does not
contain any points at the vertices of the cubic region created by the upper and lower limits for
each variable. This could be advantageous when the points on the corners of the cube represent
factor-level combinations that are impossible to test because of physical phenomenon constraints.

Figure 6.37: Box-Behnken design for three factors
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There are several other rotatable designs that are occasionally useful for problems involving two
or three variables. These designs consist of points that are equally spaced on a circle (k = 2)
or a sphere (k = 3) and form regular polygons or polyhedrons. Because the design points are
equidistant from the origin, these arrangements are often called equiradial designs.

For k = 2, a rotatable equiradial design is obtained by combining n2 ≥ 5 points equally spaced
on a circle with n1 ≥ 1 points at the center of the circle. Particularly useful designs for k = 2
are the pentagon and hexagon. These designs are shown in Figure 6.38(a) and 6.38(b). For
k = 3, the only equiradial arrangements that contain enough points to allow all parameters in
the second-order model to be estimated are the icosahedron (20 points) and the dodecahedron
(12 points).

Figure 6.38: Equiradial designs for two variables

Blocking in Response Surface Designs

When using response surface designs, it is often necessary to consider blocking to eliminate nui-
sance variables. For example, this problem may occur when a second-order design is assembled
sequentially from a first-order design. A response surface design is said to block orthogonally if it
is divided into blocks such that block effects do not affect the parameter estimates of the response
surface model. If a 2k or 2k−p design is used as a first–order response surface design, the methods
of 2k factorial design may be used to arrange the runs in 2r blocks. The center points in these
designs should be allocated equally among the blocks.

For a second–order design to block orthogonally, two conditions must be satisfied. If there are nb

observations in the bth block, then these conditions are:

1. Each block must be a first–order orthogonal design; that is,

nb∑
u

xiu xju = 0 , i 6= j = 0, 1, . . . , k for all b

where xiu and xju are the levels of the ith and jth variables in the uth run of the experiment
with x◦u = 1 for all u.
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2. The fraction of the total sum of squares for each variable contributed by every block must
be equal to the fraction of the total observations that occur in the block; that is

nb∑
u

x2
iu

N∑

u=1

x2
iu

=
nb

N
, i = 1, 2, . . . , k for all b

where N is the number of runs in the design.

As an example of applying these conditions, consider a rotatable central composite design in
k = 2 variables with N = 12 runs. The levels of x1 and x2 for this design may be written in the
following design matrix

x1 x2

D =




−1 −1
+1 −1
−1 +1
+1 +1
0 0
0 0

+1.414 0
−1.414 0

0 +1.414
0 −1.414
0 0
0 0




Block 1

Block 2

Notice that the design has been arranged in two blocks, with the first block consisting of the
factorial portion of the design plus two center points and the second block consisting of the axial
points plus two additional center points. It is clear that condition 1 is met; that is, both blocks
are first-order orthogonal designs. To investigate condition 2, consider first block 1 and note that

n1∑
u

x2
1u =

n1∑
u

x2
2u = 4

N∑

u=1

x2
1u =

N∑

u=1

x2
2u = 8 and n1 = 6

Therefore
n1∑
u

x2
iu

N∑

u=1

x2
iu

=
n1

N
→ 4

8
=

6
12
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hence, condition 2 is satisfied in block 1.

For block 2, one has
n2∑
u

x2
1u =

n2∑
u

x2
2u = 4 and n2 = 6

Therefore
n2∑
u

x2
iu

N∑

u=1

x2
iu

=
n2

N
→ 4

8
=

6
12

Since condition 2 is also satisfied in block 2, this design blocks orthogonally.

In general, the central composite design can always be constructed to block orthogonally in two
blocks with the first block consisting of nf factorial points plus ncf center points and the second
block consisting of na = 2k axial points plus ncf center points. The first condition for orthogonal
blocking will always hold regardless of the value used for α in the design. For the second condition
to hold

n2∑
u

x2
iu

n1∑

u=1

x2
iu

=
na + nca

nf + ncf
(6.113)

The left–hand side of equation (6.113) is 2α2/nf , and after substituting in this quantity, one may
solve the equation for the value of α that will result in orthogonal blocking as

α =

[
nf (na + nca)
2 (nf + ncf )

]1/2

(6.114)

This value of α does not, in general, result in a rotatable design. If the design is also required to
be rotatable, then α = (nf )1/4 and

(nf )1/2 =
nf (na + nca)
2 (nf + ncf )

(6.115)

It is not always possible to find a design that exactly satisfies equation (6.116). For example if
k = 3 then nf = 8 and na = 6, and equation (6.116) reduces to

(8)1/2 =
8 (6 + nca)
2 (8 + ncf )

→ 2.83 =
48 + 8nca

16 + 2ncf

It is impossible to find values of nca and ncf that exactly satisfy this last equation. However,
note that if ncf = 3 and nca = 2 , then the right–hand side is
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48 + 8·2
16 + 2·3 = 2.91

so the design nearly blocks orthogonally. In practice, one could relax somewhat the requirement
of either rotatability or orthogonal blocking without any major loss of information.

The central composite design is very versatile in its ability to accommodate blocking. If k is large
enough, the factorial portion of the design can be divided into two or more blocks. The number
of blocks must be a power of 2, with the axial portion forming a single block. Table 6.8 presents
several useful blocking arrangements for the central composite design.

k 2 3 4 5 5 6 6 7 7
rep./2 rep./2 rep./2

Factorial Block(s)

ni 4 8 16 32 16 64 32 128 64

Number of blocks 1 2 2 4 1 8 2 16 8

Number of points 4 4 8 8 16 8 16 8 8
in each block

Number of center points 3 2 2 2 6 1 4 1 1
in each block

Total number of points 7 6 10 10 22 9 20 9 9
in each block

Axial Block

na 4 6 8 10 10 12 12 14 14

nca 3 2 2 4 1 6 2 11 4

Total number of points 7 8 10 14 11 18 14 25 18
in the axial block

Total number of points 14 20 30 54 33 90 54 169 80
N in the design

Values of α

Orgothonal blocks 1.414 1.633 2.000 2.366 2.000 2.828 2.366 3.364 2.828

Rotatability 1.414 1.682 2.000 2.378 2.000 2.828 2.378 3.333 2.828

Table 6.8: Some rotatable and near-rotatable central composite designs that block orthogonality

There are two important points about the analysis of variance when the response surface design
has been run in blocks. The first concerns the use of center points to calculate an estimate of
pure error. Only center points that are run in the same block can be considered to be replicates,
so the pure error term can only be calculated within each block. If the variability is consistent
across blocks, then these pure error estimates could be pooled. The second point concerns the
block effect. If the design blocks orthogonally in m blocks, the sum of squares for blocks is

SSBlocks =
m∑

b=1

B2
b

nb
− G2

N
(6.116)
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where Bb is the total of the nb observations in the bth block and G is the grand total of all N

observations in all m blocks. When blocks are not exactly orthogonal, the general regression
significance test (the ‘extra’ sum of squares method) can be used.
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Chapter 7

Engineering Economics

Economics is an important aspect of human activities and engineering as well. It deals with the
use of scarce resources: e.g. materials, human skill, energy, machinery, and last but not least
capital . Thus economics is not just about money; nevertheless, money is necessary as a common
monetary unit to prepare analysis of alternative designs.

This chapter is primarily concerned with the principles of engineering economics, which can be
defined as the scientific tool to make rational design decisions. Several available economic mea-
sures of merit are illustrated and rational methods are emphasized for selecting criteria suitable
for different economic scenarios. The importance of stipulating reasonable rates of interest is
stressed and, in this respect, the influence of financial factors is explained.

To summarize, engineering success depends largely on economic success. Engineering economics
is a powerful but often neglected tool in ship design. Every design decision should consider how
the decision would affect the overall economics of the ship in question. Engineering economics
provides a means to evaluate economic investment among a large set of alternative designs since
the conceptual design stage, by studying the differences in cash flow that should result from each
alternative solution. It offers a criterion which takes all aspects of the alternative designs into
account and by which they may be ranked.

Whereas there are no good reasons to suppose the economists can design ships (and many reasons
to suppose that they cannot), this does not matter very much: they do not have to design. But
the reverse argument does not apply. Naval architects who are concerned with the design of
merchant and offshore ships have to do with economics in some form.

When discussing with some prospective shipowner to sale their designs, naval architects have
not to talk about technical issues. They have, rather, to talk about economics, finding out what
his/her needs are, expressed in functional terms, and what economic measure of merit is most
convincing in his/her eyes, and be ready to deal with certain necessary details (depreciation plan,
tax rates, freight rates, interest rate, charter rates, etc.).

315
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Engineering economics is closely akin to systems analysis, an organized approach to decision
making. This is a systematic way of attacking a problem, using the following discrete steps:

• clearly define the objective in functional terms;

• dtate clearly under which constraints the system is to operate (e.g., flag of registry, clas-
sification society requirements, port and canal limits, labor union agreements, loading and
unloading facilities, etc.);

• define the economic measure(s) of merit to be used in choosing among alternative designs,
and which affecting values (e.g., tax rates) are to be assumed;

• generate a list of all conceivable, but technically feasible, strategies for achieving the objec-
tive in the face of the constraints;

• predict the quantitative value(s) of the measure(s) of merit likely to be attained by each of
the alternative strategies.

• append summary of any important influencing considerations that cannot be reduced to
monetary terms (e.g., political implications).

In preparing to carry out the next–to–last step designers must predict as best they can how each
decision will affect the cash flowing in or out of the company. What are the added costs, what
are the future net benefits, and when will they occur?

Until relatively recent years naval architects and marine engineers were not instructed in practi-
cal economics as part of their formal education. As an unfortunate result, most of the big and
important studies bearing on ships design, as well as on design of offshore platforms, were (and
often still are) unfortunately made by accountants. Accounting is an admirable and necessary
profession. Those reared in its complexities are not, however, ideally suited to the task of ana-
lyzing alternative design proposals - at least not by themselves. Accountants of course do not
pretend to understand the technical matters involved in ship design. More than that, they are
trained to look back, not ahead, and they allow the arbitrary strictures of book keeping rules to
distort their thinking. Three examples :

• accountants tend to ignore lost–opportunity costs because they are not entered in the books;

• accountants tend to treat imaginary depreciation costs as though they actually exist;

• accountants normally accept money at face value just as though inflation did not exist.

Wise ship design decisions require teamwork between engineers, business managers, and operat-
ing personnel. Three additional observations are pertinent at this point:

• Decisions are between alternative opportunities. In making comparisons, designers must
concentrate their attention on assessing those cost factors that would be different between
the alternatives.
.

• Since much guess work is involved in predicting future conditions, cost projections are bound
to he crude. So designers have not to carry computations beyond three or, at most, four
significant figures.
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• Most engineering decisions should be made on a basis of simple economic analysis. Prudent
business managers usually select their options, and decide yes or no, on straightforward
economics. Only after that will they seek the best method of financing. At that time,
however, the big design decisions have been made. In short, designers have not to adulterate
their economic studies with confusinq financial intricacies.

7.1 Engineering Economics and Decision Making

Ship design involves countless decisions where an odd assortment of factors must be weighed
before reaching a decision. Naval architects and marine engineers have traditionally slighted or
misused economics as a tool in ship design. When making a decision a designer should be sure that
in privileging one sub–system, others are not overly degraded. To avoid such sub–optimization
the overall economics of the entire system should be analyzed. The actual outcome of an optimal
design is not only to generate an ideal hull form for lower resistance or minimum fuel consump-
tion, but also to carry desired cargo at minimum cost. Optimal ship design can only be identified
by comparing alternative designs in economic terms.

Engineering success depends substantially on economic success. Every design decision should
consider how that decision would affect the overall economics of the product in question. A con-
stant guiding principle in decision making is the analysis of costs and economic benefits; these
comprise the primary role of engineering economics in all engineering disciplines. In the design of
a product, process, or system, the engineer makes a multitude of choices of configurations, sub-
systems, components, and materials; economic factors are central to engineering decision making
in designing a product or process (Hazelberg, 1994).

Choices are often guided by rules of thumb, which summarize past experience; these rules con-
vert broad economic factors into criteria or relationships involving non–economic variables of the
product or process. But the engineer must still contend with frequent exceptions and with choices
not covered by such rules. This, the quantitative understanding of economic implications in the
design and operation of a product or process is indispensable.

Furthermore, many types of engineering economics display the engineering problem–solving ap-
proach at its best in a manner that is shared by all engineering disciplines. For example, the
hierarchy of cost estimation techniques is typical of methods used in other quantitative estimation
problems engineering. Engineering economics thus exemplifies problem–solving skills.

Moreover, history shows that many successful engineers eventually move into positions where
business decisions are made, and some advance to the top of managerial ladder. As they move
up that ladder a knowledge of economics becomes every more important.

Engineering economics should concentrate on the difference between alternatives. Correspond-
ing differences in cash flows and in selected economic criteria must be predicted as a result of
decision making . Related to the above is the rule that lost opportunity costs must be given as
much emphasis as real costs. This is one of the major points of difference between engineers
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and accountants Lost opportunity costs never show up in the textbooks, and so are ignored by
accountants. Another difference to keep in mind is that accountants focus on past results whereas
engineers should look ahead.

Hence ship designers have to reclaim their role in technical-economic analysis. ”Engineers should
provide the economic analyzes that compare the profitability potential of each alternative ...”
(Benford, 1970). Although that is true in many countries, sorrowfully this statement still remain
a desiderata in the Italian shipping and shipbuilding industry. There are many reasons for this,
of cultural, political, and psychological nature. Nevertheless, it is not of minor importance the
fact that ship designers are not capable to combine decision making with engineering economics.

Since Napier (1865) tried to apply cost studies to the determination of ship characteristics, only
slight progress was made in engineering economics for ship design. Along decades neither the
basic textbooks of the subject nor the periodical literature normally available to practising engi-
neers, managers and accountants appeared to give clear guidelines. This is not to suggest that no
one has even thought or written about the economics of ship design. Many authors have tackled
this problem from Bergings (1871) to Marther (1963). But few of them provided or discussed,
at least implicitly, what the criteria for comparing ship designs should be. The notable paper by
Benford (1963) marked a turn point since it implies or advocates specific criteria.

So it was only one century after Napier that rigorous economic evaluations have found serious
application to ships because of three principal reasons:

• The risk for making wrong decisions in ship design has increased continuously with ex-
pansion in ship sizes and types, together with development of novel ship concepts. Until
recently, the decision depended more on whether to build rather than what to build, as each
succeeding ship design was usually a modification of a baseline ship.

• It is axiomatic that a ship design must be the best for her service, but optimization of single
technical criteria is not enough. It is widely recognized that the main criterion must be of
an economic nature, giving full weight to simultaneous influence of technical factors in its
evaluation. The optimal design is that which is most profitable to the customer.

• There has been increasing complexity in the financial conditions surrounding ship procure-
ment. Once new ships were largely financed out of retained profits, but now cheap loans,
accelerated depreciation, hidden subsidies and tax relief all add greatly to the difficulties
of estimating ship profitability. However, most design decisions should be made on the
basis of simple economic analysis. In short, particularly at initial design stages, economic
evaluation has not to be adulterated with confusing financial intricacies.

The principles of engineering economics are straightforward, and designers should not find any
difficulty in making the detailed calculations, even because there are computer programs available.
Discussion will be substantially confined to the economic evaluations encompassing the decision-
making process in conceptual and basic design of merchant ships. The related principles, however,
are easily adaptable to offshore platforms and navy ships. While many of the techniques available
from engineering economics may be used by shipowner management, here the primary purpose is
to assist decisions about what to build. There are two fundamental principles that should guide
every decision in ship design:
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• A merchant ship is a capital investment that earns its returns as a socially useful instrument
of transport.

• The best measure of engineering success is profitability ; and the only meaningful measure
of profitability is the returned profit (after tax) expressed as interest on the investment.

The interest rate should be some logical measure of the decision–maker’s time–value of money.
In the case of a government–owned ship it might reflect the current rate of interest paid on
government bonds.

7.2 Economics and Ship Design

The design of a ship and its economic capabilities are mutually dependent, and any attempt to
design a ship without due recognition of this interdependence cannot be expected to provide the
optimum economic solution. Good naval architects must aspire to produce designs which offer
the optimum solution to the shipowners’ requirements. It follows, therefore, that he/she must be
able to make valid economic analyzes and estimates of both building and operated costs of ships.

The standpoint of engineering economics and ship design is that of the practising designers who
need sufficient information to evaluate the technical and economic performance of alternative
designs of ships. While many of the techniques may be used by shipowner management, it is not
primary purpose of designers to assist decisions about whether to build, when to build, or where
to build, but rather what to build. It is only during the 1980’s or so that rigorous economic eval-
uations have been seriously applied to ships. There would appear to be three principal reasons
for this change:

1. The risk for making the wrong decisions in ship design has increased greatly with expansion
in ship sizes and types, together with novel concepts. Until recently, the decision depended
more on whether to build rather than what to build, as each succeeding ship design was
usually a modification of an earlier one. Now, as one design of ocean-going ship can be 100
times larger than another, the scope for poor investment multiplies correspondingly.

2. It is axiomatic that a ship design must be the best for the job, but technical criteria such as
minimum resistance are not enough. It is widely recognized that the main criterion must be
of an economic nature, giving full weight to technical factors in its calculation. The optimal
design is that which is most profitable.

3. There has been increasing complexity in the financial conditions surrounding ship procure-
ment. Traditionally, new ships were largely financed out of retained profits, but now cheap
loans, accelerated depreciation, subsidies and tax relief all add greatly to the difficulties of
estimating ship profitability.

The principles of engineering economics are straightforward, and engineers find no difficulty in
making the detailed calculations, al though of course there are computer programs available.

Engineers should always direct their efforts towards a ship that will be the most profitable of
all for the trade. The only true measure of profitability is the profit after tax converted to an
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equivalent interest of return. If the shipowner wants to select some less promising ship because
of financial restrictions or whatever, that is his/her business and not the naval architect’s.

The economists usually employ the marginal analysis; that is to say an analysis stated in terms of
very small increments in the ratios between the supposedly homogeneous factors of production,
which comprise anything that is used in any process of production. They are usually classified as
land/sea, labor, capital and company. But where several factors of production are concerned, i.e.
where each of the broad classifications mentioned above must be subdivided, this approach would
involve a large number of design studies. But the corresponding time of shipbuilding industry is
not cheap, so that delay in the order and construction of a ship may be even too much expensive.
So the marginal analysis is inherently unsuitable for the ship designer or shipowner because, in
concentrating attention on optimizing ratios between factors of production, it draws attention
away from optimizing techniques, which is the source of naval architecture. Moreover, the most
important factor of production is capital; that is, the ship itself. On the other side, there are
considerable logic and conceptual difficulties involving in assuming capital to be homogeneous
when it is embodied in a ship.

7.2.1 A Criterion for Optimizing Ship Designs

In the context of ships, any criterion for determining the optimum investment involves the an-
swers to a set of inquiries as to the extent of which economic outcomes will be different as a result
of the investment. Thus, the following issues are of importance:

1. What will be the gross benefits over the ship’s life? In the simplest case this is the gross
earnings of the ship. But where the ship is operating as part of a liner service then there
may be some effects on earnings of other ships in the same ownership and these must be
taken into account. In other terms, the needed figure is the difference between what the
revenue would be with the investment and what it would have been without it.

2. What is the cost of the ship? This can be divided into two parts: (a) Acquisition cost, con-
ventionally referred to as the the capital cost though it may include some elements which
an accountant would not normally recognized as capital (e.g. any special training that may
be required by the crew, or the cost of having senior officers standing by during the building
period). It is not, therefore, necessarily quite the same as the contract price agreed between
the builder and the owner, even if items like owner’s stores are left out of account. (b)
Operating costs, though some, like the increase in management costs and commissions to
brokers, may be external to the ship. They can be divided into the accounting headings of
fuel, wages, stores, port fees, and so forth. Because capital cost has been included in acquisi-
tion cost it would be double–counting to include any part of depreciation under this heading.

3. What is the life of the ship, either to scrapping or to sale second–hand? This will depend
largely on the physical characteristics of the ship, the work she has to undertake and the
policies of the owners. Because second–hand values are usually based on the estimated
profitability of the remaining ship’s life, policies preferring one to the other will not make
very much difference to the final answer except where the ship is highly specialized. But,
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since the second–hand sale of a highly specialized ship is unlikely, it may be assumed that
all ships are retained until scrapping.

4. What is the distribution of estimated revenues over the estimated life? In the years of the
quadrennial classification surveys the ship will be out of service and for increasing periods.
In those years, therefore, her earnings will be reduced. One cannot assume that the dis-
tribution of earnings throughout the ship’s life will be constant. In addition, any rising or
falling trend in the supply-demand position of the type of ship under consideration may
affect the freight rate at which she trades, and, if she is a liner, the load factor at which she
operates.

5. What is the distribution of the estimated operating costs over the estimated life? Again,
because of the quadrennial surveys these costs will be greater in some years than in others.
Again, there may be rising or falling trends in the costs of operation. Methods are required
by which such trends may be brought into the calculation.

6. What is the scrap (or second–hand) value at the end of the ship’s life? Because scrap values
are easier to estimate than second–hand values, this is a further reason for assuming that
the ship will be retained in the same ownership until scrapping.

The answers to these questions can be stated in terms of time and money. To this end, a table can
be drawn up in which each row represents the year of construction. In the first column one can
place all the earnings of the ship; these may be regarded as positive components of cash flow. In
the second column one can place all the costs of the ship, capital and operating, against the years
in which they are paid. It is the cash movements that one is estimating; costs must, therefore, be
entered in the years of payment. This is particularly important where tax payments are concerned.

By subtracting column two from column one, one arrives at column three: net cash flow for each
year in which receipts and payments caused by the ship will take place. In some years, certainly
the year of construction, this figure will be negative, until the break–even point is reached. In the
rest the net cash slow should be positive if the ship has any chance of being an economic success.

Now it remains to relate the single net cash flows to one another. This can be done by recognizing
that the present value of a sum of money accruing in the future is less than that of an equal sum
of money accruing now. That brings to the necessity of ‘discounting the future’. Concepts such as
compound interest will serve to calculate the discounted cash flow . Then, an economic criterion
can be selected, e.g. either net present value, or required freight rate, or another.

The different ways of financing the design may well include some with deferred payments and
interest changes. All these payments are to be included, as and when they are expected to occur.
It may then happen that none of the early years of the ship’s life have any negative cash flows at all.

To sum up, methodologies and criteria for optimizing ship design should give answers to the
questions: why to build a ship like this? why build it now? The clear and unambiguous rule is
that specific ship should be built because it has a greater economic measure of merit than any
other; and it should be built at this time because its measure of merit is greater than if it were
built at any other time.
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7.2.2 Operating Economics

The shipowner’s responsibilities for the various items of expenditure are illustrated in Figure 7.1.
Capital charges cover items such as loan interest, repayments, and profit, all related to the capital
investment in the ship. The full calculation of effective capital charges can be complex. Voyage
costs cover fuel, port and canal dues, and sometimes cargo handling charges. Daily running costs
are those incurred on a day–in, day–out basis whether the ship is at sea or in port; these include
crew wages and benefits, victualling, ship upkeep, stores, insurance, equipment hire and adminis-
tration. Voyage costs vary considerably from trade to trade, while daily running costs are largely
a function of ship type, size and flag.

The type of charter and the division of responsibility for cost and ship’s time between shipowner
and charterer can influence some features of the design of the ship and its equipment. With
bareboat charters less than the life of the ship, the charterer has less incentive than an owner-
operator to reduce fuel consumption, while time in port is more significant for owners of owner-
operated or voyage chartered ships than for time-chartered ships. Owner operators may thus be
expected to be more forward–looking in fitting fuel saving devices or better equipment to keep
port turnrounds short, e.g. bow thrusters or more elaborate cargo handling equipment. Owner
operators often have the highest standards of equipment and maintenance.

Figure 7.1: Division of responsibility for operating costs

From estimates of the components of ship operating costs and the corresponding transport per-
formance, it is possible to calculate freighting costs for a variety of ships. If relying on shore gear
having a constant handling rate, time in port is roughly proportional to size, unlike tankers where
time in port is almost independent of size. Thus big ships are only economic where handling rates
are commensurate with size of ship. Shore costs per ton may increase with ship size, as deeper
dredging, more powerful tugs, faster cargo handling gear and bigger stockyards are required.and
bigger stockyards are required.

Actual bulk cargo freight rates are regularly published in the shipping press, ship brokers’ reports,
etc. They vary with supply and demand, and can be regarded as oscillating about a level of
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freighting cost, which gives the average efficient operator an acceptable rate of return in the long
run. However over–supply of ships leading to long periods of low freight rates can occur owing to,
for example, very attractive shipbuilding loan terms. Table 7.1 indicates that different economic
factors apply differently to liner as opposed to bulk shipping.

Item Liner Bulk

Ship Size (deadweight) Small - Medium Medium-Large
(5000-25000 multi-deck) (15000-550000)
(5000-50000 unit load)

Ship Speed Medium–Fast Medium (12-17 knots)

Area of Operation Specific trade routes Worldwide

Type of Carrier Common Contract

Organisation/Ownership Conference of member lines Independent or industrial carrier

Assignments Large number of small parcels Small number of large parcels

Nature of Cargo Heterogeneous (general) Homogeneous (bulk)

Freight Rates Administered Negotiated
(level set to cover costs) (set by supply & demand)

Competition Market shares Price and delivery
Quality of service
Non–conference lines

Scheduled Service Yes (constant speed ship) No (constant power ship)

Mass or Volume Limited Volume Usually mass except certain
cargoes and SBT tankers

Ports Serviced Range of ports near Usually one port each end near
major cities producing/consuming plant

Days at Sea per Year 150-220 (multi-deck) 230-320
200-270 (unit load)

Own Cargo Handling Gear Yes (multi-deck) Usually none expect tankers
Sometimes (unit load) and smaller bulk carriers

Table 7.1: Some differences between liner and bulk shipping

7.3 Time–Value of Money

Money has not only a nominal value, expressed in some monetary units, but also a time value. In
the most familiar form the time value occurs on a bank–account. So, the bank–account has time
value. Exactly the same value occurs in investments. If a return is yielded over an investment,
and is reinvested, a return is yielded over a return, which means that the value of a return depends
on the year in which that return is earned.

If designers want to make proper decisions, first they have to recognize that a given amount of
cash exchanging hands today is more important than the same amount of cash exchanging hands
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in the future. In more simple terms, a sum of money in the hand today need not be spent, but
could be put to work and allowed to generate rent money (i.e., interest).

Then a fundamental concept of economics can be introduced: it must be considered not only how
much money flows, in or out of a company, but also when. Designers must assign some time–value
to money. They have also to consider relative risks, recognizing that expectations may or may
not be fulfilled. Higher risky proposals naturally place greater emphasis on the time–value of
money .

The quantitative recognition of time value of money is handled by means of standard compound
interest formulae. Interest relationships make allowances for the time–value of money and the
life of the investment and may be used to convert an investment (e.g. cost of a ship) into an
annual amount which, when added to the annual operating costs, may be used to determine the
necessary level of income to give any required rate of return.

The interest can be thought about in three distinct forms:

1. Simple interest when saving deposits in banks, loan from banks, and bonds, all carry mu-
tually agreed upon interest rates.

2. Compound interest when a present sum is converted into a future sum and vice versa.

3. Returned interest which is a measure of gains from risk capital invested in a profitable com-
pany. This is called by various names including internally generated interest , interest rate
of return, or simply yield . It is one good measure of profitability, expressing the benefits
of an investment as equivalent to returns from a bank at the derived rate of interest. Most
countries impose a tax on business incomes, so the analysts must differentiate between rates
before and after tax .

The interest is calculated by exactly the same mathematical expressions in all three cases. Even
though the compound interest is the more suitable to engineering economics in design decision–
making, what is more important is that in deciding between alternative designs, one must consider
for each solution not only cash flows, but also their temporarily evaluations.

Alternatively, where annual cash flows are known, the relationships can convert them into present
worths, which may be added together to give net present value (NPV ), for comparison with the
amount of the investment. The future cash flows are discounted (the inverse of ’compounded’),
hence the common name of discounted cash flow (DCF ) calculations. For an investment to be
worthwhile, the present worth of the cash flows of income minus expenditure should be greater
than the investment, taking inflows as positive, and outflows as negative, i.e. NPV should be
positive. Cash flow implies money moving in and out of the company’s bank account, i.e. not
purely bookkeeping transactions.

Before considering how to integrate the related economic factors into the technical design of ships,
the methods of making economic calculations, which can be used to evaluate alternative designs
of freight earning vessels, must be taken into consideration. Engineering economy calculations
need to take account of performance over longer periods.
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7.4 Cash Flows

An investment project can be described by the amount and timing of expected costs and bene-
fits in the planning horizon. The terms costs and benefits represent disbursements and receipts,
respectively. The term net cash flow is used to denote the receipts less the disbursements that
occur at the same point in time. The stream of disursements and receipts for an investment
project over the planning horizon is said to be the cash flow profile of the project.

To facilitate the descxription of project cash flows, they are classified in two categories: (i)
discrete-time cash flows, and (ii) continuous-time flows. The discrete-time cash flows are those
in which cash flow occurs at the end of, at the start of, or within discrete time periods. The
continuous flows are those in which money flows at a given rate and continuously throughout a
given time period. The following notation will be adopted:

• Fn = discrete payment occurring at period n;
• Ft = continuous payment occurring at time t.

If Fn < 0, Fn represents a net disbursement (cash outflow). If Fn > 0, Fn represents a net receipt
(cash inflow). The same can be said for Ft.

7.4.1 Cash Flow Profile

Cash flow diagrams are an important convention that engineering economists and designers should
use in decision–making. This refers to simple schematics showing how much money is being spent
or earned year-by-year. In them, the horizontal scale represents future time, generally divided
into years. The vertical scale shows annual amounts of cash inflows (upward pointing arrows) or
outflows (downward pointing arrows). When cash flow estimation is repeated over the project
life of a ship, the result is a series of net cash flows. If the sum of the series is positive, the flow is
from the ship to the shipping company; if it is negative, the flow is from the shipping company to
the ship. This series is often called the cash flow series for the ship project, and the shipowner
decised whether to undertake the project on the basis of the estimated cash flow.

Figure 7.2: Cash flow vs. time

Part of the convention is that definition of cash flow series is simplified by assuming that all the
cash flows occur on the last day of each year. This assumption simplifies mathematical formula-
tion. Although in fact cash may change hands almost continuously, any errors that result from
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this simplifying assumption are likely to he common to all alternatives under study, and so should
have little effect on the decision.

To help visualization of the amount and timing of cash entering or leaving the organization, the
so-called cash flow diagram is frequently used (see Figure 7.2), where time is represented on the
horizontal scale, whereas annual cash amounts are shown on the vertical scale.

Zero on the time scale can be arbitrarily selected. It may mean ‘now’, ‘time of decision’, ‘time
when ship goes into service’, etc. Cash flows may be represented by bars or by arrows. Figure 7.3
shows a typical irregular cash flow pattern, in which receipts during a period of time are shown
by an upward arrow and disbursements during the period sre shown by a downward arrow. The
diagrams are drawn from the perspective of a lender or an investor. A borrower, on the other
hand, would picture the arrows reversed, but the method of analysis would be exactly the same.

Figure 7.3: Representation of cash flows

Ships have long economic lives, usually at least twenty years. It is therefore justifiable to treat
cash flows on an annual basis. For shorter-term studies, briefer time periods can be used, perhaps
months. The basic principles and mathematics remain the same.

The basic relationships shown below use the following nomenclature (standard notation of Amer-
ican Society for Engineering Education), where capital letters are used for absolute values, and
lower case for fractional values:

P present amount, principal, present worth, or present value
A annual return (e.g. income minus expenditure) or annual repayment

(e.g. principal plus interest)
F future amount
N number of years (e.g. life of ship or period of loan)
i interest or discount rate per year, decimal fraction (percentage rate/100)

Money has an appreciable time value. The reward, or interest, is fundamental to all economic
calculations, whether or not money is actually borrowed. Even if one has the cash in hand to
buy, say, a ship, one is foregoing the interest that could be obtained by investing it in, say, a bank
deposit account.

All of the following basic interest relationships apply to cash flow patterns illustrated below.
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7.4.2 Interest Relationships

Single Series

The first basic interest relationship is the single-investment, single-payment pattern shown in
Figure 7.4.

Figure 7.4: Cash flow diagram for a single payment

Knowing the initial amount, P , and wanting to find the future amount, F , multiply P by what
is called the single payment compound amount factor , usually shortened to compound amount
factor . If the time period is but a single year, the future amount, F , would equal the initial
amount, P , plus the interest due, which would be i·P . In short

F = P + i·P = P (1 + i)

If the time period, N , is some integer greater than one, then the balance of the account would have
compounded annually as a function of that number of years, leading to the general expression for
the total repayment by the end of N periods

F = P (1 + i)N = (CA− i−N) P

The factor (1+i)N is called the single-payment compound amount factor and is available in tables
indexed by i and N . It is abbreviated CA and, when associated with a given interest rate and
number of years, the combination is indicated by the convention

(CA− i−N) = (1 + i)N

The reciprocal of the compound amount factor is the single present worth factor . It is often
shortened to present worth factor , indicated by convention as (PW − i−N). It is the multiplier
to convert a future sum into a present sum. This being the case, the abbreviation P can now be
taken to mean present worth or present value. It is also called the discount factor . The terms
are used interchangeably.

Reversing the process, if it is desired to know what single future amount P must be deposited
at interest i, compounded periodically, the equivalent present value can be found by multiplying
the desired amount by the reciprocal of the compound amount factor

P =
F

(1 + i)N
= (PW − i−N) F

The ‘present worth’ of F , which includes accumulated interest, is exactly the same as P , i.e. they
are effectively equivalent.
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Uniform Series

In many economic projections, decision makers assume uniform annual cash flow, even though
that uniformity will not really occur. Again, any errors that result from this assumption are likely
to be the same for all design alternatives.

The interest relationship applies to a single initial amount, P , balanced against uniform annual
amounts, A, as shown in Figure 7.5.

If the uniform annual amounts, A, are known and the decision maker wants to find the present
worth of them, P , he/she can use the expression

P =
(1 + i)N − 1
i (1 + i)N

·A = (SPW − i−N) A

The component (SPW − i−N) is called the series present worth factor , which is the multiplier
to convert a number of regular annual payments into a present sum. It is also called annuity
factor.

Figure 7.5: Single investment, uniform annual returns

This relationship is useful for situations in which the size of future uniform annual returns from
an investment can be predicted and the decision maker wants to find out how much he/she can
afford to put into that investment. It should be noted that, unless otherwise stated, it should
always be assumed that annual amounts and annual interest rates are used.

Note that the series present worth factor is numerically equal to the sum of the individual annual
present worth factors over the life of the investment; so is very useful for dealing with uniform
cash flows, which can be used for many marine problems, at least in preliminary evaluations.

Again reversing the approach, suppose to convert a present sum of money into an equivalent
amount repaid uniformly over a number of time periods, usually annual. Then the capital recovery
factor , CR, enables an initial capital investment (say in a ship) to be recovered as an annual
capital charge, which includes both principal and interest. CR is the ratio between this uniform
annual amount, A, and the principal, P , i.e. A = CR·P . It can be shown from compound interest
relationships and the sum of geometrical progressions that

CR =
A

P
=

i (1 + i)N

(1 + i)N − 1

When associated with a given interest rate per compounding period, i, and number of compound-
ing periods, N , the capital recovery factor is (CR− i−N).
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Uniform Annual Deposits, Single Withdrawal

The third pair of interest relationships apply to the cash flow pattern shown in Figure 7.6, in
which annual amounts are matched against a single future amount, F .

A quirness about this pattern is that at the end of the final year there are arrows pointing in
opposite directions. This is done to simplify the calculations. Of course, in real life the net amount
paid would not be F , but F minus A. Another possibility is that within a business setting the
annual amounts would actually comprise continual cash deposits during the year. Nevertheless,
one may assume single year–end amounts.

Figure 7.6: Uniform annual deposits, single withdrawal

If the uniform annual amounts, A, are known, and it is desired to find the equivalent single future
amount, F , that can be withdrawn, multiply A by the series compound amount factor, SCA

F = (SCA− i−N) A

Conversely, if the analyst wants to build up the future amount, F , and wants to find the corre-
sponding uniform annual amounts to be deposited, A, he/she will multiply that future amount
by what is called the sinking fund factor, SF

A = (SF − i−N) F

Of course, the sinking fund factor is the reciprocal of the series compound amount factor

(SF − i−N) =
1

(SCA− i−N)
=

i

(1 + i)N − 1

Gradient Series

Many engineering economic problems, particularly those related to equipment maintenance, in-
volve cash flows that increase by a fixed amount, g, each year. The gradient factors can be used
to convert such gradient series to present amounts and equal annual series.

The present worth of such a cash flow can be found with a year-by-year analysis, as shown in
Figure 7.7.
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Figure 7.7: Gradient series pattern

A more sophisticated way may be to first find the equivalent uniform annual amount, A, by means
of the following formula

A = A1 +
g

i
− N ·g

i
(SF − i−N)

Consider the series

Fn = (n− 1) g , n = 1, 2, . . . , N

The gradient g can be either positive or negative. If g > 0, the series is called an increasing
gradient series. If g < 0, one has a decreasing gradient series. The single–payment present–worth
factor can be applied to each term of the series to obtain the expression

P =
N∑

n−1

(n− 1) g

(1 + i)n

Alternatively, the present value of the series can then be found using the appropriate series
present worth factor based on the same values of i and N :

P = (SPW − i−N) A

If the pattern shows a uniform downward slope, then the equivalent uniform annual amount will
be:

A = A1 − g

i
+

N ·g
i

(SF − i−N)

Random Series

To find the present worth of an irregular cash flow (Fig. 7.8) the analyst must discount each
amount individually to time zero and then find the cumulative present value. This cumulative
amount can be converted to an equivalent uniform annual amount using the capital recovery
factor
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Figure 7.8: Random series pattern

Stepped Cash Flows

Another common variation involves cash flows that remain uniform for some number of years (or
other compounding periods) but then suddenly exhibit a step up or down, or perhaps several
such steps. In real life this might come about because of the peculiarities of the tax laws, as one
example.

Figure 7.9: Stepped patterns

One way to solve this problem would be to analyze the cash flow year–by–year in a table, but
there are easier ways. Perhaps, with reference to Figure 7.9 the easiest way to understand is to:

- find the present worth of A2 for N years;

- add the present worth of ∆A for Q years.

In short

PW = (SPW − i−N) A2 + (SPW − i−Q)∆A

The analytical technique developed above can be applied to cash flows that involve more then
the two levels of income shown, as well as to negative cash flows or combinations of positive and
negative flows.
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7.5 Financial Factors

The overall profitability and the extent of own capital required is affected by load finance and tax
considerations. Clearly the availability of advantageous terms may be an important factor in the
choice of a particular ship. However, within one particular design solution, these considerations
do not usually affect the order of merit; that is, initial technical decisions on, for example, type
of main engine can often be made without considering detailed fiscal considerations, only using
for example a discount rate which takes account of typical conditions. Of course, once a project
has reached the detailed investigation stage, such aspects will need to be considered explicitly, on
a year–by–year basis, examining cash flow projections in more detail.

7.5.1 Taxes

Taxation represent one of the most important aspects of the investment projects. To omit it would
be to falsify the picture. Not only is tax important as such, but so are the various allowances
which may be made against taxable income. Therefore, naval architects involved in the design of
a merchant ship should have at least a rough idea about the applicable tax structure. In many
cases a proper recognition of the tax law will have a major impact on design decisions. In other
cases, taxes can be ignored. In any event, a naval architect should understand enough about the
subject to discuss it intelligently with business managers. Tax laws are written by politicians who
are swayed by pressures coming from many directions and are changed over time. As a result tax
laws are almost always complex, and continually changing. Thus, most large companies employ
experts whose careers are devoted to understanding the tax laws and find ways to minimize their
impact. No attempt is made here to explain all the complexity of current tax laws; but some
simple tax concepts are outlined and their effects on cash flow explained.

When incomes are known, the impact of the corporate profits tax is usually neutral, that is,
analyzing before tax returns will point to the same optimum as that indicated by after–tax
returns. This is fairly obvious from the equation relating capital recovery factor before and after
tax

CR′ = CR (1− t) +
t

N

Since the tax rate t and N are presumably the same for every alternative, the maximum values
of CR′ and CR are of necessity tied to the same design. This might lead the designer to conclude
that taxes have no influence on technical decisions. That would be true were the level of income
independent of taxes. Such is seldom true, however, because free market conditions make freight
rates sensitive to taxes. Shipowners base their prices on the attainment of a reasonable level of
profitability. When taxes are raised, prices must also be raised to reflect the added burden. The
true impact of the tax is perhaps best illustrated in conceptual design, which involves a proposal
for a new ship, whose advantages must be weighed against competitive ships. In some cases a ship
will have a radically greater first cost but lower operating costs (or more income) than the other.
The time-value of money thus becomes supremely important in the comparison. Furthermore, to
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make the conclusions as general as possible (and in recognition of free market conditions), most
conceptual designs use the RFR criterion or something equivalent. The decision–maker must
therefore select his/her stipulated yield with great care; he/she must also recognize the effect of
the taxes on the yearly revenue required to attain the stipulated yield.

The present tax is basically structured so that the corporation tax rate is levied at a particular
rate on the before–tax cash flow. This tax base is broadly: Income - Operating Expenses - Interest
on Loans - Depreciation Allowances.

Cash Flows Before and After Tax

Tax is assessed after the shipping company’s annual accounts are made up and are thus paid
1–2 years in arrears of the corresponding cash flows. Annual income can therefore be divided
according to the bar diagram illustrated in Figure 7.10. It shows how annual revenues are treated
when figuring corporate income taxes. It is assumed here that all factors remain constant over
the N years of the design’s economic life. This is what economists call a heroic assumption, but
it is frequently good enough for design studies.

Figure 7.10: Distribution of annual income

The bar diagram shows that the annual cash flow after tax , A′, is related to the cash flow before
tax, A, by this simple expression

A′ = A (1− t) +
t·P
N

(7.1)

or, turning it around

A =
A′ − t·P

N
1− t

(7.2)

It is important to note is that all rational measures of merit are based on after–tax cash flows, not
profits. In short, one should not use profits to measure profitability, but use cash flows instead .
Profits are misleading because they are polluted with depreciation, an expense that is misallo-
cated in time.

The return after tax, which includes the depreciation provision, is the shipowner’s disposable in-
come to use for repayment of loan principal, dividends, fleet replacement or any other permissible
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use. Dividends, however, are paid to shareholders without further deduction to tax allowance is
made in the shareholder’s own tax liability for the amount already paid under ’corporation tax’
(tax credit).

In some countries the tax laws assign one tax rate against taxable income that is turned over
to the stockholders in the form of dividends, and a much higher rate against income that the
corporation retains, probably in order to expand operations or simply overcome inflation, which is
primarily fuelled by government policy. There is logic in assigning a lower rate against dividends.
The government will get its due from the individual income taxes payed by the shareholders. If
faced with a dual tax rate setting, it is necessary to ask the shipowner how the company’s profits
are usually split. Alternatively, assume a fifty–fifty distribution, leading to an average tax rate
applied to the entire taxable amount.

Yet, where taxes are concerned, few governments are willing to admit that it exists. As a result,
depreciation allowances are usually based on historic costs (i .e., face–value units) rather than on
replacement costs. Thus, the standard tax shield for depreciation (t ·P/N) must be discounted
twice to find its present worth in constant value terms. If one assumes that before-tax cash
flows, A, will remain uniform in constant–value monetary units, then one must recognize that
after-tax cash flows will drop somewhat over the years. This is due to the diminishing value of
the depreciation allowances. The constant–value present worth of the after-tax cash flow can be
found as follows

PW = (SPW − r −N)·A (1− t) + (SPW − r −N)
t·P
N

or, by subtracting the investment, one can find the net present value

NPV = (SPW − r −N)·A (1− t) + (SPW − r −N)
t·P
N

− P

where

A annual cash flow before tax (in current–value monetary units)
t tax rate
P initial investment
N economic life
r discount rate applied to current–value (i.e., true time–value of money)
i discount rate applied to face–value [i = (1 + d)(1 + r)− 1]
d general rate of inflation

Fast Write–off

So far, the assumption was made that the ship’s tax life coincided with its economic life. This
is not always the case because owners are sometimes permitted to base depreciation on a shorter
period. It is called fast write–off and is advantageous to the investor. This is so because it
provides a more favorable after–tax cash flow pattern. Over the life of the ship the same total
taxes must be paid, but their worst impact is delayed.
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Some countries allow shipowners’ freedom to depreciate their ships as fast as they like. In that
setting the owner can make the depreciation allocation equal to the cash flow before tax. That
will reduce the tax base to zero, and no taxes need be paid during the early years of the ship’s
life. After that, of course, the depreciation tax shield will be gone, and higher taxes will come.
Again, however, the total tax bill over the ship’s life will remain the same, unless the ship is sold
before the expected life.

More typically, the owner will not be given a free hand in depreciating the ship. Rather, the tax
life, that is, depreciation period, will be set at some period appreciably shorter than the expected
economic life. This will result in cash flow projections that feature uniform annual amounts with
a step down after the depreciable life is reached.

To handle such a situation, first give separate attention to two distinct time periods. The first of
these comprises the years during which depreciation allowances are in effect, the final such year
being identified as Q. The second time period follows Q and extends to the final year if the ship’s
life, designated as N . Among straight–line depreciation, the cash flows before , A, and after tax,
A′, will be related as shown in Figure 7.11.

Now, recalling how stepped cash flows were handled above, the present worth of the above can
be found as follows

PW = A (1− t)·(SPW − i′ −N) +
t·P
Q

(SPW − i′ −N)

Figure 7.11: Cash flow for fast write–off

7.5.2 Leverage

Various ways are examined in which a shipowner may go into debt in order to expand the scope
of operations. It is noted that the interest payments incurred may reduce the tax base and so
they must be recognized in assessing after–tax cash flows.

Increasingly complicated loan arrangements are considered. There are times when a naval archi-
tect will want to apply simple schemes. There will be times in the design process when he/she
will want to apply complex schemes. In general, in the conceptual design stages, when hundreds
or thousands of alternatives are under consideration, the designer should be satisfied to use the
simplest schemes. At the other end of the scale, when the choice has been narrowed down to
half a dozen, the naval architect, the shipowner, or the business manager, can apply many more



336 CHAPTER 7. ENGINEERING ECONOMICS

realistic assumptions if considered necessary.

In general, the more realistic and complex assumptions will slightly reduce the impact of the
income tax. In the early design stages, when assuming simple loan plans, the naval architect
may recognize this effect by adding a small increment to the actual tax rate or to the interest
rate. The same thought applies to assumptions regarding tax depreciation plans. By using such
adjustments, the optimum design as indicated by the simple assumptions will closely approach
the optimum as indicated by the more realistic and elaborate assumptions.

Many, if not most, business managers have ambitions beyond the reach of their equity capital.
This leads them to leverage up their operation by obtaining a loan from a bank. The same is true
of individuals who want to own a yacht. It is also often true of governments who sell bonds so
as to finance a share of current expenditures. In nearly every case the lender requires repayment
of the loan within a given time at a given interest rate. Typically, the repayments are made in
periodic bits and pieces comprising both interest and some reduction in the debt itself. In short,
the periodic payments are determined by multiplying the amount of the loan, PB, by the capital
recovery factor appropriate to the loan period, H, and the agreed–upon interest rate, iB. The
typical repayment period is monthly, but for ship design studies one may generally assume annual
repayments, AB. In short:

AB = PB (CR− iB −H)

As an alternative to applying to a bank, managers may choose to raise capital by selling bonds.
As far as one needs be concerned here, the effect is the same: the debt must be repaid at some
agreed–upon rate of interest.

To stimulate their shipbuilding industries, most countries throughout the world offer loans for ship
purchase, subsidized from central sources at below-market rates of interest. The loans reduce the
effective cost of the ship, and encourage owners to place orders. Credit terms officially available
are broadly similar in each major country, for ships typically 80% of the contract price for eight
years at 5% interest. For offshore mobile units, typically 85% loans are available but only for five
years. Loans for second–hand vessels are usually made on normal commercial terms. Interest
payments can be deducted before tax liability is calculated on profits earned during the ship’s life.

Various initial and legal fees are charged in addition to loan repayments and interest, usually
about 1% of the total loan. Generally the credit is advanced to the owner as building instalments
become due, so that interest becomes payable before the ship is delivered unless arrangements
are made to defer it. Repayment is usually in equal amounts at six-monthly intervals after de-
livery, plus interest on the declining balance. Although favorable credit terms are an important
marketing factor for shipbuilders (and once have contributed to the world over–supply of ships),
they do not usually affect the order of merit between technical alternatives.

Many shipowners like to supplement their equity capital with funds borrowed from banks or raised
through the sale of bonds. Either source requires the payment of capital plus interest at a fixed
rate, regardless of the success or failure of the venture. They also involve legal clauses permitting
the lender to take possession of the physical equipment if the entrepreneur fails to honor his
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commitments. Obviously, as the reliance on borrowed capital increases, the risk to the owners
(stockholders) also increases. This is tempered, however, by an important advantage: increased
yield on equity capital becomes possible by virtue of the greater total amount of available funds.

Figure 7.12: Effect of borrowed capital on return

Figure 7.12 shows that as the credit proportion approaches 100 percent, the IRR on the shipowner’s
diminished equity capital approaches infinity, but NPV or RFR continue to give meaningful re-
sults. While this might suggest that shipowners should borrow near 100% of their capital needs,
in fact this is risky, as in adverse market conditions, prior charges such as loan servicing would
be excessiv e, which could force the owner into liquidation with insufficient cash flow. An appro-
priate balance of own capital (e.g. shareholders’ or equity funds) and debt (loans or credit) is
necessary for financial stability.

Some shipowners like to maintain a debt–equity ratio of about 60:40, buying in their own stock
when investment opportunities are too limited to maintain that ratio. Another tempering factor
is that the shipowner need pay no tax on that part of his/her gross income that he turns over to
the bank or bond-holder for interest. This, in effect, cuts his/her cost of borrowing about in two.

7.5.3 Practical Cash Flows

Although it is possible to make good use of the uniform cash flow relationships in preliminary
calculations and obtain results of about the correct order of magnitude, cash flows in most prac-
tical cases of ship investment are not uniform.

The most important of these irregular cash flows are:

- loans for less than the life of the ship;

- differing relative rates of growth in main items of income and expenditure;

- tax allowances for (capital) depreciation and loan interest;

- subsidies.

Other variations occur but, although altering the absolute values in the economic calculations,
are unlikely to change significantly the relative values (‘ranking’) between alternative designs, as
they tend to affect all designs in a similar manner. The variations would have to be taken into
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account where the differences in the designs affect one particular factor, e.g. different scrap values
between steel, aluminium and GRP hulls. These variations are:

- scrap value;

- irregular pattern of building instalments;

- special surveys or major overhauls involving appreciable cost and time out of service;

- general decrease of speed with increasing age

- long term charters less than ship’s life.

Although corrections may be applied to the uniform cash flow cases to cater for some of the
items quoted, the more general procedure is to make complete year-by-year calculations. A table
is constructed to show for each year of life, the items of income and expenditure generating a
before-tax cash flow. After making allowances for tax, the after-tax cash flows are multiplied by
each year’s present worth factor, and totalled to give the discounted cash flow over the ship’s life
and a resulting NPV .

Cash Flows for Equal Periods

The bar diagram shown in Figure 7.13 explains the cash flow before and after tax when the
bank loan period is assumed to be the same as the ship’s economic life (H = N). Straight–line
depreciation is also assumed, with depreciation period equal to economic life (Q = N). A final
assumption is that the before–tax cash flow, A, remains constant. For many design studies these
assumptions are reasonable.

Figure 7.13: Cash flow for equal periods

In analyzing the cash–flow distribution shown in Figure 7.13 a more simplifying assumption is
used, which involves substituting a uniform annual value of the interest payments, iB, for the
actual, ever–diminishing values. Figure 7.14 shows the real distribution between principal and
interest payment as well as the simplification of uniform iB.
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Figure 7.14: Distribution between principal and interest payments

Shown in Figure 7.14 is the distribution of the annual revenue when both bank loan and straight–
line depreciation are involved.
Benford (1965) explains how to analyze returns before and after tax when the pay–back period
to the bank differs from the economic life of the ship. He assumes that the debt is repaid in equal
annual installments over the life of the ship. He uses straight-line depreciation and zero scrap
value. The expressions for conditions before and after tax now become

A′ = A (1− t) +
t·P
N

+ t·iB
and

CR′ = CR (1− t) +
t

N
+

t·iB
P

(7.3)

where iB is the annual interest paid to the bank.

Further, the residual annual return to the owner, A◦, will be

A◦ = A′ −AB

where the annual return to the bank is found by means of the appropriate capital recovery factor

AB = PB (CR− iB −N)

The interest will diminish from year to year, but for design purposes one can safely assume that
it will be constant and equal to the annual return to the bank minus a uniform annual payback
of the initial loan

iB = AB − PB

N

where

AB yearly return to the bank

PB initial amount of bank loan

The annual interest paid to the bank can be also written as

iB =
[
(CR− iB −N)− 1

N

]
·PB
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Cash Flows for Differing Time Periods

So far, it has been assumed that the period of the bank loan and the tax depreciation period
both coincided with the economic life of the ship. Next it is appropriate to analyze cash flow
before and after tax when those periods are all different. Initially it will be assumed that the loan
period, H, is shorter than the depreciation period, Q, which in turn is shorter than the economic
life, N . The cash flow diagram would then contain three segments, as shown in Figure 7.15.

Figure 7.15: Cash flow for differing time periods

During loan period (O-H) the cash flow before and after tax would be as developed before except
that care must be taken to identify the differing time periods H, Q, and N . The cash flow after
tax will be

A′ = A (1− t) + t·iB +
t·P
Q

During residual depreciation period (H-Q) the interest payments would no longer be a factor; so
the only tax shields would be the depreciation allocation, i.e.

A′ = A (1− t) +
t·P
Q

During remaining period (Q−N) there would be no tax shields at all, so

A′ = A (1− t)

Applying these techniques introduced when discussing cash flow diagrams, one can find the present
worth of this cash flow as follows

PW = A (1− t)·(SPW − i′ −N) + (t·P/Q)·(SPW − i′ −Q) + t·iB (SPW − i′ −H)

Thus, if there are uniform cash flows before tax and a stepped–pattern of cash flows after tax, the
analyst can find the present worth of the after–tax cash flows by means of that relatively simple
equation.
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7.5.4 Depreciation

When a shipping company makes a major investment, it exchanges a large amount of cash for
a physical asset of equal value. In its annual report it takes credit for that ship and shows no
sudden drop in company net worth. Over the years, however, as the ship becomes less valuable,
its contribution to the company’s worth declines; that is, it depreciates.

Depreciation is of special significance when computing income taxes, for it is an accounting ex-
pense that reduces taxable income and hence reduces taxes, but it does not represent a cash flow
during this accounting period. Instead, the cash flow may have occurred at time 0 when the
ship was purchased, or it may be spread over a loan repayment period that is different from the
lifetime used used for depreciation.

Depreciation is not an actual cost or expenditure of cash, but a bookkeeping transaction used
both for tax and for accounting purposes. For accounting purposes, depreciation is used to as-
sess the ‘profit’ available for distribution to shareholders after applying a rate on fixed assets
that maintains capital intact in money terms. The calculation of depreciation for tax purposes
is nearly always different, and as it affects the actual cash flows and final net income, it is the
aspect considered here.

Traditionally, depreciation (or capital) allowances have been calculated either as ‘straight line’
(annual allowance = ship cost/ship life) or ‘declining (or reducing) balance’ (annual allowance =
percentage of residual value of ship each year), or other variants which, in effect, write off the
initial cost over the expected life of the investment. In many cases, ’cost’ may be acquisition cost
minus expected residual value, e.g. assumed scrap value.

When using the basic interest relationships, e.g. CR, it is not necessary to add any further
amounts for depreciation. The use of CR recovers the capital invested over the life of the ship,
plus the required rate of return. However, depreciation affects the amount of tax payable by a
company. Regularly occurring expenses, such as operating costs, may be deducted in full before
tax is levied, but purchase of a ship is treated on a different basis by means of depreciation
allowances, strictly called ‘capital allowances’.

Straight–line depreciation

In its simplest form, the ship is assumed to lose the same amount of value every year until the
end of its economic life. This is called straight–line depreciation (Fig. 7.16).The straight–line method spreads the amount evenly over the depreciation lifetime of N years.
If the initial value or cost is P and the residual or salvage or scrap value is S, the depreciation
Dn is found as

Dn =
P − S

N
, n = 1, 2, . . . , N

In most cases one is justified in ignoring the disposal value. Although it is hard to predict, the
scrap value is typically less than 5% of the initial investment; and, being many years off, it has
little impact on overall economics.
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Figure 7.16: Straight–line depreciation

Declining balance

The declining–balance method allocates each year a given fraction of the book balance at the
end of the previous year. If the declining balance is R% per annum, the N–th year allowance is
100R (1−R)N−1, where the declining balance rate R is given by

R = 1−
(

S

P

)1/N

Such a method can be used for accounting purposes, and some countries’ tax authorities use
variants of them. For example, the declining balance method was instituted in 1984 for British
shipowners for tax purposes. Following a transition period, the system adopted a declining bal-
ance rate of 25%. Thus first year allowance is 25%, second 18.25%, third 14.06%, fourth 10.55%
etc. Thus it takes eight years to accumulate to 90%, a typical amount allowing 10% scrap value.

Until 1984 British shipowners were allowed to depreciate their ships for tax purposes at any
rate they liked, with 100% first year allowances and ‘free depreciation’. In practice, this meant
writing the ship off as fast as profits permitted, i.e. extinguishing all liability for tax until the
depreciation allowance had been exhausted. If there were profits from other ships in the fleet, or
other activities of the business, it was possible to write off the entire cost of a new ship against
tax liability on these other profits in the first year. From then on, tax was paid on the full profit.
This could be called the ‘full depreciation’ or ‘full tax’ position. Any unused allowance (e.g.,
because of insufficient profits) can be carried forward and used in subsequent years.

A more general case for economic studies was to assume that depreciation could only be allowed
against the profits of the particular ship being studied. This is equivalent to a newcomer to
shipping, so can be called the ‘new entry’ position. At typical freight rates, it then takes some 6
to 12 years before tax becomes payable, but with the time value of money, this is not worth so
much as writing off in one year, but was better than writing off over, say, 20 years. In all cases,
tax balancing charges are usually levied if the disposal value of a ship exceeds its written–down
value for tax purposes, i.e. tax allowances have been granted on the full cost of the ship, but the
disposal income needs to be set against this, so is potentially taxable.
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The 100% allowance system may encourage the leasing of expensive ships whereby a financial
institution like a bank actually owns the ship. The ship may then bareboat chartered to a ship
operator at a slightly lower rate than would otherwise to possible.

Accelerated depreciation and other complexities

Nearly every maritime country gives special tax treatment to ships, usually including some form
of accelerated depreciation. Some tax laws recognize that straight–line depreciation is based on
an unrealistic assessment of actual resale values of physical assets. This leads to various deprecia-
tion schemes that feature a large allocation during the first year of the asset’s life and diminishing
allocations thereafter. These declining amounts may continue over the entire economic life, or
they may lead to complete write–off in some shorter period. One may thus found accelerated
depreciation combined with fast write–off. In any event, the total taxes over the asset’s life will
once more be the same. The primary advantage of such schemes is to offer the enterprize a more
favorable earlier distribution of after–tax cash flows.

When dealing with shipowners naval architects will likely have to talk to accountants who know
all the tax rules and want to apply them to the design analysis. Naval architects must of course
pay attention to skills of these people. But they must also realize that they are usually safe in
applying massive amounts of simplifying assumptions, at least in the initial design stages.

It should be known that some managers use the simplest sort of analysis in choosing projects
and in deciding whether or not to go ahead with them. This is so even though they intend to
use every possible tax–reducing trick if the project does indeed come to fruition. This suggests
the wisdom of using multiple methods, for example, straight–line depreciation, in the conceptual
design stage when hundreds or thousands of alternatives are under construction, but then, having
narrowed the choice down to half a dozen alternatives, letting the accountants adjust the chosen
few to satisfy their needs.

Starting with gross simplifications enables looking ahead to the effect of the more elaborate tax
schemes by recognizing that their net effect is to produce some modest increase in present values
of future incomes. This may be taken into account by assuming a slightly lower tax rate. Alter-
natively, future cash flows can be discussed with a slightly lower interest rate.

7.5.5 Inflation

Here the scope is to explains how to analyze monetary inflation, particularly how it may influ-
ence decision–making in ship design. In general, inflation has a trivial impact on rational design
decisions. However, there may be special situations in which inflation should not be overlooked.
Shipowners who expect more inflation than that expected by their bankers, are likely to favor
going into debt, confident of their ability to pay off with the easier money of the future. Offsetting
this, however, is the government’s insistence on allowing tax–depreciation credits based only on
historic costs rather than constant-value monetary units.
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If it can be assumed that a shipowner is free to raise freight rates commensurate with any fu-
ture inflation in operating costs, then all financial and economic factors will float upward on the
same uniform tide. If that occurs, the optimum ship based on no inflation will also be the opti-
mum ship in which inflation is taken into account. Inflation need be of concern only when some
major economic factors are expected to change appreciably faster or slower than the general trend.

Inflation need concern the design team only when it becomes apparent that rates of inflation are
not the same for every factor in the economic structure. Long–term cash flows can not be ana-
lyzed without first adjusting each year’s figure according to the purchasing power of the monetary
unit relative to any convenient base year.

Three basic approaches can be envisaged for calculating equivalence values in an inflationary
environment that allow for the simultaneous consideration in earning power and changes in pur-
chasing power. The three approaches are consistent and, if applied properly, should result in
identical solutions. The first approach assumes that cash flow is estimated in terms of actual
monetary units, whereas the second uses the concept of constant monetary units. The third
approach uses a combination of actual and constant monetary units.

To develop the relationship between actual monetary unit analysis and constant nmonetary unit
analysis, it is appropriate to give precise definition of several inflation related terms (Thesen and
Fabrycky, 1989):

• Actual monetary units represent the out-of-pocket monetary units received or expended at
any point in time. Other names for them are current, future, inflated, and nominal mone-
tary units.

• Constant monetary units represent the hypothetical purchasing power of future receipts
and disbursements in terms of the purchasing monetary units in some base year. The base
year is normally time zero, the beginning of the investment. It is assumed that the base
year is always time zero unless specified otherwise. Other names are real, deflated, and
today’s monetary units.

• Market interest rate, i, represents the opportunity to earn as reflected by the actual rates
of interest available in the financial market. The interest rates used previously are actually
market interest rates. When the rate of inflation increases, there is a corresponding upward
movement in market interest rates. Thus, the market interest rates include the effects of
both the earning power and the purchasing power of money. Other names are combined
interest rate, minimum attractive rate of return, and inflation–adjusted discount rate.

• Inflation-free interest rate, i′, represents the earning power of money isolated from the effect
of inflation. This interest rate is not quoted by financial institutions and other investors
and is therefore not generally known to the public. This rate can be computed, however, if
the market interest rate and inflation rate are known. Naturally, if there is no inflation in
an economy, i and i′ should be identical. Other names are real interest rate, true interest
rate, and constant monetary unit interest rate.

• General inflation rate, f , represents the average annual percentage of increase in prices of
goods and services. The market inflation rate is expected to respond to this general inflation
rate.



7.5. FINANCIAL FACTORS 345

The problem is then about which is the best way to correct a misleading ‘future value’ into a
reliable ‘current value’. There are two alternative methods. Both are based on the same principles
and, if corrected carried out, should produce the same final outcome and resulting design decision.
One way is to prepare a year–by–year table in which all cash flows are entered in current values.
The analyst is then in a position to apply standard interest relationships to find the present value
or equivalent uniform annual cost of this current–value cash flow in the usual way.

The other approach, as might be guessed, is to start with face-value monetary units and apply a
discount rate that has built into it adjustments for both inflation and time–value of money. This
method can be handled by simple algebraic procedures and does not require the time–consuming,
error-prone, year–by–year tabular approach described previously. It allows one to find the present
worth (corrected for inflation) of a future cash flow that is subject to predictably changing mon-
etary values.

The task, now, is to derive values of i for any given set of assumptions as to the rate of inflation
and time-value of money. Remember that i incorporates both time–value of money and inflation.

One way is to start with the simple case in which some cost factor is floating up right along
with the general inflation rate, d. That being the case, although it appears to be increasing in
face–value terms, it is really holding steady in real purchasing power. That is, it is always the
same in current–value monetary units; so one can ignore inflation and say

i = r

Next, examine the case where a given cost factor remains fixed in face–value monetary units
during a period of general inflation. One example might be straight–line depreciation. Another
would be a fixed–level charter fee. In any given year

AFV = Ao

Correcting for inflation

ACV =
AFV

(1 + d)N
=

Ao

(1 + d)N

and correcting to present worth

PW =
ACV

(1 + r)N
=

Ao

(1 + r)N ·(1 + d)N

That is, double discounting is employed, once for the time-value of money, and again the declining
real value of the monetary unit. In short, where costs remain fixed in face–value terms one may
use

i = (1 + r)·(1 + d)− 1

Finally, consider the case of a cost factor that changes at an annual rate, x, that differs from
general inflation. In face–value terms
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AFV = Ao (1 + x)

This final expression may, in extreme cases, produce a negative interest rate (equivalent to paying
the bank to guard cash). This will lead to a present worth exceeding the future amount.

Non-Annual Compounding

In most ship design studies engineers usually assume annual compounding when weighing the
time–value of money. There may be instances, however, when other compounding periods should
be recognized. It may be recalled that the standard interest formulas are applicable to any com-
bination of compounding periods and interest rate per compounding period .

Clearly, when changing the frequency of compounding the analyst also changes the weight given
to the time–value of money. In order to make a valid comparison between debts involving differing
compounding periods, the analyst needs an algebraic tool that will assign to each repayment plan
a measure that is independent of frequency of compounding.

The usual approach to this operation is based on what is generally called the effective interest
rate, abbreviated t. This is an artificial interest rate per year that ascribes the same time–value
to money as some nominal annual rate, rM , with M compounding periods per year .

For example, suppose one loan plan is based on quarterly compounding at one interest rate,
whereas another is based on monthly compounding at a somewhat lower rate. It is not possible
to tell by looking at the numbers, which is more desirable. If both nominal annual rates are
converted to their corresponding effective rates, however, those values will tell which is the better
deal. To convert from a nominal annual rate, rM , to effective rate, r1, the following equation is
derived:

r1 =
(

1 + rM

M

)M

− 1

7.5.6 Escalation Rate

Escalation rate represents a specific inflation rates sometimes applicable in contracts. It is quite
understandable how increasing costs reduce the profitability of an investment. During the years
of industrial expansion of the post–war period, freight rates for a given ship and cargo have gen-
erally followed a broadly escalation in nearly every item concerned due to rates of inflation and oil
prices going up particularly in the 1970’s, although the underlying trend has often been obscured
by market fluctuations, increasing ship efficiency and reductions arising from the economies of
scale as larger ships have been introduced.

Voyage charter rates do not include escalation clauses, nor do the majority of time-charter rates,
which cover short and medium periods, i.e. they remain fixed for the duration of the charter.
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However, sometimes escalation clauses covering increases in certain operating costs are included
in the few long–term charters. Liner conference freight rates have been adjusted regularly over
the years as elements of running costs have increased, particularly bunker costs.

In the majority of economic studies concerned with actual ships, it is suggested that money terms
are used throughout (i.e. the actual cash amounts moving through the company’s bank account,
including escalation), as this is the form usually used by shipowners in evaluating projects, whose
cash flows from charter income and loan repayments are expressed in money terms. Use of money
terms also forces attention on differential escalation rates (if all costs and income rose at equal
rates, it would be easy to work in real terms), on second–hand values (ships are often sold long
before the end of their physical life), and on likely rates of return, both before and after tax. It
also makes hindcasting easier, checking on the results of previous evaluations. General forecasts
of inflation, plus analysis of past data, can be used to assist in estimating escalation rates.

It is equally possible to work in real terms, i.e. in money of constant purchasing power, but
adjustments need to be made when some costs may be quoted in money terms, e.g. progress
payments when building ships, while others may be estimated in real terms, e.g. crew costs.

7.6 Economic Criteria

So far, this chapter has dealt with the basic principles of engineering economics. It has shown
how to assess the relative values of cash exchanges that occur at different times, and how to
analyze the impact of taxes and interest payments on cash flows. Now comes the critical question
of how to apply all of the foregoing to decision making in ship.

It should be stressed is that there is no universally accepted technique for weighing the relative
merits of alternative designs. Business managers, for example, may agree that the aim in designing
a merchant ship should be to maximize its profitability as an investment. But they may fail to
agree on how to measure profitability. Likewise, officials who are responsible for designing non–
commercial vessels, such as for military or service functions, have a hard time agreeing on how
to go about deciding between alternative designs. The truth of the matter is that there are
good arguments on favor of each of several economic measures of merit and the designer should
understand how to handle each of them.

7.6.1 Set of Economic Criteria

The most widely used techniques are those associated with discounted cash flows. The magnitude
and timing of cash payments in and out are estimated over the vessel’s life for acquisition costs,
operating costs, and revenue generating potential.
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The time value of money is recognized by discounting future cash flows at the operator’s cost
of capital, i.e. multiplying each year’s net cash flow by (1 + i)−N , where N is the number of
years from project start, and i is the discount (or interest) rate as a decimal fraction. Cash flow
calculations may be made in ‘money terms’ (the actual amount in money of the day) or in ‘real
terms’ (money of constant purchasing power). In the former case inflation has to be allowed for;
in the latter case the interest rate will be in real terms, which is approximately the rate in money
terms minus the rate of inflation.
Table 7.2 identifies thirteen measures of merit, each based on sound economic principles. Each is
of potential value in marine design, and several have strong supporters. They are placed in three
categories depending on whether the analyst wants to assign, versus derive, a level of income and
assign, versus derive, an interest rate.

Required Assumptions Primary Measure Surrogates or
Revenue Interest Rate of Merit Derivatives

yes yes NPV NPV I, AAB, AABI

yes no IRR CR,CR′, PBP

no yes AAC LCC,CC,RFR,ECT

Table 7.2: Three major categories of economic criteria

There are only three primary economic criteria: the other ten are each closely related to one
of those three. Here the discussion is confined to the four most important measures of merit.
There are the three primary criteria shown in the middle column of Table 7.2 (net present value,
yield , and average annual cost) plus required freight rate. All assume uniform annual costs and
revenues, although levels may vary between alternatives. The last is not stated explicitly in Ta-
ble 7.2; but in structuring a problem to find its minimum value, it is generally implied that the
present worths of income and expenditure are equal so that their ‘net present value’ is zero.

The numerical results will be different in each case depending on what criterion is being calcu-
lated, but if being used to compare alternative ship designs, all would indicated the same optimal
design if data are consistent, e.g. rates of return are commensurate with freight rates.

Marine literature contains many studies based on questionable logic. Perhaps the most common
variety tries to minimize the unit cost of service. That is, someone looks for the alternative that
minimizes the cost to the shipowner. This is technically called the fully distributed cost . It is
something like the required freight rate, but ignores corporate income taxes and applies a rock–
bottom interest rate to total capital. By ignoring taxes and minimizing the time–value of money,
this criterion is almost always misleading.

7.6.2 Definition of the Economic Criteria

The most popular economic criteria for marine problems, which are the most rational measures
of economic merit to optimize the design from the shipowner’s point of view, can be firstly con-
sidered under a set of simplifying assumptions:
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- all annual incomes and expenses remain uniform in constant–value terms;

- the investment is made in single lump-sum payment upon delivery of the ship;

- no bank loans and tax-credits are involved;

- the tax life equals the economic life;

- straight line depreciation is used in figuring tax;

- the scrap value is zero;

Most initial ship design economic studies will probably not be afflicted with complex cash flow
patterns, but will rather consist at a single investment, at year zero, and uniform after–tax
returns. In the sequel different economic criteria are illustrated.

Net Present Value

The net present value (NPV ) criterion is by far the most popular and easily understood of all the
economic measures of merit in use today among business managers. It is considered the standard
measure of investment.

It requires an estimate of future revenues and it assigns an interest rate for discounting future
future, usually after–tzx, cash flows. The discount rate is usually taken as the minimum rate of
return acceptable to the decision maker. As implied by its name, NPV is simply the present
value of the projected cash flow including the investments; that is,

If the building cost of a ship is known, together with the minimum required rate of return on the
capital invested (discount rate), all the annual operating costs, the cargo quantity transported
each year and the corresponding freight rate (i.e. annual revenues), one can calculate the present
worth of each item of income and expenditure and add them to find NPV .

The general form of NPV for freight earning vessels is defined by the difference between the
present value of cash receipts over the project life and the present value of all cash expenses

NPV =
N∑

0

PWannual payload quantity×freight rate − PWshipbuilding cost − PWannual operating costs

In the simple cash–flow pattern shown in Figure 7.5, if the cash flows after tax have a uniform
level, A′, over the ship’s life, and P represents a single lump investment, the net present value is
found by subtracting the investment from the present value of the future cash flows; in short

NPV = A′ (SPW − i′ −N)− P

where

A′ uniform annual after–tax cash flow = A (1− t) + t·P/N

A : uniform annual cash flow before tax

t : corporate income tax rate
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(SPW − i′ −N) series present worth factor for an interest rate i′ and a period of N years

i′ : owner’s stipulated minimum acceptable after–tax rate of return

If cash flows are not uniform, the present worth of each annual cash flow after tax can be calcu-
lated for each of the N years of the ship’s life.

The net present value may be regarded as an instantaneous capital gain if positive (or loss, if
negative), or as a discounted profit, or the sum for which the total project could be sold at its
start. Consequently designs with the highest NPV s are sought. Of course, when the NPV is
negative, the project would be rejected.

The NPV economic criterion has two inherent weaknesses: it tends to favor massive investments
and it can be misleading if alternatives have different lives. The first weakness may be overcome
by using the net present value per monetary unit of investment. This normalized quantity is
called the net present value index (NPV I) or profitability index (Benford, 1981)

NPV I =
NPV

P

If alternatives have different lives, NPV will tend to favor the longer lived. That distortion can
be eliminated by multiplying each NPV by a capital recovery factor based on the same discount
rate, but appropriate to the individual life expectancies. This criterion is called the average
annual benefit

AAB = (CR′ − i′ −N) NPV

If one takes the AAB per ,pnrtsry unit invested, that will eliminate both weaknesses in the use
of NPV . This third variation of NPV is called the average annual benefit index

AABI =
AAB

P

Internal Rate of Return

It is important to notice that NPV is found by discounting future cash flows at the decision
maker’s minimum acceptable interest rate. Because the predicted value of an acceptable project
must always be positive, the actual expected interest rate will be something higher than the min-
imum rate used in computations. Instead of applying that minimum acceptable rate, the decision
maker could look at the expected cash flow pattern and derive the interest rate implied.

There is some interest rate that will make the NPV of a cash flow equal to zero. It is the in-
ternal rate of return (IRR), which is another time–discounted measure of investment worth. It
is feasible to use IRR in cases where the freight rate or income is known. Designs are preferred
that offer the highest IRR, which also goes by various names, including discounted cash flow rate
of return (DCF ), yield , equivalent interest rate of return, profitability index , marginal efficiency
of capital , equivalent return on investment , and others.
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It is derived iteratively, or using the ‘goal seek’ function, by finding the interest rate that will
make the present worth of future after-tax cash flows, including the investment, equal to the
present worth of the investment. In short, IRR is that interest rate that leads to an NPV of
zero. In other words, it is the maximum rate of interest at which the shipowner could finance
his/her ship on normal bank overdraft terms or any equivalent (i.e. where interest is charged only
on the outstanding balance of the loan) in the absence of uncertainty.

In simple patterns, however, yield can be easily found. First find the expected after–tax capital
recovery factor (i.e., the ratio of A′ to P ), then go to interest tables and find the interest rate
that corresponds to that combination of CR and ship’s economic life, N . There are also various
extensions to the basic method to cater for special situations.

Yield avoids the shortcomings of NPV in that it does not give unfair advantage to larger invest-
ments or those with longer lives. Nevertheless, some advocates of NPV point to cases where IRR

may be misleading. This is particularly true where the attainable yield differs markedly from the
company’s actual value of money. Another of its shortcomings may show up if the analyst is faced
with a cash flow pattern that shows a year–by–year mix of money coming in or out. That being
the case, it may turn out that there is more than one interest rate that will bring the net present
value down to zero. Fortunately, most ship economic studies involve simple cash–flow patterns
in which that dilemma does not arise.

When revenues are predictable, decision makers should take advantage of that knowledge to es-
timate the equivalent interest rate of return. That frees them of the necessity to stipulate an
interest rate, which is a tricky question. Nevertheless, the yield must be compared with some
interest rate. The naval architect has to compare the estimated yield for every alternative design
and select the highest. Whether the figure is high enough to justify the risk of investment is
strictly manager’s concern.

When properly applied, usually it will produce exactly the same answers as the net present value
method; and it requires exactly the same information. The choice between the two methods is,
therefore, largely a matter of personal preference.

If all design alternatives have equal lives, then an examination of the relationship between capital
recovery factor and interest rate will show that the alternative with the highest value of CR′ will
automatically have the highest yield. Moreover, the alternative with the highest capital recovery
factor before tax, CR, will normally enjoy the highest capital recovery factor after tax, CR′. This
means that CR may be a surrogate for yield.

A surrogate for IRR is the pay–back period , PBP , the number of years required to regain the
initial investment:

PBP =
P

A′

As it is evident, PBP is the reciprocal of the capital recovery factor after tax, CR′. As such, it
shares both strengthness and weaknesses of that crterion.
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Average Annual Cost

The next economic criterion is useful in designing ships that are not expected to generate income:
naval vessels, patrol vessels, dredgers, yachts, etc. Now the cash flow pattern will feature only
money flowing out. When that is the case, a logical and popular measure of merit is the so–called
average annual cost (AAC) criterion. The AAC measure of merit may be applied also to mer-
chant ship designs where all alternatives would happen to have equal incomes, which includes the
possibility of that being zero.

Whereas in using NPV or IRR, the analyst seeks for the alternative promising highest values,
in using AAC, the lowest values are desired.

The simplest case ought to have a single initial investment, P , at time zero, and uniform annual
operating expenses, Y , for N years thereafter. The problem reduces to find, among a set of alter-
natives, the design solution with the lowest value of AAC, which would be found by converting
the initial investment, P , to an uniform annual amount, which would be added to the annual
operating costs, Y

AAC = CR·P + Y = (CR− i−N)·P + Y

where

Y annual operating costs

CR capital recovery factor corresponding to the life of investment, N , and the owner’s
stipulated before-tax interest rate of return, i;

The term (CR − i −N)·P is called the annual cost of capital recovery, ACCR. Note that it is
based on before–tax interest rates in case revenues and taxes are both involved.

The interest rate should be some logical measure of the decision maker’s time-value of money. In
the case of a government–owned ship it might reflect the current rate of interest paid in govern-
ment bonds.

For more complex cash flows, simply discount everything back to year zero, (including P ), then
multiply the total figure by the capital recovery factor based on the same interest rate for a
number of years equal to the ship’s life span. That will produce the average annual cost.

Required Freight Rate

If two competitive designs promise the same average annual cost, but one promises to be more
productive than the other, this difference is quantified by relating the AAC to productivity. In
the case of cargo ships this is done by dividing the average annual cost by the tons of cargo that
could be carried each year on some particular trade route. This gives the required freight rate
(RFR), which economists call a ‘shadow price’. The necessary income per unit of capacity (e.g.
passengers or cargo) to cover all operating costs abd provide the required rate of return on capital
invested in the vessel. The same concept could be applied to other measures of productivity such
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as cars per year and/or passengers per year for a ro–ro vessel, tons of fish per year for a trawler,
and so forth.

If one knows the acquisition cost of a ship, P , the required rate of return, i, all the operating costs,
Y , and the annual cargo quantity transported, C, the level of freight rate can be found which
produces equal present worths of income and expenditure, i.e. zero NPV . This criterion is more
suitable when revenues are unknown but will vary between alternatives because of differences in
transport capability. In general

RFR =
AAC

C
=

ACCR + Y

C
=

CR·P + Y

C

where the annual cargo capacity can be in whichever unit, and Y = Yr + Yv, being Yr and Yv the
annual running costs and the voyage costs, respectively.

So RFR can be regarded as a calculated freighting cost, which can then be compared with actual
freighting price, i.e. market freight rates. For service vessels (e.g. offshore vehicles like crane
barges, pipe–laying ships, etc.), RFR may be calculated in the form of necessary daily hire rate.

In other terms, it is the rate the shipowner must charge the customer if he/she is to earn a
reasonable return on investment. The theory is that the owner who can enter a given trade route
with a ship offering the lowest RFR will best be able to compete.

This is a valuable criterion, much used in the marine industry for studying the feasibility of new
ship concepts or optimizing the details of any particular concept. It provides the money amount
the shipowner must charge a customer if the shipowner wants to earn a reasonable after–tax
return on his/het investment. The theory behind RFR is that the best ship for any given service
is the one that provides that service at minimum cost to the customer. Implicit here are the
assumptions that (i) free market forces predominate in the trade, and (ii) all competitors operate
within the same frame of capital and operating costs.

A key step in finding RFR is to convert the initial investment to an equivalent uniform annual
negative cash flow before tax. These annual amounts must be large enough to pay the income
tax, and return the original investment to the owner at the specified level of interest. In short, a
suitable value for the capital recovery factor before tax must be found.

To show the truth of the above assertion, recall the basic relationship (7.2) between cash flows
before and after tax

A′ = A (1− t) +
t·P
N

To make this non–dimensional, divide through by the initial investment P

A′

P
=

A (1− t)
P

+
t

N

But
A′

P
= CR′ and

A

P
= CR
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which leads to

CR′ = CR (1− t) +
t

N

Then solving for CR

CR =
CR′ − t

N
1− t

Since t and N are the same for all design alternatives, CR will vary directly with CR′ which will,
in turn, vary with the yield, i′. This is a simple way of converting an after–tax interest rate to
a before–tax capital recovery factor. It assumes an all–equity investment and a tax depreciation
period equal to the ship’s economic life.

For non-uniform cash flows, an initial freight rate has to be assumed so that an initial NPV can
be calculated as above. This NPV is unlikely to be zero, so an iterative procedure has to be used
to find the exact freight rate which gives zero NPV .

If the ship is in a fixed, single–cargo trade, then the annual transport capacity, C, is fairly easy
to estimate. If the ship is in, say, a round–the–world voyage with many ports of call and many
classes of cargo, RFR may prove too cumbersome to be practical.

Payback Period

A popular rule-of-thumb for evaluating projects is to determine the number of periods needed to
recover the original investment. The payback period (PBP ) is defined as the number of periods
it will take to recover the initial investment outlay.

Assuming uniform annual returns, the payback period is supplied as

PBP =
P

A′

This is the reciprocal of CR′ and so incorporates all that criterion’s strengths and weaknesses.
Obviously, the most serious deficiencies of the payback period are that it fails to consider the
time value of money and that it fails to consider the consequences of the investment after the
payback period.

As a modification of the conventional payback period, one may incorporate the time value of
money. The method is to determine the length of time required for the project’s equivalent re-
ceipts to exceed the equivalent capital outlays.

Mathematically, the discounted payback period Q is the smallest n that satisfies the expression
Q∑

n=0

Fn

(1 + i)n
≥ 0 (7.4)
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Clearly, the payback period analysis is simple to apply and, in some cases, may give answers
approximately equivalent to those provided by more sophisticated methods. Many authors have
tried to show an equivalence between the paybck period and other criteria, such as IRR, under
special circumstances. For example, the payback period may be interpreted as an indirect, though
quick, measure of merit. With a uniform stream of receipts, the reciprocal of the payback period
is the IRR for a project of infinite life and is a good approximation to this rate for a long–lived
project.

There are many reasons why the payback period measure is so popular in business. One reason
is that the payback period can function like many other rules-of-thumb to shortcut the process
of generating information and then evaluating it. Payback reduces the information search by fo-
cusing on the time when the firm expects to ‘be made whole again’. Hence, it allows the decision
maker to judge whether the life of the project past the break even point is sufficient to make the
undertaking worthwhile.

In summary, the payback period gives some measure of the rate at which a project will recover its
initial outlay. This information is not available from either the NPV or the IRR. The payback
period may not be used as a direct figure of merit, but as a constraint: no project may be accepted
unless as payback period in shorter than some specified period of time.

7.6.3 Choice of the Economic Criteria in the Marine Field

The following are just general recommendations. When revenue is predictable, use equivalent
yield as economic criterion. When revenue is either unknown or zero, assume a reasonable in-
terest rate and convert all costs by one of the methods illustrated before. If revenues are the
same for all alternatives, seek the one with the lowest average cost. If transport capabilities vary,
divide average annual cost by the annual tons of cargo (number of units, number of passengers)
moved. This gives the freight rate required to return the stipulated yield; and the best ship for
the trade is the one with the lowest required freight rate.

In finding average annual cost or required freight rate, one must not overlook the corporate profits
tax. Where revenues are predictable, engineers need worry less about the tax. Under most normal
circumstances the optimum ship before tax will also be the optimum ship after tax, assuming all
alternative designs charge the same freight rate..

The NPV economic criterion is widely used as a criterion especially where investment funds are
limited, but it is best used in those cases in which income can be predicted reasonably confidently,
e.g. long-term time–charters. It has the computational merit of being a single calculation not
requiring an iterative solution. A drawback to its use is interpretation of the results. The dif-
ferences between investments are absolute, not relative, and this can make comparison of widely
different alternatives difficult. This may be partially overcome by the net present value index
(NPV I) introduced by Benford (1970), which divides the NPV by the investment, producing
a ratio which can be used to compare investments differing greatly in absolute size, e.g. coastal
tankers versus very large crude oil carriers.
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Alternatively a profitability index may be calculated as ratio between NPV of cash inflows and
NPV of cash outflows. There still remains the problem of comparison when NPV s are close to
zero or negative, and of forecasting income in a fluctuating business like shipping. NPV I used
as a measure of merit is analogous to IRR, since it is effectively a ‘profit’ divided by the first cost.

The RFR measure of merit is useful in the many cases where incomes are unknown. In an
internationally competitive business like shipping, rates of return oscillate about a long-term
trend, and over a ship’s life it is not unreasonable to expect that freight rates will provide
a return on an efficient ship tending to the average trend. If this did not occur, shipowners
would not reinvest in new tonnage, demand would ultimately exceed supply and produce its
own correction in the form of higher freight rates, unless there is too much non-commercially
run tonnage available (e.g. state supported fleets). Freight rates do not remain permanently in
peaks or troughs. RFR is particularly useful when comparing alternative ship sizes, as a single
freight rate cannot be expected to apply to all sizes - the market ensures that economies of scale
are eventually passed on the consumer. RFR can be compared with predicted market rates to
see if the results appear realistic. Low discount rates may lead to over-design, e.g. ships faster
than is ‘economic’, since capital cost is being assessed more ‘cheaply’ than operating costs. High
discount rates may result in required freight rates so high as to be unattainable under normal
market conditions, so the design is likely to be uncompetitive in the sense of being able to find
business. The RFR rate have different units according to the type of vessel and duty, e.g.

passenger ships cost per passenger-mile
ro-ro ships cost per vehicle-mile
cargo carrier ships cost per tonne-mile
container ships cost per TEU-mile
patrol craft cost per day

The AAC concept is analogous to RFR to compare alternatives which have equal annual trans-
port capability or equal annual performance capability for those vessels which do not generate an
income. In using AAC, all costs are discounted to year zero, to give present value of costs which
can be converted to an equivalent annual amount via the capital recovery factor. This criterion
can be also used for items of equipment which do not affect a ship’s earning potential.

The IRR economic criterion gives a more recognizable comparison between widely different alter-
natives, especially where funds available for investment are relatively unrestricted. It is a useful
method for additional pieces of equipment, especially those not significantly affecting a ship’s in-
come, where it can be measured against some target rate of return for the degree of risk involved.
Like NPV , there is the problem of forecasting income, but in addition, IRR is not related to
the absolute amount of the investment. IRR is, however, not the same as the profit on historic
capital shown in a company’s accounts, but is more like the rate of return on a fixed interest rate
investment like a government stock. In general, the design with maximum CR will be that with
the highest IRR, if lives are equal. In theory, there will be multiple solutions to the calculation of
IRR where cash flows alternate in sign, but this is not often a problem in marine work (Sloggett,
1984).
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The incremental rate of return is a variant that calculates the IRR on an additional investment,
e.g. an extra piece of equipment on a ship, or the difference between two projects’ cash flows to
show whether the rate of return on this ‘incremental’ investment is at least as high as that on
the basic ship. In this case, only the cash flows and extra first cost associated with the ’incre-
ment’ are used in calculating the rate of return, so simplifying the appraisal, as δA/δ → CR′ → i′.

Permissible price can be used when assessing newbui1ding prospects or the purchase of second-
hand ships, comparing this price against current ship prices and expected freight rates. It can
also be used to assess new items of machinery or equipment, whose operational costs and savings
can be estimated.

Figure 7.17: Decision chart for selecting the economic criterion

Figure 7.17 shows the normal circumstances under which one of the criteria may be selected for
ships, according to the amount of information known. The designer task is primarily that of
selecting the best alternative, leaving to management the problem of whether to invest at all and
if so, when. In the marine field, where it is not always possible to predict income over the life
of a ship, the preference should be for required freight rate as the most useful long–run economic
criterion in establishing the most economic vessel design. In the case of closely competing al-
ternatives, a range of assumed freight rates may then be taken, so that NPV s and IRRs can
be calculated to see whether the order of merit of the alternative designs indicated by RFR is
changed. Where equipment, rather than the entire ship, is being considered, income may take
the form of cost savings, and IRR is a useful criterion, especially where ship performance (speed,
payload, port time, etc.) is not significantly affected.
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The criterion of payback period , PBP , is still sometimes used in industry. This is the number of
years it takes the net revenue (income - expenditure) to accumulate to the level where it equals
(‘pays back’) the investment. While payback period is numerically equal to SPW for uniform
cash flows, P/A, the value of i should still be calculated for the appropriate N . A variant cal-
culates the number of years before the discounted net revenue equals the investment. This is
analogous to rate of return, but solving for N instead of i. Payback period should not be used for
non-uniform cash flows, as all variation in income and expenditure for years beyond the payback
period is completely ignored, taking little account of cost escalation or change in performance
with time. Its use as a primary criterion is therefore not recommended, but it can be presented
as a supplementary result or a simple shorthand for results derived more rigorously, especially if
the result is attractively small.

Even if non–economic factors are the primary reason for purchasing a ship in the first place, e.g.
national prestige, technical and economic criteria still have their place in assisting the selection
of the best of the alternative ship designs, machinery and equipment.

7.7 Ship Costs

The cost of any ship is a function of different kinds of variables - technical, physical, managerial,
political Its complete estimation calls for professional guidance from a range of disciplines, some
of which are quite remote from that of naval architecture - accountancy, planning and produc-
tion control, trade union agreements, shipyard management, insurance and many others. But at
initial design stages naval architects aim at nothing more than first approximations which can be
obtained fairly quickly, but which are nevertheless associated to some extent with the physical
features of the ships under consideration. The reasons for costing since conceptual design stage
are to get an idea of the capital investment involved and to see how the cost might be affected
by altering any of the principal variables.

Life–cycle costs, including both building and operating costs, are among the most important
parameters influencing the choice between competing vessels. Cost is concerned with how much
money the shipbuilder will pay for shipyard labor to build the ship, subcontractors to assist, all
materials and equipment contained in the completed vessel, miscellaneous services and establish-
ment charges. That is why estimates of costs with a good level of accuracy are desirable since
the initial stages of the design process. This may not be easy, as costing data necessary for the
calculations are usually not readily available. Indeed, shipowners and shipbuilders characteristi-
cally refuse at giving easily one another cost information.

The design team is generally concerned with evaluating alternative solutions in conceptual design.
The alternatives will usually differ not only in performance, but in their first costs and operating
costs. It is, therefore, useful to obtain quickly an indication of relative costs, before setting in
train more detailed studies which may involve work by other organizations. Cost estimates maybe
broadly divided into three main categories:

1. Conceptual design cost estimate for selection process.
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2. Basic design cost estimate, associated with detailed exploration of robust alternatives.
3. Fully detailed cost estimate, usually for tendering purposes.

The expected level of accuracy increases with detail, as does the amount of data and effort
required. Here only the first category is concerned, because cost estimating is more likely to
be applied at this level by ship operators, consultants, equipment suppliers, regulatory bodies,
researchers, etc., rather than at the more detailed levels, which are largely the preserve of profes-
sional cost estimators, e.g. in shipbuilding companies.

At conceptual design stage it is not possible to suggest more than very simple cost estimating
relationships for approximate estimates; nevertheless, these can still be useful in establishing the
potential feasibility of a project, and in ranking the principal alternatives for more detailed study.

In the ship design context, the need to estimate the principal costs to carry out an economic
evaluation concerns the following components of an economic model:

• Building cost

– Structural hull
– Outfitting
– Machinery

• Voyage costs

– Fuel consumed in transit
– Fuel consumed on duty
– Fuel price
– Other consumables, e.g. lube oil
– Port charges
– Payload handling charges
– Other shore/base costs

– Cost escalation

• Operating costs

– Crew
– Upkeep
– Insurance
– Stores
– Overheads/Administration
– Manning (per running hour and total time)
– Cost escalation

• Financial factors

– Target rate of return
– Expected life
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– Financing/loan terms
– Fiscal factors (tax, subsidy)
– Excjange rates
– Residual value

• Payload/Revenue/Effectiveness

– Sea time per transit (mission/duty)
– Port/base time
– Non-operational/off-hire time
– Voyages/musisons per year (with seasonal variations if appropriate)
– Payload/duty performed per voyage/mission
– Freight rate
– Total revenue
– Revenue escalation

What follows is mainly an explanation of how one can structure a procedure for estimating the
costs of alternative design concepts. Naval architects need to complement what is explained here
with appropriate real–life data collected from many various resources, Nevertheless, the following
notes will assist in producing approximate estimates, but is not a substitute for more detailed
methods or more accurate data where these are available. Contributions by Erichsen (1972),
Carreyette (1978) and Kerlen (1985) may also usefully be consulted for methods and data.

7.7.1 Building Cost

Analyzes of engineering economic cost always involve an estimate of invested costs. Indeed, the
construction costs are usually the single largest, hence most important, factor entering into the
analysis. Although shipbuilding costs may be estimated for several different reasons, here the
main scope is to help make rational decisions in conceptual design stage.

Naval architects normally want to predict the economics to assist comparison of large numbers
of alternative designs (Buxton, 1987) as well as to establish the design variables and parameters
of the most efficient vessel (synthesis or optimization). This means that the estimating methods
should be relatively simple, provided basic data are available. The alternatives under considera-
tion usually exist only as virtual concepts about which few details have been established. This,
too, suggests that the techniques must be relatively simple. Moreover, the estimating methods
should strive to emphasize differences in costs between the competing alternatives.

At the simplest level, the first cost of a ship is influenced mainly by its type, size, speed, hence
power. Where the range of possible specifications is small, e.g. in straightforward vessels such
as tankers, size alone is often a fair guide to approximate first cost. Maritime journals such as
Fairplay and Lloyd’s Ship Manager include published prices of recent contracts, and graphs can
be plotted to give an indication of expected prices, at least when market conditions are reasonably
stable. Such graphs may indicate whether a simple cost relationship of the form
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P = k (L·B ·D)x

may be derived. The slope of such a curve, if plotted on a log–log graph paper is given by x,
typically about 0.7; that is, cost increases less rapidly than size, as would be expected. Regression
analysis can be used where there may be more variables, e.g. speed.

Another simple technical characteristic to use as a basis for estimating building cost is the lightship
weight, WLS . An accurate mass estimate is fundamental, even at the initial stages of the design.
Aeronautical engineers have concluded that the cost of almost any kind of vehicle could be
approximated by means of the simple expression

P = k (WLS)0.87

Again, such a rough approach has its limitations, but can be useful in situations where returned
costs are rare, such as in merely developing kinds of marine vehicles.

Care needs to be taken to keep the data as consistent as possible, e.g. untypical ships must be
eliminated and data from the same time periods should be used, as well as a relatively stable
currency. Cost per ton lightship may also be used, with typical prices around 4000 to 5000 euros
per ton for deep–sea container and ro–ro vessels. Bulk carriers would be 80% of this, VLCCs
75%, and products/chemical tankers 110%.

Where the alternatives differ in other respects, e.g. speed, machinery type, hull material, number
of decks, etc. a more detailed process is required, unless the cost of the differences can be easily
identified and simply added to the basic price. When shipyard cost estimators prepare a bid
for a proposed ship, they look at costs based on technical characteristics. But now, rather than
basing their work on a single characteristic, they look at one part of ship at a time and try to
predict both material and labor costs for building each part. Typically, they may make individual
estimates for about 200 physical components of the finished ship. Most of their unit costs are
based on weights, which can be fairly accurately predicted during the bidding phase.

In conceptual and basic design work, however, not enough is known about the ship to go into
such detail. So simplification is needed. Before lines plan and any drawings have been prepared,
the alternative designs are in the form of concepts about which very few is known: the principal
characteristics, power, general weight breakdown. The total lightship mass can be divided into
hull, machinery and outfitting.

An approximate first estimate of hull costs is possible through the cubic number (CN), of ma-
chinery costs through power (usually PB), and for outfitting, including additional equipment,
through a corrected cubic number (CNc). This might lead to this expression for first cost:

P = C1 (CN)α + C2 (PB)β + C3 (CNc)γ (7.5)

where C1, C2 and C3 are coefficients, and α, β and γ are exponents, all of which are derived from
previous similar ships.
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Again, such simple methods become wildly inaccurate unless narrowly confined. Confidence
can be increased if one applies techniques that are considerably more accurate and yet require
no more knowledge about the alternative ships than what is implied above: main dimensions,
power, geometrical coefficients. To do this the naval architect could break the ship down into
three major parts, namely, structural hull, outfitting plus hull engineering, and machinery. In
addition expenses can be divided between material, labor and overhead. Labor rate should include
allowances for other indirect costs. Normally, material and labor costs for each of the three major
components are estimated, to which overhead is applied as a single, overall cost.

Item Cargo Liner Bulk Carrier Tanker Ro-Ro Vessel
12-20000 dwt 25-50000 dwt 200-300000 dwt 4500-6500 dwt

1. Steel work materials 10 13 20 12
2. Steel work labor 12 13 14 11
3. outfitting materials

and subcontractors 19 16 18 21
4. outfitting labor 7 7 8 10
5. Main propulsion

machinery 13 12 8 10
6. Other machinery 7 7 8 10
7. Machinery installation

labor 3 3 3 3
8. Overheads 18 18 18 18
9. Appended costs 11 13 13 9
10. Total building cost 100 100 100 100

1. Plates, sections and welding materials.
2. Direct labor only, excluding overheads.
3. Semi–fabricated materials, e.g. timber and piping, items of equipment like

hatch covers, winches, anchors, galley gear, and equipment subcontractors,
such as insulation and ventilation.
Electrical equipment outside machinery space.

4. Shipyard outfitting trades only including electrical, excluding overheads.
5. Slow-speed diesel or equivalent, e.g. boilers, turbines, gearing, condenser.
6. Auxiliary machinery, generators, shafting, pumps, piping, controls in machinery space.
7. Shipyard trades only.
8. Variable overheads, e.g. social security and holiday expenses, supervision and

power supplies, and fixed overheads like plant maintenance.
9. Classification society costs, design costs, towing tank costs.
10. Profits not included, so percentages of selling price should be slightly lower.

Table 7.3: Approximate percentage breakdown of shipbuilding costs

The total building cost of a ship may be divided into about eight principal groups, as indicated in
Table 7.4, which gives an indication of the breakdown of shipbuilding costs into those categories
for four types of ship.
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A division of building cost is carried out for hull, machinery, and outfitting costs into material and
labor. For these estimates, detailed data are required from shipyards, or machinery manufacturers
for the relevant acquisition costs. Such data are not normally fully available from shipyards.

Hull Structure Material Cost

The floating steel mass is taken from the lightship estimate. More detailed calculations are
possible through the application of classification societies rules and the use of the midship section
method. The scrap percentage (typically 10% but 20% or more for small vessels), is added to
give the invoiced steel mass in tons. The corresponding average price per ton of steel material
can usually be obtained from a steel maker, e.g. British Steel Corporation who publish a price
list for each main type of steel, heavy plates, sections, etc. Current prices for mild steel are 500
euros per ton. Extra may have to be added for high–tensile steel, or a preponderance of very thin
or very thick plates, etc.

Structural Hull Labor Cost

Man–hours are the basis of all direct labor costs, and once estimated, it is only necessary to
apply wage rates, overheads and profit to arrive at the total labor costs. At the simplest level,
steelwork labor cost can be estimated from:

Ch = steelwork tons× man–hours
ton steel

× wage rate
man–hour

Man–hours per ton depend not only on the general level of productivity in a particular shipyard,
but also on the size and type of ship. Large vessels, such as tankers, have greater steel mass per
unit area of structure, i.e. thicker plating, as well as more repetitive components, than smaller
ships. Man–hours per ton for complex zones, e.g. hull ends and superstructures can easily
amount to two or three times that for parallel mid-body construction. As a first approximation,
Carreyette (1978) suggests that steelwork man–hours may be estimated from:

Rh = 227
W 0.85

s · L1/3

CB

where Ws is the net steel mass in tonnes and CB is the block coefficient at laden summer draught.

In labor–intensive activities such as shipbuilding, it seems to be a natural law that as the ship
size or number of ships being produced increases, the rate Rh, of man–hours required per tonne
decreases asymptotically to some fairly constant rate.
This suggests that man–hours per ton can vary from below 50 for large ships, to over 200 for
small ships. Substantially higher figures are appropriate for warships and offshore marine vehicles.

Wage rates per man–hour excluding overheads vary from yard to yard and country to country. In
Italy the rate at present is approximately 17 euros per man–hour; but allowance should be made
for inflation if delivery dates are a long way ahead.
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Outfitting Material and Labor Cost

The outfitting cost of a ship can vary markedly with ship type and specification; for example,
variations in cargo handling gear, accommodation and equipment. For passenger ships the most
significant component of outfitting mass is accommodation weight. At the simplest level, a cost
per ton of outfitting mass could be assumed for material plus labor, say around 9000 to 12000
euro for fairly straightforward ships

At a slightly more detailed level, material and sub-contractors’ costs could be separated into a
small number of items where information can often be obtained from manufacturers, e.g. hatch
covers and cargo handling equipment, plus an aggregation of other remaining items based on
their total mass, say around 6000 to 9000 euro per ton.

Wage rates for outfitting workers are generally similar to steel–workers. Carreyette (1978) suggests
that outfitting labor can be based on outfitting mass Wcirc as follows:

H◦ = 2980×W
2/3
◦

whereas outfitting material can be estimated from:

Ccirc = k◦ ×W 0.95
◦

where k◦ is about 11000–14000 euro per ton.

Machinery Material and Labor Cost

The largest part of machinery mass is that of the main propulsion units, namely main engines,
gearboxes and propulsors. It is calculated reliably as a function of installed power and engine
speed, using the data of relevant databases. Economic studies comparing alternative machinery
are quite common. In general, each different type of machinery has a different first cost, both of
the basic prime mover, and as installed as a complete system. Detailed estimates of the purchase
costs of main engines, gearboxes and waterjets, based on installed power (P in kW), are summa-
rized in Table 7.4), indicating that cost per unit power falls with increasing power.

Approximately 80% of total machinery costs is contributed by the ten most significant items of
equipment. Derated versions (e.g. to reduce specific fuel consumption) are almost the same price
as the maximum rating model, despite the lower output. It should be noted that these costs are
per unit at ‘Maximum Continuous Rating’ (MCR).

Type of Machinery Cost

Diesel engines Cd = 0.524 P

Gas turbines Cgt = 0.70 P − 6·10−6 P 2

Gearboxes Cgb = 114 + 0.043 P − 6·10−7 P 2

Waterjets Cwj = 0.936 P 0.84

Table 7.4: Cost of propulsion units
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Because different machinery types may require different installed powers to achieve the same ship
speed (different transmission or propulsive efficiencies and service ratings), the ratios of absolute
costs may not be the same as the relative costs. For twin–screw propulsion, about 15% can be
added for diesel or gas turbine. For electric transmission, compared with gearing, 15 to 20% can
be added.

Broad corrections may be applied for major changes, such as:

• ship type

• machinery aft or midships

• propeller type and revolutions

• steam conditions and number of boilers

• difference in major auxiliaries

• alternative fuels, e.g. marine diesel oil

Beyond this level, a more detailed specification and quotations from subcontractors would be
required for a full cost estimate.

The purchase cost of the remaining items of machinery, such as generators, together with the
overall labor cost for installation of machinery, is generally of the order of 40% of the propulsion
machinery cost. Assuming no subcontracting, the total cost of machinery installation labor mat
be calculated through the following expression:

CMl = 1200·P 0.82

Overheads

Overhead costs (sometimes called establishment charges) are costs which are necessary to a ship-
yard, but which cannot be allocated to any particular ship under construction, They include
salaries for administration staff and managers, watchmen as well as bills for training, electricity
and power supplies, capital charges on plant, insurance, real estate taxes, income taxes, depreci-
ation, maintenance, research & development, and marketing.

The usual estimating technique is to express overheads as a percentage of total direct labor costs
as calculated previously, typically about 10 to 25%.

Something else to note is that what is usually called material costs should more correctly be
called costs for goods and outside services. Many shipyards, for example, use subcontractors to
do the joiner work on the deck covering. Consulting service bills would come in this category, too.

Naval architects will seldom be called upon to perform detailed estimates of overhead costs to
be assigned to a ship being bid. They should, nevertheless, have some understanding of the
difficulties involved. To begin with, there are two basic kinds of overhead: fixed overheads, those
that remain much the same regardless of how busy the yard may be; variable overheads, those
that vary with the level of activity within the yard.
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This leads to the conclusion that overhead costs taken as a percentage of labor costs will require
a prediction of what other work may be under way in the yard while the proposed ship is being
built. Clearly, these estimates are outside the naval architect’s knowledge, but are the project
manager’s responsibility. It is enough to know that overhead costs, as a fraction of labor cost,
will drop if the shipbuilding company is in a period of prosperity, with several contracts on hand.

Profit

In a shipyard, it is the job of management and not the cost estimator to decide on an appropri-
ate profit margin to add to the estimated building cost. The decision will be influenced by the
experience of the shipbuilding company with the type of work in question (and the associated
uncertainty of the cost estimate), the yard’s order book, the state of the shipbuilding market and
competition, and the standing of the customer. A figure of about 10% of estimated costs is aimed
at, but rarely achieved in the present competitive world of shipbuilding.

In simple cost estimates, it is possible to aggregate both overheads and profit together by adding
about 30 to 35% to the sum of steelwork plus outfitting plus machinery costs.

Appended Costs

Appended costs include classification society fees and similar costs that the shipyard normally
passes on to the owner without mark–up for profit. They also include tug and dry–dock charges
based-upon standard rates that already include profit.

Total First Cost and Selling Price

The total price estimated from summing the above items can then be compared with current
market prices to assess whether the results appear to be reasonable. However, over recent years,
many shipyards have quoted prices below cost to obtain work, assisted in some cases by subsidies.

Duplicate Cost Savings

Small reductions are possible for production of multiple ships. It is estimated that by doubling
the number of identical ships produced, their average cost can be reduced by about 3 to 5%, i.e.
the slope parameter of the progress curve (or learning curve) is about 0.965. This means that
the average cost of each of N ships is N−0.035 times the cost of one ship (Couch, 1963).

Indeed, there are two reasons for costs going down. The first is the matter of non–recursive costs,
e.g. costs required to build the first ship but which need not be repeated for follow–on ships.
Examples are basic design, engineering, plan approval, and preparation of numerical control
for fabrication. The second category consists primarily of labor learning: the increased efficiency
workers acquire through repetitive work. There are also saving in material costs because suppliers,
too, may experience savings. The cost of labor on repeated ships falls faster than material costs.
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7.7.2 Operating Costs

It is necessary to provide an understanding of the various components that go to make up the
annual costs of operating a ship, including both voyage costs and running costs. Unfortunately,
there is no practical way to present a tidy handbook of actual quantitative values, but there are
a number of useful references (Benford, 1975; Reifs and Benford, 1975) that present some, but
quickly outdated data.

Operating costs can be readily estimated if detailed information on the vessel’s operating profile
is available. Effort must be put into trying to calculate accurately as many of the components of
operating costs as possible with the available data.

For the prediction of operating costs, the main characteristics of the ship’s operation must be
defined. A basic step is to project the times involved in a typical round trip voyage, sometimes
called a proforma voyage or cycle. Typically, such an imaginary, representative voyage would in-
clude distance(s) and operating speed(s), estimated times for proceeding through a harbor, down
a river, and out to the open sea, perhaps some time in passing through a canal, then more time
in the open sea, followed by time in sheltered waters, manoeuvring time, time to unload cargo,
time to shift to another pier, time to load cargo, and then perhaps a more minor image of all of
the forgoing until a complete round trip is completed and the ship is once more loaded at the
first port and ready to live. Factored into this must be some reasonable allowances for port and
canal queuing delays and speed losses in fog or heavy weather. Time may also be lost in taking
on bunkers or pumping out holding tanks. If the ship is not designed to be route–specific, some
basic assumptions will have to be made

The total time for the cycle voyage, when divided into the estimated operating days per year
(typically 340–350), will give the estimated total number of round trips per year.

These scheduling calculations serve other purposes as well. In bulk ships deadweight is critical:
they are used to establish the weight of fuel that must be aboard when the ship reaches that point
in her voyage where draft is most limited. In this phase of the work, one should give thought to
the relative benefits of taking on bunkers for a round trip versus only enough for one leg. And
one must of course add some prudent margin (often 20 to 25%) for bad weather or other kinds
of delays.

The days per round trip estimate can also be used to establish the weight of other non–payload
parts of total deadweight that are a function of days away from port: fresh water, stores, and
supplies. Finally, all this may lead to that critical number: the annual cargo or passenger trans-
port capacity . That estimate of actual annual transport achievement should be tempered by some
realistic assumptions as to probable amounts available to be carried on each leg of the voyage.
In the bulk trades, that might amount to 100% use one way, and return in ballast. In the liner
trades, one might typically assume 85% full outbound, 65% inbound; but this varies greatly de-
pending on trade and route.

In more advanced studies, the naval architect may need to make adjustments to minimum allow-
able freeboard changes brought on by geographic or seasonal requirements. Shallow water and
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ice operations may also be a factor.

Running Costs

The breakdown of running costs discussed in the sequel represents standard accounting practice
in an Italian shipping line. Perhaps the first thing that should be said about these accounting
practices is that they can be misleading. As an example, the maintenance and repair category
includes only money paid to outside entities, usually repair yards. Maintenance or repairs carried
out by the ship’s crew are charged to wages; and materials used are charged to stores and supplies.

The various components of operating costs are divided into two main categories. The first includes
those costs that occur only when the ship actually operates and therefore increase with increased
vessel operation. These are highly dependent on the route and the ship’s operating profile. The
second category includes costs that are constant, regardless of whether the ship operates or not.
Some of these can be independent of the route on which the ship operates but highly dependent
on the ship building cost.

Daily running costs include such items as crew costs, upkeep costs and insurance. Crew costs
depend on the number of the crew and their nationality. Since most of the other elements are
related to ship size and type, it is possible to relate daily running costs to a ship parameter.

Table 7.5 shows running costs broken down by major category for four types of vessel .

Items Bulk Carrier Container Tanker Ro-Ro
120000 DWT 2000 TEU 30000 DWT 1000 DWT

Crew 47 48 46 23
Upkeep 30 27 32 28
Insurance 16 19 14 6
Stores & supplies 7 6 8 10
Miscellaneous 7 6 8 10
.Total 100 100 100 100

Approx % of total cost,
including capital, fuel, 18 14 24 21
port & cargo handling

Table 7.5: Percentage breakdown of daily running costs

Crew Costs

Crew costs are calculated directly using the required crew size, breakdown, and relevant charges.
They include not only wages, but victualling, leave and reliefs, training, benefits, and travel.

Numbers usually vary between one and two dozens, depending on union agreements and shipowner’s
willing to invest in automated equipment, more reliable components, and minimum maintenance
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equipment. Now with rational schemes for reducing personnel, new complements are nearly in-
dependent of ship size and power.

In passenger ships average wage rates will decrease with increasing passenger capacity because
most of the additional crew members will be at the lower end of the wage range. A default value
may be used in conceptual design, as this does not vary significantly with ship size or capacity.

In addition to direct daily wages there are many benefits paid to seafarers. In some instances
there may be rotation schemes so that crew numbers are on year–round salary, with vacation
times that may amount to as much a day ashore for every day aboard. There are sick benefits,
payroll taxes, and repatriation costs (travel between home and ship when rotating on or off.
These are major increments that must not be overlooked.

For general studies, not specific to any owner, it is necessary to set up a wage and benefit equation
that recognizes that total costs are not directly proportional to numbers because automation and
other crew reduction factors tend to eliminate people at the lower end of the pay scale. The
general equation for crew cost, Cc, may take this form

Cc = f1 N0.8
c + f2 Nc

where Nc is number in crew, and f1 and f2 are coefficients that vary with time, flag, and labor con-
tract. In first instance, average annual crew cost may be assumed as 40000 euro per crew member

The cost of victuals is a function of number of people aboard and operating days per year.
Compared to wages, these costs are modest, and most owners consider the money well spent as
a key element in attracting and retaining good seafarers.

Upkeep Costs

Upkeep includes maintenance, repair, stores and lubricating oil, while miscellaneous includes ad-
ministration, equipment hire, etc.

Maintenance and repair costs (M & R) vary with ship size, machinery and age. They are taken as
4% of acquisition cost. Analysis of actual M & R costs suggest that they are roughly proportional
to (ship size) and that they increase with age in real terms (i.e. before allowing for inflation) at
about 3 to 5% per annum. Insurance depends on a number of factors: ship type, size and value,
plus the shipowner’s record. As a proportion of first cost, annual total premiums covering all
categories of insurance carried vary between about 1 and 3%.

Annual costs for M & R can be estimated in two parts. Hull maintenance and repair will be
roughly proportional to the cubic number raised to the two–thirds power. Machinery maintenance
and repair costs will be roughly proportional to the horsepower also raised to the two–thirds
power. A refinement on this approach is embodied in the following approximation

CM&R = k + f3 (L·B ·D)0.685 + f4 ·MCR + f5 ·MCR0.6

where MCR is main engine’s maximum continuous rating in kW, whereas f3, f4, and f5 are
coefficients that vary with kind of ship, owner’s policy, and so forth, and k is a fixed amount
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regardless of hull size and engine power.

Where data is available from different time periods, the escalation rates may be used to adjust
them to a common basis. Such rates may also be used to estimate future cash flows if calculations
are being made in money terms.

Insurance Costs

Annual insurance expenses are calculated directly as a percentage of the vessel’s building cost.
Protection and indemnity insurance, protecting the shipowner against law suites, usually based
on ‘gross tonnage’ of the shipowner’s fleet, may add an annual cost of about 1% of acquisition
cost. Although even higher values can occur in less developed markets.

The annual cost of hull and machinery insurance is based on the ship’s insured value and size.
Underwriters use a ‘formula deadweight’, which is effectively the ‘cubic number’. Typical figures
might be one percent of the first cost. First cost is a rather illogical basis for fixing insurance
premiums, but the marine insurance business is marked with such irrational practices.

Further Costs

The annual cost of stores and supplies would consist of three parts. The first would be propor-
tional to the ship’s size (mooring lines, for example). The second would be proportional to the
main engine power (machinery replacement parts, for example). The third would be proportional
to the number of crew members aboard (paint and cleaning compound, for example).

A final daily cost category covers overhead and miscellaneous expenses. This would have to absorb
a prorated share of the costs associated with maintaining one or more offices ashore. Shore staffs
may number anywhere from what can be counted on one hand to bureaucracies bordering on civil
service multitudes. .

Voyage Costs

Fuel Costs

Specific fuel consumption at each speed is used to calculate daily fuel consumptions. The effect
of reduced power operation (manoeuvring, port restrictions, etc.) should not be neglected, due to
the increase in specific fuel consumption, especially if gas turbines are used. These calculations
also account for auxiliary fuel and lubricating oil consumption. Fuel costs are directly derived by
using the appropriate fuel and oil prices.

Although fuel prices vary throughout the world, such differences are often small enough to ignore
in feasibility studies. The prices published in journals such as ‘The Motor Ship’, ‘Lloyd’s Ship
Manager’ or ‘Lloyd’s List’ may be taken as a good guide. After several years when heavy fuel prices
were in the range 140 to 190 dollars per ton (diesel oil about 220 to 300), they fell dramatically
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in 1986 to about half those levels, and have grown dramatically once again during the last years
up to 720 dollars per ton. Until some degree of stability emerges in fuel prices, it would be wise
to investigate a range of prices in economic evaluations.

Port Costs

Port charges can be significant yet at the same time difficult to model. They tend to be high
in the case og high–speed vessels. Port costs comprise a mixture of expenses, such as port fees,
lighthouse dues, pilotage fees, tug service, and port agents’ fees. Some port costs are on a per–use
basis; others are on a per–day basis. Port charges may be based on the size of the ship. Pilotage
may be based on ship draft.

Actual charges per call will vary enormously from one port to the other around the world. The
lowest costs per gross or net (registered) ton are usually found for large ships in ports with few
facilities, e.g. tanker loading jetty ports, while the highest tend to apply to small ships in ports
with an extensive range of facilities. Many ports now charge on a gross ton basis rather than net.
Some investigations indicate that quoted charges can be very high and may even lead to total
expenses significantly higher than fuel cost. However, this may not be the case in reality, and
operators will often make special arrangements with port authorities, leading to major reductions
in charges actually being paid. This situation makes the calculation of port charges difficult to
model.

Canal dues must be added where applicable, calculated per net ton, although the rules for mea-
suring NT are different for both the Suez and Panama Canals. Dues per transit per NT are
approximately euro 1.83 laden and euro 1.46 ballast for Panama. For Suez there is a sliding scale
based on Suez net tons and Special Drawing Rights, which range for laden ships from about euro
6 for small ships up to 5000 tons, to about euro 4 at 20000 tons, to about euro 2 for the largest
ships; ballast rates are 80% of laden.

Cargo Handling Costs

Another important cost is that of cargo handling, which may or may not be included in the
contract, depending on trade. If it were be included, it logically would be treated as a voy-
age cost. Associated with this may be brokerage fee and cargo damage claims, hold cleaning,
dummage, rain text and other miscellaneous cargo–related expenses. In some conceptual designs
cargo handling costs will be the same for all alternatives, in which case they can be but all ignored.

Cargo handling costs also vary widely between ports, especially for break–bulk general cargo. For
the latter, loading or discharging in a port with low labor costs (e.g. in the Far East) may cost
as little as euro 8-10 per ton cargo ship-to-quay or vice versa, rising to as much as euro 60-80
in high cost areas such as North America. A realistic average to use for conceptual design will
depend on the range of ports served, and also the range of cargoes carried: low stowage factor
cargoes such as steel cost less to handle than high stowage factor cargoes such as wool.

Unit load cargo handling costs are more uniform throughout the world. A container can vary



372 CHAPTER 7. ENGINEERING ECONOMICS

between about euro 100 to euro 240 ship–to–quay, or vice versa, i.e. about euro 10 to euro 20
per ton average cargo (multiplied by two for loading and for discharging). Stuffing and stripping
the container itself will cost extra, but is not included in the sea freight charge.

Bulk cargo handling costs are not usually paid by the shipowner. However, loading costs are
usually small for cargoes such as coal or grain (which are often sold f.o.b.) say, 60 cents to euro
2 per ton, while discharging is more expensive, around euro 2 to euro 4 per ton for mineral or
granular type cargoes. Liquid cargo handling costs are largely pumping costs which are absorbed
by the ship (discharging) or shore terminal (loading).

Capital Charges

Capital charges to cover the investment and a return on capital are normally the most significant
component of running costs, due to factors such as high initial cost and possible high required
interest rate to account for high risk investment in unproven designs. They are around 30 to
50% of operating costs, excluding cargo costs if a good rate of return is to be achieved. At their
simplest, they are calculated as a direct proportion of first cost via the capital recovery factor,
modified to account for taxation.

In more complex situations, where taxation and loans arise, the processes outlined above are
required to incorporate the acquisition cost into the economic calculations. In poor markets,
shipowners will accept freight rates making no contribution to capital charges; but this cannot
be sustained indefinitely, especially if there are loans outstanding on the ship.

Freight Rates

All of the categories mentioned previously are items of expenditure. Income is generated from
the product of cargo carried per annum times average freight rate. Freight rates, especially in the
bulk trades, vary widely with supply and demand. Past and present rates for particular cargoes
and trade routes are published in ‘Shipping Statistics’ and in the shipping press, from the trends
of which an assessment can be made regarding possible future long term levels (unless RFR is
the criterion). Some realistic escalation rate should also be applied as, in the long run, freight
rates increase with inflation. Such references often also give freight rates dating back for several
years, which can help in estimating possible escalation rates.

Cargo liner freight rates are not usually published, varying widely between routes and different
types of cargo. However, shipowners and cargo agents are usually willing to provide some current
freight rates for particular cargo liner services quay–to–quay. By selecting an ‘average’ cargo and
allowing for stowage factor if weight/measurement rates are quoted, a reasonable estimate can be
made. On some routes, especially short sea, ‘freight all kinds’ rates are quoted for containers, i.e.
a rate per box irrespective of contents. Liner freight rates on a route do not fluctuate as widely
as bulk rates, but remain constant for some months before any percentage change (overall or for
special factors like bunker charges) is applied. The German cargo liner freight index can be used
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to give some guidance on escalation.

For all freight rates, the shipowner does not receive the full revenue. For bulk cargoes, brokers’ fees
will amount to typically 2.5 to 5% of the gross freight, while for liner cargoes within Conferences,
rebates of typically 10% are granted to shippers who use only Conference ships.

7.7.3 Other Decision Factors

In addition to factors which can be quite readily incorporated in economic models, there are
frequently other factors which influence both the decision as to whether to invest in a vessel or
not, and the decision as to what are the characteristics of the ‘best’ vessel. Some factors may be
more applicable to state–owned vessels than others:

• maintain market share;

• minimize risk to company survival;;

• maximize foreign exchange earnings;

• enhance company image or prestige;

• utilize currently favorable tax allowances (although this can usually be evaluated directly
in economic terms);

• maintain employment (may include operating staff or construction personnel).

However, even if the overall decision tp acquire a ship is taken on such grounds, the selection
of the ‘most efficient’ design features is still likely to be made on basically economic grounds,
e.g. choice of machinery. These raise the question of multicriterial decision–making, where
techniques are being developed to weogh up attributes which can be quantified, but are measured
in incommensurate units. Among other applications, the comparison of multi-role vessels can be
addressed.

7.8 Ship Leg Economics

The overall economics of the sea leg simply involves adding the inventory cost of the goods in
transit to the costs of the ship itself. This can best be understood by imagining that the shipowner
buys the cargo as it is loaded on board and sells it as soon as it is discharged. The components
of this inventory costs are the value of the cargo (what the owner paid for it), his time–value of
money (expressed as an interest rate), the time the goods are in transit (during the period the
investment is tied up), and the corporate income tax.

7.8.1 Inventory Costs

Where both ship and cargo are owned by the same entity, the cost of the goods, both in transit
and in storage, represents money tied up - an investment that should be earning returns. This
cost is referred to as inventory cost .
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The same principles can be applied to the case where ownership is divided. This can be justi-
fied on the basis of the cargo owner being willing to pay somewhat higher freight rates to the
shipowner who provides the better service. Thus, if completely free market conditions obtain,
the team of owners (ship and cargo) would tend to make the same design decisions as would be
made by an individual who owned both.

The inventory cost passed along to the customer for one complete ship load can be designated
as I. If the tax rate if t, the government takes t·I, leaving the shipowner I (1− t). This amount
must cover the owner’s cost of capital tied up in inventory during the voyage, so

I (1− t) = i·v ·DWT t
c

d

365

where
i annual interest rate appropriate to owner’s time value of money
v value of cargo per ton (or other units) as loaded
DWT t cargo deadweight in one trip
d days in transit

Transposing (1− t) yields

I =
i·v ·DWT t d

365 (1− t)

The inventory cost per voyage can be converted to an annual cost, Ia, by multiplying by the
cargo–legs per year

Ia = I ·RT =
i·v ·DWT t d

365 (1− t)
·RT

where RT is the number of round trips per year, assuming one-way trade route.

If the annual transport capacity in tons (or other units) is

C = DWT t ·RT

the annual inventory cost is

Ia =
i·v ·d

365 (1− t)
·C

This can be converted to a unit inventory cost per ton of cargo delivered, CI , as

CI =
Ia

C
=

i·v ·d
365 (1− t)
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7.8.2 Economic Cost of Transport

Equation giving the unitary inventory cost pertains to the economics of the cargo alone. The
combined economics of ship and cargo can be considered by adding the unit inventory cost to the
required freight rate, yielding the economic cost of transport :

ECT =
CR·P + Y

C
+

i·v ·d
365 (1− t)

As common sense dictates, recognition of inventory costs will invariably tend to favor higher
speeds. The days in transit, d, must of course vary inversely with sea spedd, and so increasing
speed will always decrease CI . The net result is that the ship speed selected to minimize ECT

will always be higher than that selected to minimize RFR.

In the bulk trades this impact of inventory costs is so trivial as to be safely ignored. In the
liner trades high–speed ships have demonstrated a marked capacity to attract high–value, high–
paying cargo. That correlation of high–value cargo and high–speed ships may be explained by
the machinations of conference rate setting practices as much as by the inventory value of the
goods in transit.

7.8.3 Effects on NPV

To this point only inventory charges have been considered as they affect unit costs of transport,
while it should be preferred to consider other measures of merit such as NPV .

Would the shipowner buy the cargo as it comes aboard, the inventory cost could be treated more
or less like working capital. I can, in short, be treated as a non–depreciable addition to the initial
investment. Since NPV is generally found by determining the discounted present value of all
the future cash flows and then subtracting the initial investment, the ship’s net present value
would thereby be reduced by the value of one ship load of cargo, that is, v ·DWT t

c . This would
be tempered, however, by a factor equivalent to the fraction of time there is cargo in transit. In
summary:

∆NPV = −v ·DWT t · d·RT

365

where ∆NPV is the annual interest rate appropriate to owner’s time value of money.

7.9 Freight Markets

The supply and demand for marine transport are matched in the short term through the mecha-
nism of the freight markets, and in the longer term through newbuilding and scrapping of ships.
The market is international and the open competition provides a good example of the law of
demand and supply. Figure 7.18 illustrates typical supply and demand curves.
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Three levels of demand are illustrated and for any given level, the intersection with the supply
curve determines the equilibrium freight rate and tonnage required and available. Each level of
the demand curves depends on the state of world trade as influenced by economic developments,
weather, harvests, and political crises. There is a limit, however, to supply in the short term, so
that the available tonnage is directed to the highest bidder. At lower levels of demand there will
be some unused capacity, either ships laid up, or encouraged to be scrapped, or slow steaming,
or loading part cargoes, or spending longer in port (waiting for or handling cargo, or under
repair). The supply curve shows that the supply of ships will dry up before zero freight rate is
reached, because ships are generally laid up when freight rates regularly fail to cover direct costs,
excluding capital charges. The equilibrium point moves continuously as demand changes, and as
ship operators’ perceptions of market trends change, influencing decisions on buying, selling and
chartering ships.

Figure 7.18: Demand and supply curves

The actual matching of shipowners’ supply of tonnage and charterers’ demand is mostly done
by ship brokers operating on shipping exchanges. Over the centuries, the shipping business has
evolved standard practices for chartering organizations. Standard charter parties (i.e. contracts)
are frequently used, with extensive use of ‘small print’ clauses found necessary by years of hard-
won experience, but these may be modified by additions and deletions. The following is only
a brief summary of the principal features which affect ship design; there are many finer points.
Ships may either be chartered (i.e. hired to someone with cargo to transport) or operated by the
owner in his own business.
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7.9.1 Chartered Ships

Single Voyage Charter

Assume the following situation: the shipowner commites himself/herself to provide a vessel for
the carriage of specific cargo for a single voyage between two or more ports. The charterer pays
freight per ton of cargo actually loaded within specified limits. The shipowner pays:

- daily running costs of ship, covering crew expenses, upkeep, insurance, etc.;

- capital charges, covering depreciation, interest, taxes, profit;

- fuel costs;

- port charges and canal dues.

The extent to which the cargo handling charges are paid by the shipowner may be varied accord-
ing to trade and usage, e.g.:

- gross terms: shipowner pays for loading and discharging;

- free in and out (f.i.o.): shipowner pays for neither loading nor discharging;

- free on board (f.o.b. ): shipowner does not pay for loading;

- free discharge (f.d.): shipowner does not pay for discharging.

Single voyage chartering is generally used for full loads of liquid or dry bulk cargoes. Freight rates
are usually expressed as dollars/euros per ton of cargo for dry cargo, or sometimes as a lump sum
for a ship load. Worldscale rates are used for tanker cargoes. Rates fluctuate appreciably with
supply and demand as can be seen from the fixtures, which are published in the shipping press,
such as Lloyd’s List. The voyage charter market is sometimes called the spot market . In each
fixture, a certain number of days will be allowed for loading and discharging the cargo (‘lay days’).
If the port time is less than anticipated, the shipowner pays the charterer ‘despatch money’, if
longer, the charterer pays the shipowner ‘demurrage’ for delaying the ship.

Consecutive Voyage Charter

As above, but two or more voyages in succession may be contracted, e.g. oil companies may
charter some consecutive voyages to cover peak demand in winter.

Over a year, the owner’s income from each type of voyage chartering will be:
average cargo tonnage per voyage × number of loaded voyages per year ×
average net freight rate per ton of cargo

Time–charter

The shipowner undertakes to provide a vessel for a period of time for use by the charterer. Time–
chartering (T/C) is sometimes called period chartering. The period may either be fixed in time,
say three months, one year or even twenty years, or for a round voyage (‘trip charter’). The
latter is sometimes used by liner companies to supplement their existing fleet for peak periods;
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the former generally for bulk cargoes. The charterer is thus responsible for arranging voyages and
cargoes during this period. The shipowner provides the ship and crew and maintains the vessel.
He/she is thus only responsible for:

- daily running costs;

- capital charges.

All voyage expenses, e.g. fuel, port charges, canal dues, cargo handling charges, are to the
charterer’s account, but in practice maybe paid by the shipowner and then reclaimed from the
charterer. The hire is usually expressed as dollars/euro per unit of capacity (e.g. ton deadweight,
cubic meters, etc.) per month, or as a lump sum per day, especially by offshore companies. Hire
is payable only for time in service, i.e. it ceases during repair or breakdown (‘off-hire’) but it
continues to be paid even if the ship sails empty or is delayed in port. Time–charters, especially
the longer term ones, have a stabilizing effect on payments for freight and are much used by oil
companies.

Time–chartering reduces the amount of own capital needed, gives long term stability of transport
costs, provides flexibility and marginal tonnage, and a yardstick to measure the efficiency of the
charterer’s own fleet (if any). Market fluctuations with supply and demand are usually less violent
than for voyage charters, especially longer term charters. Over a year, the owner’s income from
time–chartering will be:

- deadweight × months on hire × freight rate (per ton deadweight per month), or

- number of days on hire × daily hire rate.

Bareboat Charter

The shipowner undertakes to provide a vessel to be operated entirely by the charterer for a
specified period. The charterer provides the crew, maintenance and generally uses the ship as if
he owned it, merely paying a hire for the ‘bareboat’, sometimes called ‘demise charter’. Not used
as much as voyage or time–charters, bareboat charter is the usual method when a ship operator
leases a ship from a financial institution like a bank. Hire is usually paid per ton deadweight per
month, or a lump sum per month. There may be an option for the charterer to purchase the ship
at the end of or during the charter.

Contract of Affreightment

The contractor undertakes to provide a specified transportation capability over a period. Al-
though usually no ships are named, there will be maximum and minimum limits on the cargo
quantities available, and possible restrictions at loading and discharging ports. The ships may
not actually be owned by the contractor, whose skills lie in matching a number of charters to
his available fleet, to minimize ballast time. If not already owned, the necessary ships may be
obtained by chartering through any of the above methods. Contract of affreightment is sometimes
used for large scale transport of minerals. Freight is usually paid per ton of cargo actually carried.
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Note that for all types of charter, the brokers’ commission must also be paid out of freight income,
typically 2.5–5%, so that net, rather than gross, freight rates should be used to determine income.

7.9.2 Owner Operated Ships

Industrial Carriers

Vertically integrated industrial concerns may operate their own ships to transport raw materials
or finished goods, e.g. oil, steel, sugar, aluminium, paper, and so forth. About 30% of the world
tanker fleet is owned by oil companies. Sometimes the actual management of the fleet is sub-
contracted to a ship management company, which may own other ships itself. Freight as such is
not necessarily earned: the object may be to minimize transport costs of the overall industrial
process, or occasionally to take advantage of favorable tax and other allowances.

Other advantages of ownership include: greater control of design and specification, use of vessel
as prototype for new developments, greater flexibility of operation and, of course, prestige.

Common Carriers

Most of the liner companies operate common carrier services, i.e. they provide a scheduled service
on regular routes for any quantity of general cargo at published freight rates. Manufacturers ex-
porting goods c.i.f. (cost, insurance, freight) require a regular service at predetermined rates, so
that they can guarantee delivery time and cost. Cargo liners carry a miscellany of general cargoes,
none large enough to justify chartering a whole ship. Occasional parcels of bulk commodities may
be taken to fill ships on a return voyage. Because fixed expenses are high in providing a regular
service where ships sail whether full or nearly empty, and variable expenses are low freight rates
would tend to be depressed to this latter low level if competition were not regulated, eventually
resulting in the service becoming uneconomic and being abandoned. Most cargo line operators
on a particular route are organized into Conferences, which regulate freight rates and sailing for
some time in advance often in discussions with the shippers of cargo. Freight is usually ‘Liner
Terms’, i.e. the shipowner pays for all expense quay shed to quay shed including cargo handling.
Commission is payable to cargo agents, as well as rebates to shippers who use only Conference
ships.

Liner freight rates do not always reflect the cost of carriage, as the value of each commodity, the
inward and outward imbalance of trade, seasonal factors and the high cargo handling charges,
especially for break–bulk cargoes, all influence the rate, while the effect of distance is not very
marked. The general level of freight rates is usually set so as to give a reasonable rate of return
to a Conference operator, and may be negotiated on this basis with shippers’ organizations and
independent accountants. Competition between operators in a Conference is on quality of service,
not freight rates, e.g. offering faster ships, better record in respect of cargo damage, etc. Inde-
pendent liner operators (‘outsiders’) provide competition on some routes, offering slightly lower
freight rates. Cargo liners tend to carry cargoes both ways (unlike most bulk carrying vessels)
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but are usually limited by cubic capacity rather than deadweight. Consequently many rates are
expressed per ‘measurement ton’ of one cubic meter or as weight/measurement where freight is
charged either per ton weight or per ton measurement (i.e. volume), whichever is the larger.
On some containerized routes, commodity box rates may be used, i.e. a rate per container, irre-
spective of the quantity inside. Although Conferences have been criticized as inefficient cartels,
no-one has yet come up with an alternative which provides long–term regular services at freight
rates acceptable to both shipper and shipowner.

Over a year, the owner’s income will be: maximum cargo capacity available × average proportion
of capacity filled × round voyages per year × average net freight rate per ton × 2. The multiplier
2 derives from the ability to carry one cargo outward, and another homeward on a round voyage.

7.9.3 Freight Discount Rates and Rates of Return

Fundamentally, the discount rate applicable to discounted cash flow calculations in shipping mar-
ket is the opportunity cost of capital, i.e. a rate of return at least as good as the next best
available investment. It may also be compared with the average cost of the company’s capital,
shareholders’ and borrowed funds, though this is not always easy to determine. The discount
rate should also be higher than the interest rate on loans, as these are prior charges, and the
investment should generate a higher rate of return to provide a margin. High–risk investments
require higher discount rates; they are also necessary in periods of rapid inflation, otherwise real
rates may be negative. The real rate of return in percentage points is approximately equal to the
money rate of return minus the rate of inflation.

Shipping, in common with most other forms of transport, has for many years shown lower rates of
return than most other industries. Until the early 1970s, actual long-term charter rates implied
rates of return in money terms of 6% to 9%, the exact values depending on ship first cost, market
situation, tax, credit terms and resale value. The rate of return in real terms was thus only about
3% to 6%. Analysis of the profitability of industrial companies in the UK shows the annual aver-
age between 1970 and 1984 to have fluctuated between about 6% and 8% in real terms, although
individual companies experienced a much wider variation. International competition subsidies,
flags-of-convenience, national prestige, cheap loans, and underestimates of escalation of running
costs, all tend to increase the supply of shipping and keep the rate of return below what it should
ideally be, and lower than many shore-based industries offering equal or less risk.

While it is the job of a company’s management to specify the appropriate discount rate for any
particular project, it is useful for the engineer to have some appreciation of possible rates. For
general ship investment problems, rates in the region of 10% to 15% in money terms after tax
are suggested at present, which might be reduced by two or three points if long–term inflation
can be kept down. While these are not high, in real terms, market conditions and competition
do not usually allow significantly higher rates of return to be obtained for long. Other operators
will move into that sector of shipping and increase the supply and decrease the freight rate. If
a shipowner requires higher rates of return, in general he/she will not find them in the shipping
industry unless he/she is in a special situation.
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Since many economic evaluations are made in money terms, it is important to use a discount
rate higher than the assumed rates of escalation of cost items, to represent a real rate of return.
If uniform cash flow calculations are being made, the omission of cost and freight escalation
implies that the calculation is being made in real terms. In such cases lower discount rates are
appropriate, say 4% to 8% for entire ships. Higher rates are appropriate for equipment above the
bare minimum, on the grounds that it is an ‘optional extra’. Depending on the degree of risk
associated with the equipment and its anticipated performance, a discount rate of, say, 5 to 10
points higher in money terms might be used.
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